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Chapter 1

The Algebra and Geometry of Vectors

N Y

Breaking News!
The CDC now recommends all Covid-19 patients
to take up mountain climbing:

Scalars are not vectors!

Vectors are the fundamental building blocks of Linear Algebra. Vector spaces, matrices, linear systems,
linear transformations, etc. are all made up from vectors. In the most naive sense, vectors are lists of
quantities, an array of numbers. The most common representation of vectors that we have seen before or
will see going forward are just that, an array of numbers. This is exactly what a column vector or row vector
is. The debate is around what a vector is, just how we should write them: vertically or horizontally. This
perspective is not completely without merit since all vector spaces are isomorphic to a space of column vectors.

But if that is all a vector is, then Linear Algebra would not be the rich discipline of Mathematics that
it is. Note that a point in a geometry, such as the Euclidean geometry R? or R3, is characterized by its
coordinates, and are not the coordinates, for example (1,2) € R? or (3,—1,2) € R3, just a list of numbers?
Coordinate geometry endows quantitative arrays with geometry meaning. The student of Linear Algebra
would be given a disservice if their learning of vectors was divorced from this Analytic Geometry. And they
will not be, as the geometric connections of vectors will be discussed in this chapter and beyond. We must
come to see that vectors are not just arrays of numbers. They are geometric arrays of numbers.

More importantly, as the name “Linear Algebra” suggests (the book is not named “Linear Geometry
Done Openly”) is that vectors are algebraic arrays of numbers. Linear Algebra demands that we do algebra
on vectors. What makes a vector a vector is not numbers in a list, but in the fact that we can add vectors
together and we can scale vectors in a way that matches the geometric interpretation discussed above. Is it
not a marvel that we can meaningfully discuss the sum of two arrows. How could an arrow plus an arrow
possibly mean anything useful, but it does. It is another arrow! Is it meaningful to add together two trees,
two bicycles, two backpacks, or two billboards? Of course not, as those are not vectors.



4 CHAPTER 1. THE ALGEBRA AND GEOMETRY OF VECTORS

“Mathematics is the art of reducing any problem to linear algebra.” — William Stein

1.1 Vectors as Data

In this section, we introduce the vectors as an array of numbers, but this simple idea has numerous applica-
bility. We introduce basics of vectors, namely vocabulary and notation, but with an emphasis on how vectors
are natural objects in the computer and data sciences.

Example 1.1.1. In August 2021, in the midst of the COVID-19 worldwide pandemic, datal out of Israel
stated that people who had been vaccinated against COVID-19 were more likely to be hospitalized for this
disease than those who were not vaccinated. Strange, right? Wouldn’t you expect that the vaccinated are
more protected? Does this mean that the vaccine was ineffective or even dangerous? That is how some
people interpreted this data and used it to support vaccine hesitancy. A closer look at the data actually tells
a different story.

Severe hospitalization was strongly correlated with age, e.g. those over 50 were 20 times more likely to
be hospitalized than those under 50 and those over 90 years were 1600 times more likely to be hospitalized
than a teenager. As such, vaccination rates were also strongly correlated with age, given that the elderly
population knew they were more at risk and were more likely to need a vaccine. In Israel, nearly 80% of
the population was vaccinated and over 90% of the population over 50 years was vaccinated. While the
vaccine was perhaps the most effective shield from COVID-19, it was not perfect as vaccinated individuals
had been able to contract the virus, at much lower rates that we will see shortly. When you stratify the data
by age (the confounding variable for both vaccination rates and hospitalizations), we see that all age groups
have a negative correlation between vaccination and hospitalization (from which we can correctly infer that
the COVID-19 vaccine was effective at combating the virus). This is in contrast to the original unstratified
data which suggested a positive correlation between vaccination and hospitalization (from which one might
incorrectly infer that the COVID-19 vaccine was ineffective at combating the virus). This is an example of
Simpson’s Paradox.!

s + N\
o'. \ \\\:"
«a® % Tt
- =.. L \ . -‘\: .
. . LY N . e g
. *sems 2 * o
LY e, - s . 8%, N
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The previous example introduces some interesting topics from data science for which linear algebra can
prove useful. Let us consider two such questions. How do we know the variables are correlated? In this
example, as there are two variables in play, we can draw the line of best fit (or the so-called regression line).
The slope of this line quantifies the correlation of the variables, but the distances the data points are off
the line also states how reliable this regression is. In the first graphic above, we see that the two variables
(black) are positively correlated but the points do not fit on the line very well. In the second graphic, we see
that both the red data and the blue fit much better on their respective regressions but now the correlations
are negative. This leads to the second question: how did we know to separate the data into two subsets?
This is known as clustering, and the problem is essentially the best way of drawing a line between the two
clusters. After the clustering, the question about correlation has a very different answer. As this problem
only consists of only two variables, it is easy to graph the data and intuitively inspect the data to answer
these questions. Clearly, this becomes a much more difficult problem when the data sets are larger and the
number of variables involved increases. In this book we will see how linear algebra can be used to solve these

Thttps://www.covid-datascience.com/post /israeli-data-how-can-efficacy-vs-severe-disease-be-strong-when-60-of-
hospitalized-are-vaccinated
Uhttps://towardsdatascience.com/simpsons-paradox-and-interpreting-data-6a0443516765


https://www.covid-datascience.com/post/israeli-data-how-can-efficacy-vs-severe-disease-be-strong-when-60-of-hospitalized-are-vaccinated
https://www.covid-datascience.com/post/israeli-data-how-can-efficacy-vs-severe-disease-be-strong-when-60-of-hospitalized-are-vaccinated
https://towardsdatascience.com/simpsons-paradox-and-interpreting-data-6a0443516765

1.1. VECTORS AS DATA )

two problems among others. Linear algebra is essentially the study of vectors.

Definition 1.1.2. A vector is a finite, ordered list of numbers. Commonly, a vector is denoted as a vertical
array of said numbers delimited by brackets or parentheses, e.g.

1 1
2 2
or
3 3
4 4

These vertical arrays can be very inconvenient for typesetting purposes (look at all that wasted white space),
and so vectors are commonly written horizontally too, e.g.

(1,2, 3,4 o (1,2 3,4).

The numbers in a vector are called its entries (or coordinates or components). In the horizontal case,
one uses commas to separate entries in a vector, but these are omitted in the vertical case. The number of
entries in a vector is called its dimension (or length or shape). Hence, a vector with n entries is called
an n-dimensional vector or simply an n-vector.

A scalar is a single real number. Hence, a vector is an array of scalars. Generally, vectors will be denoted
with boldface font, e.g. u, v, w, and the scalars will have no such bolding. The entries in a vector, which are
scalars, will typically be denoted by the same alphabetic character without the boldface font and a subscript
denoting the entry’s index, e.g. ui, va, wy i

The set of real numbers is denoted R and the set of all n-vectors is denoted R™.

Definition 1.1.3. Let e; denote the n-vector' all of whose entries are 0 except the ith entry which is 1.
Let 0 denote the zero vector, which is the n-vector which consists of only zeros. Let 1 denote the ones
vectors, which is the n-vector which consists of only ones. For example, in R?, we have

1 0 0 0 1
€1 = 0 ) €y = 1 ) €3 = 0 ) 0= 0 ) 1= 1
0 0 1 0 1

Example 1.1.4. Vectors are commonly used to address position in space with respect to some coordinate
system. Imagine (z, y)-coordinates in the plane (aka R?) or (z,y, z)-coordinates in 3-space (aka R3). Similar
coordinate systems also apply to higher dimensional settings likes R* or R®.

Vectors are similarly used to represent change of position. For example, consider the points illustrated
below. The displacement from the point P = (2,1) to the point @ = (0,2). This displacement can be
encoded by the vector v = (0 — 2,2 — 1) = (—2,1). This type of displacement vector is typically denoted
by an arrow and this is the most common usage of vectors in geometry and physical science. In addition to
displacement, they are used for velocity, acceleration, and force, among other important vector quantities.

iii As boldface font is difficult to hand-write, sometimes an arrow is drawn over a vector quantity instead, e.g. @, ¥, w. This is
not universal notation though. Different authors may use other notation and some do not use any notation to separate vector
and scalar quantities. For beginners this lack of distinction can be somewhat awkward.

IVWe sometimes use the same notation, e.g. e1,0,1, to denote different vectors. For example, in R? we have e] = (1,0), but
in R? we have e; = (1,0,0). In computer science, it is called overloading. It is potentially confusing or ambiguous but context
should always make it clear which exact vectors we are referring to.
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The location of an arrow in the plane does
not change the amount it displaces. As such, vec-
tors are often drawn in standard position meaning
that their tail is placed on the origin of the geom-
etry. Then its head points to a unique point in
the plane. Identifying a displacement arrow with
this geometric point shows that these two seem-
ingly different usages of vectors are actually the
same, that is, these two representations of vectors
are isomorphic. It can be shown that all represen-
tations of vectors are isomorphic, which suggests
how versatile and useful they are.

Example 1.1.5. A portfolio (or profile) is a list of quantities that describe an individual, client, vendor,
etc. that are potentially unique yet essential for that individual. This could be a medical record, such as age,
weight, height, blood pressure, etc. This could be the number of shares owned across several corporations.
Note that a coordinate vector, as in Example 1.1.4, is a profile of a point in the geometry. We list a few
examples of portfolio vectors to illustrates their usefulness.

A bill of materials is a vector that gives the amounts of n resources required to create a product or carry
out a task, like the ingredients of a recipe.

Another example includes listing the number of times a critical category occurs, called the frequency, or
the percentage of the whole that occurs, called the relative frequency, such as the distributions of grades
in a linear algebra course or the number of occurrences of keywords in a document. A frequency vector is
commonly illustrated as a histogram or bar graph, and a relative frequency vector is commonly illustrated
as a pie chart.

A pizel is a 3-vector which is used to represent color in computer graphics. The three entries of the
vector are real numbers on the interval [0,1] that encode what percentage of red, green, and blue (RGB)
to blend together. Note that ey, es, e3, 0,1 denotes the colors red, green, blue, black, and white, respectively.

Entries of a portfolio could be zero or negative, where positive versus negative could represent direction.
For example, a cash flow vector could represent a list of accounts among clients and vendors. A positive
entry means the client owes the firm, while a negative entry means the firm owes a vendor.

Entries might be restricted to integers or nonnegative real numbers. They could be restricted to a value
between 0 and 1 inclusive, such as a percentage or relative frequency. They could be restricted to just 0 or
1, where 1 represents the presence of a feature and 0 represents its absence. Such a variable type is called a
boolean. Sometimes 0 and 1 are replaced with false and true, respectively, although the usage of 0 and 1
foreshadows possible arithmetic usage. [

Definition 1.1.6. Given two vectors x,y, we say that x is a slice (or subvector) of y, if each entry z;
in @ is contained in y in the same order as they appear in & (although gaps between z; and z;y1 in y is
allowed). The subvector ., of « is defined as

Lr.s = (xryerrh o 7rs)7

for acceptable index range [r : s].

Example 1.1.7. A time series (or signal) is an n-vector ¢t where ¢; (called a sample) denotes the value
of a specific quantity at timestamp ¢. This vector could record the hourly temperature (rainfall, barometric
pressure, etc.) at a specific geographic location, such as a city. An audio signal can be represented as a
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vector whose entries are the acoustic pressure on short equally spaced time interval (typically 48000 or 44100
per second). It could be the dollar value of a stock every ten minutes (every hour, day, minute-by-minute,
etc.). Such vectors are often visualized as line graphs.

Alternatively, the vector could be the difference between the current value and the previous sample in

the series. This interpretation, like the example of stock value, could be thought of as the discrete derivative
of these time series as it measures how the time series is changing over time. L]

In addition to scalars, we allow the entries of

a vector to be vectors themselves, e.g. (a,b,c), [ 1 1
and is called a block vector. In this case, we
understand the array of vectors to be the concate- )
nation of all vectors in the list in the order they (1,2)
are provided. The following definition provides an B B 3
important example of block vectors. z=| (3,45 | = A
6
5
6
Definition 1.1.8. An m-vector consisting of only
n-vectors is called an m X n-matrix. Instead _ - _ -
of representing it as a long vector, matrices are (1,2,3) 1 2 3
drawn as rectangular arrays. As mentioned above,
an array of vectors is itself a vector. Hence, an (4,5,6) 4 5 6
m X n-matrix can be viewed as an mn-vector. =
(7,8,9) 7T 8 9
(10,11,12) 10 11 12

Example 1.1.9. A digital photo is an m X n-matrix of pizels. As each pixel is a 3-vector, a photo can be
represented as a single 3mn-vector. A digital movie is an array of photos and a vector of sounds (an audio
time series). Concatenating all of these vectors together forms a single vector, which is quite large, that
represents the movie. This example in addition to the previously mentioned examples (as well as several
omitted examples) show how useful vectors can be in computer and data science. [



8 CHAPTER 1. THE ALGEBRA AND GEOMETRY OF VECTORS

Python Programming

In Python, use the NumPy package to implement vectors.

import numpy as np

Python has two common ways to store collections of numbers: lists and NumPy arrays. Lists are built-in,
flexible, but slower for numerical work. A list is written between two brackets and elements are separated by
commas. NumPy arrays instead are fast, efficient, and designed for numerical computation. They are declared
using np.array(<a list>). We will encode vectors as 1-dimensional NumPy arrays.

To retrieve the ith entry (from the beginning) from a vector x, write x[i]. To retrieve the ith entry
from the end of x, write x[-1]. Hence, x[-1] is always the last entry of the vector regardless of length. Be
warned, in Python an n-vector’s index starts at 0 and end at n — 1. Note that x[i:j] will call the subvec-
tor of @ containing entries z; up to but not including x;, that is, the jth entry is omitted but all entries
up to j are included. If either i or j are omitted, it is understood to mean that ¢ = 0 or j = —1, respec-
tively. Lastly, if S is a subset of indices within the range of «, then x [S] will call the slice of x associated to S.

Block vectors can be created using the concatenate command. The all zeros or all ones n-vector is
formed by np.zeros(n) and np.ones(n), respectively, where entries will be casted as floating points.

Example 1.1.10. The code:

import numpy as np

x = np.array([1,2,3,4]) # create a
print (x)

print (x,"\n")

b4
v/

np.array ([1,2])
np.array ([3,4,5])

np.array, aka a vector

print (x[0],x[3]) # retrieve specific entries from a vector
print(x[1:2]) # retrieve a slice of the vector
print(x[1:1) # omitting the last bound implies slice all the way to the end
subset = [0,2,3] # create a list
print (x [subset]) # retrieve the slice associated to a subset of indices
x[0] = -5 # individual entries of the vector can be redefined
x[1] = 6
print (x)
x[-1] =0 # negative indices retrieve from the end of the vector
» x[-4] = 10

# puts together any number of np.arrays of the same shape, in the order they appear

z = np.concatenate ((x,y,[6,8,9,10]))
print (z)

# create an all-zeros or all-ones np.array, where the input is the shape of the np.array

; print (np.zeros (5) ,np.ones (3))

produces the output:

(123 4]
14

(2]
[2 3 4]
[1 3 4]
[-5 6 3 4]
(10 6 3 0]

[12345689 10]
[0. 0. 0. 0. 0.1 [1. 1. 1.]


https://github.com/emisseldine/OpenLinear/blob/main/Chapter2/code/data

1.1.
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Exercises (Go to Solutions)

For Exercises 1-3, determine the length of the vector described.

1.
2.

The list of favorite colors of each student in a class of 25, using RGB values.

The list of daily rental fees, house service fees, cleaning fees, and other miscellaneous fees (four values,
not combined) charged to each room in the hotel, which has 7 floors and 15 rooms per floor.

The list of calories, fat, carbs, and protein for each meal: breakfast, lunch, dinner, and other snacks,
throughout a given day by an individual on a diet.

We say that a vector is sparse if it only has a few nonzero entries. For Exercises 4-11, briefly describe what
a sparse vector means in the given context.

4.

[ I8
L YOO

T
* 3
®9
A 10.

11.

x is a medical profile for a patient containing n medical quantities, say age, weight, height, blood
pressure, etc.

x is a bill of materials for a project containing n materials needed.

x is a vector recording the frequencies of n categories observed in raw data, for example, keywords in
a document.

x is the daily cash flow of a business over n days.

x is a Boolean vector which records the presence of n features.

x is the daily high temperature, in F°, at a certain location over n days.
x is an audio signal with n samples.

x is a digital photo with n pixels.
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“When bad men combine, the good must associate; else they will fall one by one, an unpitied sacrifice in a
contemptible struggle.” — Edmund Burke

1.2 Vector Operations

In this section, we learn about vector and vector spaces. This revolves around algebraic operations of vectors,
namely vector addition and scalar multiplication. We discuss properties of these vector operations.

1.2.1 Vector Examples

Example 1.2.1. In physics, a vector represents

a mathematical quantity with both magnitude

and direction, such as a force applied to an object.

Vectors are thus represented as arrows pointing in / /

the given direction and whose length represents v v

the magnitude of the vector. Physical vectors are

also free to move about in space, that is, this

exact location does not matter so long as their

length nor direction does not change. Therefore, /

the three arrows illustrated above

represent that same vector v. Hence, the arrow is determined by the relative displacement of the head of
the arrow from its tails. These vectors can be added together by the so-called parallelogram rule: begin by
placing the tails of the two vectors w and v together, form a parallelogram whose parallel sides correspond

to w with a copy of w and v with a copy of v; the sum w + v is the unique vector which is the diagonal of
the parallelogram whose tail agrees with the tail of w and v, as displayed below left.

The second diagram shows that arrow addition is commutative, as the two paths from the tail of w + v
to head produce the same vector. In particular, the black, solid path comprises v + u while the gray, dashed
path comprises u + v, and both paths have the same starting and ending points. The third diagram likewise
demonstrates how three or more vectors are added together and why arrow addition is associative, as the
path following (u + v) then w produces the same vector as the path following w then (v + w).

The Parallelogram Rule ut+v=v+u (u+v)+w=u+ (v+w)

The zero vector 0 would be simply a point in space, that is, the vector with no magnitude nor direction.
Notice that adjoining a point to the head or tail will neither lengthen the arrow nor turn it. Thus, v40 = v.
Additionally, given a vector v, —v is defined as the arrow with the same length but pointing in the opposite
direction. It holds that v + (—v) = (—v) + v = 0.

e

We define scalar multiplication of arrows by multiplying the length of the arrow by the scalar (and switching
directions if the scalar is negative). Clearly, lv = v, since the length of the arrow is unchanged, and
c(du) = (cd)u, since stretching a vector by a factor of d then stretching by a factor of ¢ as the net affect of
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stretching the arrow by a factor of cd. It is left as an exercise of the reader to prove that two distributive
laws. Therefore, the set of arrow in space forms a vector space under these operations. [

As illustrated in the previous example, physical vectors, aka arrows, such as force or velocity, can be
added and scaled and these two operations have physical interpretations. We also saw in Example 1.1.4
that physical vectors put in standard position correspond with points in space, whose coordinates form an
array of numbers, that is, arrows can be represented as arrays. If we can add and scale the arrows, ought
we not to also be able to add and scale their array counterparts? Of course, we can. Vectors are more than
just arrays of numbers. All vectors are infused with algebraic operations, namely: vector addition and
scalar multiplication. We will see that these algebraic operations of combining vectors as arrays (below)
is dramatically easier than geometric operations of combining vectors as arrows (above).

Addition of column vectors is component-wise, that is, scalars in the corresponding positions are added
together:

Ul (% w1 + v
U2 (%) Ug + Vo

u+v= + = . (1.2.1)
Unp, Un Up + Vp

For scalar multiplication, every component is multiplied by the scalar, that is:

X CX1
X2 CXo
cx =c = . (1.2.2)
Ty cxy
6 -3
Example 1.2.2. Letu=| 2 |,v= 0 | € R%. Then
2 5
6 -3 6—3 3
utv=| -2 [+ 0|1 = —-2+0|=| -2

2 ) 2+5 7
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Z -1
10,
Ifv= 3 | € R3, then
\\ g 2
\\ v= {31:|
! \ 2 —1 -3
3v=3 3| = 9 [

Example 1.2.3. Adding together two portfolios combines together all of the corresponding values. Adding
together two bills of materials would produce the bill of materials for completing both tasks together. Adding
together two histograms would produce the combined frequencies for each category when the two groups are
joined. If s is a portfolio of shares, then on a given day a trader might buy (positive) or sell (negative) some
number of shares on a given day. If the trader records the number of buys and sells as a trade vector b, then
s + b would be the new portfolio after a day of trading.

Scaling a portfolio by scalar ¢ would be replication of that client by a factor of ¢. For example, for a bill
of materials @, cx would be the bill of repeating the task c times. [

Example 1.2.4. If two time series s, t cover the same intervals of time, then s+t would be the time series
on the same time intervals representing the combined quantities. For example, if s and t are both audio files
of the same length, then s + ¢t would be the audio file where both sounds are heard together. Likewise, ct
would be the same audio file with the volume changed by a factor of c. [

Not all vector sums are necessarily meaningful. First of all, only two n-vectors can be added together.
If one vector is shorter than the other, what do we do with the extra entries which have no counterpart?
Also, entries in a vector often have some measuring units attached to them, and it never makes sense to add
together different units, e.g. what is foot plus hour? Unit conversion may resolve this issue, but oftentimes
it will not. Even when the dimension and units associated to a vector sum are compatible, some ranges
could be restricted that prohibit a sum. For example, if two boolean entries are added both equaling 1, then
the sum would be two which is not a boolean value.! Lastly, even in the absent of arithmetic prohibition
like we have seen, if the sum of two medical records expects us to add together the heights of two patients,
this would result in given the height when one patient stands on the head of the other. While there is no
meaningful medical data from this sum, we will still allow for such not meaningful calculations as we will
see that some meaningless calculations could gain important meaning as the context shifts.

Theorem 1.2.5. For any vectors w,v,w € R™ and any scalars c¢,d € R,

(i) Additive Commutativity: u+v=v+u (iv) Additive Inverse: u+(—u) = (—u)+u =

0
(ii) Additive Associativity:

(u+v)+w=u+(v+w)
(iii) Additive Identity: u+0=0+u=u

iThere is a simple remedy to this problem. Addition on booleans is replaced with the V operator: 0V0=0,0V1=1VvV0 =
1V 1=1. The operator V is just the “or” operator in programming.
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(v) Multiplicative Identity: 1u = u (vii) Left Distributivity: c(u +v) = cu + cv
(vi) Multiplicative Associativity:
c(du) = (cd)u (viii) Right Distributivity: (¢ + d)u = cu + du
1.2.2 Linear Combinations

Definition 1.2.6. Given vectors vy, vs,...,v, € R™ and scalars ¢, ca,...,c, € R, the vector  given as
T =C1V1 + CoV2 + ...+ CrLvy

is called a linear combination of v{,vs,...,v, with coefficients ci,cs,...,c,. We say that the linear
combination is an affine if ¢; +¢o + ... + ¢, = 1. Further, we say that an affine combination is convex if
additionally ¢; > 0 for all 7.

Finally, a vector space is a set of vectors for which all possible linear combinations of vectors wherein
are likewise contained wherein. In other words, if V' is a vector space such that w,v € V, then au +bv € V
for all scalars a,b € R.

A linear combination is the most general way of combine a set of vectors using the vector operations
of addition and scalar multiplication. In one regard, every vector vector * = (z1,22,...,2,) is a linear
combination with respect to the standard unit vectors e;, that is,

r=2x1€1 +2x2€9+ ...+ 1€,
Less standard linear combinations will also prove useful.

Example 1.2.7. The convex combination of vectors vq,vs,...,v, using the coefficients z; = % for all 7
gives the average vector =:

1 1
r=—-v1+—-v2+...+ —v,.
n n n

While it does not make sense to simply add together the profiles of a group of 9-year-old girls including
height, weight, and daily intake of water, it is very meaningful to compute the average of these profile vectors.

In general, a convex combination can be seen as a mixture of the vectors. Let & and y be two RGB color
vectors. While & + y is not a color, 0.5x 4+ 0.5y is. In fact, this is the blend of the two colors. The color
0.25x + 0.75y would be the color which is 25% color  and 75% color y. Hence, convex combinations should
be viewed as weighted averages of vectors. [
Theorem 1.2.8. The following properties hold for any R-vector space V. Let uw € V and c € R.

(i) The zero vector 0 in V is unique. (i) The additive inverse of u is unique.

(#ii) Ou = 0. (iv) c0 = 0. (v) —u=(-1)u.
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Python Programming

Addition, subtraction, and scaling of vectors is simple to implement in Python, so long as the two vectors
have the same length, that is, the same number of entries. Simply use +, -, and *, respectively.

Example 1.2.9. The code:
import numpy as np

= np.array ([1,2])
b = np.array([3,4])

5 alpha = -0.5
; beta = 1.5

s ¢ = alpha*a + betax*b
9 print (c)

produces the output:
[4. 5.] n


https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/code/vector
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Exercises (Go to Solutions)

For Exercises 1-9, simplify the linear combination.

! 0 2 9] ° o] ? ' "
1. 3 -5 . + +
9 3 _7 6 _93 3.5 2 |+3]| 2
4 1
-1 0 3 3 5 0 3
M43 0l+2|0]|—-2]| 4 5. |2 |+ 8 |+]o0 6. —1| o | +
1 1 0 1 10 5 1
3 8 —2 1 5 1 3
4
.70 | +2| =3 |-3] =2 8 8|4 |+2| 0| —-4]o0 9. 7| —7 +§
2 5 0 3 4 1 3
4 2 1 1

11. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear/blob/main/Chapterl/vector/PythonHW.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/vector/PythonHW
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“Success isn’t measured by money or power or social rank. Success is measured by your discipline and inner
peace.” — Mike Ditka

1.3 Inner Products

In this section, we introduce the notion of an inner product, often called the dot product. The inner product
is a simple algebraic operation with many important applications, including developing geometric notions
such as distance and length. A wvector space equipped with an inner product is called, shockingly, an inner
product space.

1.3.1 The Dot Product
Definition 1.3.1. We define the dot product - : R” x R™ — R of two vectors, u,v € R™ by the rule

U1
T v2
U V=U V= |y uy ... Uy ] = U1V1 + UV2 + ...+ UpVUp.

Un

1 -5
Example 1.3.2. Givenu=| 2 | and v = 0 |, their dot product is
3 3
w-v=1(-5)) +2(0) +3(3) = —5+0+9 =4] .

The dot product is also possible for block vectors, so long as vectors in each corresponding position have
the same dimension. Hence,

Ui U1
U2 V2

u-v= . =U] V1 +U2 Vo + ...+ Uy Vy.
Un Un

Note that for 1-vectors (which are really just scalars), the dot product is the same as the usual product of
real numbers. Hence, the above formula generalizes the original.

Theorem 1.3.3. Let u,v,w € R™ and let c € R. Then
(i) u-(v+w)=u-v+u-w; (ii) u- (cv) = c(u - v);
(iti)) w-v=v-u; (iv) u-u >0, and u-u =0 if and only if u =0.

1.3.2 Applications of Inner Products

Dot products are essential in many statistical calculations, particularly in measurements of center.
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Example 1.3.4. Let = (21,2,...,2,) be an n-vector and consider the standard unit vector e;. Then
e, -Tr=ux,.
Ifb=e; +ei,+...+e;, that is, b is some boolean vector, then
b-r=x;, +x, +...+x;,,
that is, the dot product of b and @ will be that sum of entries of  which correspond to ones in b. Hence,

l-x=x1+x2+...+xp.

Example 1.3.5. Generalizing Example 1.3.4, if b, b,
b, and b, are both boolean vectors, then by -by will

equal the number of ones that occur exactly in the

same position between the two vectors. If these

vectors represent the presence of certain features,

then the dot product computes the number of

co-occurrences between the two profiles. For ex-

ample, consider the vectors b; = (1,1,1,1,0,0,0)

and by = (1,0,0,1,1,1). Hence,

by - bp=1+0+0+14+04+0=2

counts the two overlaps between these vectors.
n

Example 1.3.6. Another application of boolean vectors and inner products might be for “masking” the
data of another vector. That is, data masking is a data security technique used to protect sensitive or con-
fidential information by replacing, encrypting, or otherwise disguising original data with fictional or altered
data. The primary purpose of data masking is to prevent unauthorized access to sensitive information while
maintaining the data’s usability for legitimate purposes, such as software testing, analytics, or development.
For example, when trying to diagnose a disease perhaps only part of a medical record is considered and usedto
identify individuals with that disease. Suppose that the 6-vector = (55.2,101,9,0.9222, 20, 2) is a patient’s
medical record but only (3.5 is needed for the medical test. Thus, the boolean vector b = (0,0,1,1,1, 0)
records the necessary slice. All other entries could be masked with some kind of value variance or data
substitution. Note that @ - b = 29.9222 = (x + 100e;) - b, that is, the inner product is not affected by
masking varying the first entry. Conversely, (x — 100e3) - b = —70.0778 # 29.9222. ]

Generalizing Example 1.3.4 in a different way, let & be any n-vector and let w be a such that w; > 0 for
all 4 and wy +ws + ...+ w,. Then w is called a probability vector and

W =w1T] +weko + ... +wpxr, =1

is the weighted average of the entries of x. Note that 1/n is the probability vector where all outcomes are
equally likely and gives rise to the arithmetic mean.

Definition 1.3.7. Let € R™. Then define the mean (or average) of x as

1.z 1
avg(a:):T :ﬁ(xl +aa+ ...+ xp).

Note that avg(x) € R, a scalar, computes the arithmetic mean of the values of . When the vector x is clear
from context, we often abbreviate the mean as p = avg(x).

Let £ = x — 1 denote the de-meaned vector. Note that

avg(i)Z:L'(m—<M>1):i<1-w—(1'm)(1.1>>zl'm_l':c:().

n n
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Therefore, @ is the vector formed by shifting all the entries in @ so that the new mean is 0, that is, the mean
has been centered at zero. Hence, Z; is exactly the amount that x; varies from avg(x).

Example 1.3.8. If x = (1,—2,3,2), then avg(x) = % =landz=2—-1=(0,-3,2,1). n
Suppose a quantity X can vary based upon the outcome of a random experiment. Then X is called a
random variable. If X can only take on finitely many possibilities, say {x1,za,...,2,}, then X is called a
discrete random variable and can be encoded by the vector @ = (x1,x2,...,x,). Let p be a probability
vector associated to X, that is, if P(X = x;) denotes the probability that X is assigned to z;, then we have
that P(X = z;) = p;. Then the expected value (or mean) of the random variable X is E(X) =p - x.

Example 1.3.9. Suppose that a bank is studying the transaction times of its tellers. The lengths of time
spent on observed transactions, rounded to the nearest minute, are shown in the following frequency table.

Time‘12345678910

Frequency‘?) 5 9 12 15 11 10 6 3 1 (Total =75)

We can then consider the random variable X that a specific transaction will x minutes, e.g. z =1, x = 2,
x = 3, etc. The frequencies can be converted to probabilities by dividing each frequency by the total number
of transactions to get the results in the following relative frequence table.

Time ‘ 1 2 3 4 5 6 7 8 9 10

RelativeFrequency‘0.0ﬁl 0.07 0.12 0.16 0.2 0.15 0.13 0.08 0.04 0.01

If you were a customer at this bank, how long should you ezpect your transaction to be? The expected
value is given by

X -p = 1(0.04)42(0.07)+3(0.12)+4(0.16)+5(0.20) +-6(0.15)+7(0.13)+8(0.08)+9(0.04) +-10(0.01) = 5.09

Thus, the average time a person can expect to spend with the bank teller is | 5.09 minutes | [

Even if the assumptions on w are removed, that is, even if w is not a probability vector, the product
w -  represents a weighted sum (or score) of the entries of @, where w; represents the weight associated to
position 4 determined by its significance.

Example 1.3.10. Imagine a fictitious election for Math Club president consisting of 11 voters and three
candidates:

e Candidate 1 (¢;) : The Algebra Party

Candidate | 1st Choice | 2nd Choice | 3rd Choice

e Candidate 2 (c2) : The Trigonometry Party c1 5 0

C2 2 7

e Candidate 3 (c3) : The Geometry Party

C3 4 4

Suppose a candidate gets two points for being a first choice and one point for being second choice. The
candidate with the most points wins. This gives us the weight vector w = (2,1,0). We candidate has a vote
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vector: ¢; = (5,0,6), c2 = (2,7,2), and ¢35 = (4,4,3). The score of candidate ¢; is then the dot product

w - C;:
cp : 10 co t 11 .
By this voting method, c3, the Geometry Party, wins the election. [

Example 1.3.11. Let p be the vector listing the prices for commodities 1,2, ..., n, and let g be the number
of sales of each of these n commodities, that is, p is the price vector and q is the sales (or quantity) vector.
Then the revenue from these sales is the dot product p - q. [

Example 1.3.12. Suppose a time interval is divided into n not-necessarily equal subintervals. Let t be
the time vector where t; is the length of the ith subinterval of time, and let v be the velocity vector where
v; is the constant velocity of a moving object during the ith time subinterval. Then the dot product v - t is
the total distance traveled by this object. [

The last few examples show that the dot product is the linear algebraic version of an integral.
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Python Programming

There are two easy ways to compute dot products in Python. Suppose that @ and y are already established
as vectors in Python. Then the dot product is computed by the command np.inner(x,y) or x @ y.

Example 1.3.13. The code:

import numpy as np

x = np.array([1,2,3])
y = np.array([0,-3,5])
print(x @ y, np.inner(x,y), "\n")

large_bool_y = np.array([np.random.choice ([0,

# Create two small boolean vectors.
bool_x = mnp.array([O0O, 1, 1, 1, O, 01)
bool_y = np.array([O0, 1, 1, 0, O, 1])
2 # Taking the dot product allows you to see the number
them.
3 print ("Common Features (small):", bool_x @ bool_y)
# Create two 1000-vectors of random boolean values.
large_bool_x = np.array([np.random.choice ([0,

. # print ("large_bool_x =", large_bool_x) #Uncomment if

# print ('

# A dot product is used once again,

print ("Common Features (large):",

produces the output:

99

Common Features (small): 2
Common Features (large): 265

'large_bool_y =", large_bool_y) #but they are

not any harder then on the much smaller vectors.
large_bool_x @ large_bool_y,

THE ALGEBRA AND GEOMETRY OF VECTORS

of enabled features common between

1]) for i in range (1000)])

1]) for i in range (1000)])

you want to see the vectors,
too big to fit here.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/inner
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Exercises (Go to Solutions)
For Exercises 1-9, compute the given inner products.
1 2 1 2 7 2
1. a2 (3 12
-1 -3 -2 -3 3. 16 -1
2 5
7 1 7 1 1 3 1
L X8 1 1 5. |5 1 21 1 NG -5 | + 2 0
| -5 2 s 5 0 -3 -1
-1 1 0 2 7 7
AT |2 1 -2 |+ ]| -5 1 1 1
[ X3 : 9. 12 <13
3 1 3 -3 -1 -3
2 2 2

In physics, work W is the linear effort done by a force vector F' applied over a distance vector d. Intuitively,
work is a measure of effort expended when moving an object by applying a force to it. Unlike velocity and
force, which are vector quantities, work is a scalar.

Theorem. If a constant force F' is applied to an object and moves the object in a straight line a distance d,
then the work W performed by the force is

W =F-d=|F||d| cosb (1.3.1)

where 0 is the angle between the force F' and d.

For

Exercises 10-18, find the work done by the force. Recall that ¢ := e; = (1,0) and j := es = (0,1), a

notation commonly used in physical applications.

10

13.

14.

15.

16.

17.

18.

19.

. F=2414+735,d =30t +4j 11. F = —-8i+173, d = 61+503 12. F =195,d =332
A shipping clerk pushes a heavy package across the floor. He applies a force of 64 pounds in a downward

direction, making an angle of 35° with the horizontal. The package is moved 25 feet.

A force F' = 35¢ — 125 (in pounds) is used to push an object up a ramp. The resulting movement of
the object is represented by the displacement vector d = 152 + 45 (in feet).

A package is pushed across a floor a distance of 70 feet by exerting a force of 46 pounds downward at
an angle of 25° with the horizontal.

A package is pushed across a floor a distance of 90 feet by exerting a force of 41 pounds downward at
an angle of 20° with the horizontal.

Joseph pulls Emma and Olivia in a wagon by exerting a force of 20 pounds on the handle at an angle
of 30° with the horizontal. Joseph pulls the wagon a distance of 300 feet.

An automobile is pushed 110 feet down a level street by exerting a force of 87 pounds at an angle of
15° with the horizontal.

Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4 /code/PythonHW /inner.



https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/inner
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“When the norm is decency, other virtues can thrive: integrity, honesty, compassion, kindness, and trust.”
— Raja Krishnamoorthi

1.4 Norms

With the inner product now in hand, we can utilize it to describe the norm of a vector, that is, the magnitude
of the vector (or the length of the arrow). This gives us also a distance function between vectors which leads
to numerous applications.

1.4.1 The Norm of a Vector

Definition 1.4.1. The norm of a vector v € R is the nonnegative scalar ||v|| defined by

||v||:\/'v~v:\/v%—i—v%—i—...—l—v%.

We say that v is a unit vector if ||v|| = 1.

Geometrically, the norm of a vector x is the length of the arrow drawn in R”, that is, the norm is the
magnitude of the vector.

It is useful to note that ||v]|?> = v - v.

Theorem 1.4.2. Let u € R™ and ¢ € R. Then

lev|l = [ef[v]]
1
0
Example 1.4.3. Let v = € R*. Then the norm of v is
2
-2

o]l = Voo = /1(1) +0(0) + 2(2) — 2(-2) = VI + 4+ 4 =9 =[3]

1/3
1 0
Since the norm of v is 3, v is not a unit vector. On the other hand, let u = gv = . Then
2/3
-2/3
1 1 1
= || — = — = — 3 = ]_ .
Il = |30 = 3101 = 5
Therefore, u is a unit vector in the same direction as v. [

The process of constructing a unit vector in the same direction as a given vector is called normalization.

. L 1 .
The normalization of any nonzero vector v is given by W'u. The zero vector cannot be normalized. In
v

particular, the zero vector does not point in any direction.
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1.4.2 The Distance Function

Example 1.4.4. Recall that a digital picture can be represented as a matrix. Facial recognition software
is artificial intelligence meant to, first, recognize human faces in a picture, and, second, match the face in a
photo to a face in a database. The first task boils down to the AI being able to decide when a submatrix
of the matrix is a face. The second task very much motivates the topic at hand. How does one know that
two pictures of faces are a match? How close do two pictures have to be in order to declare a match? The
word “close” here suggests a distance. While intuitively humans can say whether two faces are similar or
not, Al has no intuition and must be taught how to do this. As such, facial recognition software measures
the “distance” between to photo vectors to determine whether a match is found or not. [

Definition 1.4.5. For u,v € R", the distance between u and v, denoted as dist(u, v), is the length of the
vector u — v, that is,

dist(u,v) = ||u — v||.
7 3
Example 1.4.6. Let u = and v = . Then
1 2

4
dist(w,v) = [[u— v]| = ‘ I = VET (-7 =|VT7) .
~1

The definition of distance that we presented above is actually known as the Fuclidean distance between
vectors, as this is exactly the distance formula from standard geometry, also known as Euclidean geome-
try. There are interestingly alternative notions of distance one can develop, such as the previous example
about facial recognition. These distance functions essentially always are derived from some norm (the norm
introduced above known as the Fuclidean norm). While there is great merit in exploring non-Euclidean
norms/distances, for the sake of simplicity, we will exclusively use the Euclidean norm/distance when dis-
cussing vectors.

Example 1.4.7. Let u and v be two boolean n-vectors which list the presence (or absence) of n fea-
tures. Then dist(u,v) = ||u —v|| would be the number of times one vector had a 0 and the other vector had
a 1. In other words, the distance between the vectors measures the number of differences between the profiles.

Generalizing this example, let u and v be two n-vectors which record the measurements of features
and not just recording their occurrences, that is, the entries are nonnegative real numbers instead of just
booleans. For example, these vectors could be profiles of patients who enter a hospital: the first entry is
body weight, the second age, the third chest pain (on a scale of one to ten), the fourth difficulty breathing
(on a scale of one to ten), and the remaining entries are results of medical test performed. The distance
between two medical records here measures, in some degree, how similar the two patients are. A medical
scientist experimenting a new treatment may investigate the treatment’s affect on patients based upon how
“close” two patients are to each other. One might hypothesize that patients whose profiles will be close (the
distance between them is small) will have a similar affect to the treatment.

The previous measurement of distance between these profiles can easily be biased. In the medical record,
one entry could be the patient’s weight and age, which could vary largely among humans, in some cases by
hundreds of pounds and decades of age. This wide variance has important implications on patient’s health.
On the other hand, if a patient records a chest pain of 10 (the most severe), this is only 9 points away from
a patient with 1 chest pain (the least severe). This distance would be measured less significant than two
patients who differ in age by a decade or who differ in weight by 10 pounds. Similarly, if one entry in the
medical record is a boolean that records 1 if diabetic and 0 otherwise, this difference would be considered
small compared to a few centimeter difference in someone’s height, which probably should not be the case.
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Hence, the Euclidean distance (just like any distance function) can measure the gap between two vectors
but that gap can be biased if the ranges of possible vector entries are not standard, which may justify a
non-Fuclidean norm. [

1.4.3 Statistical Measurements

Definition 1.4.8. Let ,y € R™. Then the correlation coefficient of x and y, denoted p, is given as

Ty

p= g
[EIE]
Note that p = cos(Z(Z,¥))!, hence —1 < p <

1. As such, p is often expressed as a percent- “

k b
age. By the Cauchy-Schwarz Inequality,! p = 1 ] | | Lot
if and only if € = ay for some positive scalar / .
a. Likewise, p = —1 if and only if £ = ay for \j k / & * L g

some negative scalar a. Finally, p = 0 if and only
if p = 1 if and only if & and y are orthogonal.

i b
Hence, the degree at which we say two vectors .,
are correlated is measured by the angle between .
their de-meaned vectors. Why? When the vec- / \ * .
(VAN k

s by

tor is de-meaned, then the entries measure the
displacement from the mean. When these two de-
meaned vectors are close, it means the original a b b

vector deviate from their average similarly. This i

allows us to compare apples to apples. ] /\/\/
k -k :

Example 1.4.9. Three pairs of vectors a, b of / - -t

length 10, with correlation coefficients 0.968 (top),
-0.988 (middle), and 0.004 (bottom). "

Definition 1.4.10. Let « € R™. Then the root-mean-square (RMS) of x is defined as

2 2
rms(@zM: 79614—...—1—95”.

vn n

I

a?

% < (ms("”)>2 (1.4.1)

The importance of RMS is revealed by Chebyshev’s inequality.’! Note that if k < then

a

k x||? z|\> /1 s(x) 2

since — < Il = u — | = % . The left-hand side of the above modified Chebyshev’s
n na? Vn a? a

inequality is the percentage of those entries of & bounded below by a. To consider the right-hand side,

suppose that a = m * rms(x). Hence the right-hand side simplifies to —. Thus, the percentage of entries

exceeding the RMS of the vector is bounded above by the reciprocal square of this factor. For example, there

can be at most — = 4% of the entries that are larger than 5 times the RMS of the vector. For this reason,

we can interpret rms(x) as the typical value of the value (as not too many values can be larger than this one).

Note that rms(1) = 1.

jThe symbol Z(u,v) denotes the angle between vectors u and v. See Appendix E for further details
1(Cauchy-Schwarz Inequality) For all uw,v € R", |u - v| < ||ul|||v].
1l (Chebyshev’s Inequality) Let & € R™ and a > 0. Suppose there are at least k entries of  which satisfy the inequality

[Els

|zi] > a. Then — 2 k.
a
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While RMS measures the average value of a vector, it in many ways behaves like a norm (as it is just a
scalar multiple of the Euclidean norm). As such, rms(a — y) in many ways behaves likes a distance function.
We should interpret rms(x —y) to measure the average error difference between the entries of the two vectors.
For example, suppose that 1 is a time series, say the hourly temperatures forecasted for tomorrow. Tomorrow

-~

comes and the actual hourly temperatures are recorded as the vector t. Then dist(t — ¢t) would measure
the error in the forecast, the so-called prediction error. On the other hand, rms(t — A), called the RMS
prediction error, instead measures the average error for each hour in the time series. If this value is small,
then we can say the prediction is good, and we say that RMS prediction error is a better measurement!V of
the accuracy of the forecast, compared just to the prediction error, since the standard prediction error can

easily be skewed by a few extremely good or bad predictions.

Definition 1.4.11. Let € R". The standard deviation of a vector is the RMS of &, that is,

st(w) = rms(@) = 12— _ \/(xl — )+ (@ =)+t (@ =)

Vn nY

Standard deviation measures the typical amount that an entry deviates from the mean and is hence a very
effective measurement of spread of a data set.

Theorem 1.4.12. Let € € R™ and ¢ € R. Then

(i) rms(x)? = avg(x)? + std(x)?; (ii) std(x + 1) = std(x); (#i) std(cx) = |c|std(x).

The first condition says that the functions of root-mean-square, average, and standard deviation satisfy
a Pythagorean relation. The last two conditions allow us to standardize a vector @, sometimes called the

z-score, as
1

std(x)

z= (x — avg(x)1).

Note that avg(z) = 0 and std(z) = 1.

VWhat about avg(t —f)? This would give an average of the errors in prediction. The difference here is the geometry. We
could measure the distance between two points (z1,y1) and (z2,y2) as |z2 — z1] + |y2 — y1|, as this does form a distance
function (the so-called 1-norm), but instead we elect to use the distance function \/(z2 — 1)2 + (y2 — y1)2 (the so-called 2- or
Euclidean norm). The reasons for this are geometric and apply to this discussion of RMS too. In other words, while avg(x) is
the arithmetic mean of @, rms(x) is the Fuclidean mean of @ with its various consequences to geometry.
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Python Programming

It is simple enough to code a norm function on vectors. The following code, for example, could implement
it:

import numpy as np

def vector_norm(vector):
vector_sum = O
for i in x:
vector_sum += 1i%%2
return np.sqrt(vector_sum)

x = np.array([1,2,5,12])
print (vector_norm(x))

The output would then be ||| = 13.19090595827292, which is correct. On the other hand, the norm of a
vector is already implemented within the sublibrary linalg in numpy, namely np.linalg.norm(x). It is
recommended this be used instead of your own implementation for two reasons. First, it saves you time
when writing code and simplifies the code you are writing. Second, the preloaded procedures are generally
going to be MUCH FASTER to run than those you write yourself. This is nothing against the reader, but
there are advanced programming techniques utilized inside these black boxes, such as parallel processing,
that go beyond the scope of this textbook. In generally, it is always a better idea to utilize the preloaded
procedures if they are available.

With that said, there is no preloaded procedure in Python for the distance between two vectors. Thus,
we just use the definition dist(u,v) = |ju — v|| to implement distance calculations very simply.

Example 1.4.13. The code:

import numpy as np

x = np.array ([2,-1,2])
print (np.linalg.norm(x)) #compute the norm of x

u = np.array([1.8, 2.0, -3.7, 4.7])
v = np.array([0.6, 2.1, 1.9, -1.4])
w = np.array([2.0, 1.9, -4.0, 4.6])

print (np.linalg.norm(u-v)) #compute the distance between u and v
print (np.linalg.norm(u-w)) #compute the distance between u and w
print (np.linalg.norm(v-w)) #compute the distance between v and w

produces the output:

3.0

8.367795408588812

0.3872983346207417

8.532877591996735 [ ]

Additionally, NumPy has preloaded functions for arithmetic mean and standard deviation, namely
np.mean(x) and np.std(x), respectively, where x is a vector. There is no preloaded procedure in Python
for the root-mean-square. As such, a lambda function, a technique in Python to quickly code up simple,
one-line procedures, is recommended. Here are two possible implementations:

rms = lambda v : np.linalg.norm(v)/np.sqrt(len(v))

or

rms = lambda v : np.sqrt(np.mean(vx*2))

The first implementation follows directly from Definition 1.4.10. The second implementation, a little
bit less intuitive at first, has two advantages. First, it does not utilize the package linalg, which could
have complexity benefits on the code. Second, it suggests why RMS is called root-mean-square. Note that
in Python when an arithmetic operation, namely: +, -, *, /, or **, which represent addition, subtraction,
multiplication, division, and exponentiation, respectively, is used it is always performed component-wise.
That is, v¥*2 means in Python to square each entry in the vector v.

Example 1.4.14. The code:


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/norm
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/stats

(S
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import numpy as np
rms = lambda v : np.sqrt(np.mean(v**2))

x = np.array([-2, 5, 0, 7, 10])

print ("Vector:", x)

print ("Mean:", np.mean(x))

print ("Standard Deviation:", np.std(x))
print ("RMS:", rms(x))

produces the output:

Vector: [-2 5 0 7 10]

Mean: 4.0

Standard Deviation: 4.427188724235731
RMS: 5.966573556070519

27

Define a vector

Compute Average (Mean)
Compute Standard Deviation
Compute Root Mean Square (RMS)
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Exercises (Go to Solutions)
For Exercises 1-6, find the norm of the vector.

3 7 2 2
L] -1 a2 |1 3. | -1 o !
-3
5 5 3
- - 2
1 —2 3 1 -2
5. 2 0|-3 1 6 -1 |+3 0|+ 1
-3 3 5 -3 3

For Exercises 7-12, find normalize each vector, that is, compute its normalization.

7—3_ _1 -2
| 8. | 2 9. | 3
_2 _1

_4_ i 1 -3-
10. 0 11. 4 7
_3_ _—2 " 12

8

7 2 1 5

13. 6 |, | —1 o 14 11,1 2

| 2 5 |1 2
g 0 3 0 3 1 -2 0
M15 | 2| —| -5 [,2] -1 |+]1 16. -1 || -2 11,2(1
1 3 -2 0 -2 3 -1 0

3 -2

7 2 18. 0
-1 4

5

19. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW /norm.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/norm
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“You cannot eat a cluster of grapes at once, but it is very easy if you eat them one by one.”
- Jacques Roumain

1.5 Clustering
In this section, we approach a major application of linear algebra, known as the clustering problem. We

develop the notions and ideas necessary to understand the clustering problem in this section, and in Section
1.6 we develop an effective algorithm to solve the clustering problem.

1.5.1 The Nearest Neighbor Problem

Definition 1.5.1. Let z1,...z,, be a list of m- 22 T
——o
many n-vectors. Let & be another n-vector. We
say that z; is the nearest neighbor of x if .25
[ — 25| < [l — 2] z3
A (]
[ J Z4

forall 1 <i<m. )

Therefore, the nearest neighbor to « is the minimal solution z; to the objective J = ||z — z;|| as
1<i<m.
1.5.2 The Clustering Problem
Image we have a list of n-many n-vectors, say 1, s, ..., x,. Suppose we want to sort these n vectors into

k-many groups or clusters so that every vector in a cluster is similar to all the other vectors in its same
group and dissimilar from the vectors in other groups. Clearly, k¥ < n and generally k is much, much smaller
than n, e.g. n =300, k = 3.

Example 1.5.2. The accompanying illustration displays twice a set of 300 points in the plane. On the left,
no clustering is illustrated. On the right, the points can be clustered in the three groups shown, distinguished

by color.
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In the previous example, it is easy to see that the clustering is good and that k = 3 is a good choice of
clusters. As most data sets will involve vectors with more than 3 entries, geometrically visualizing clustering
will be extremely difficult (if not impossible). How can we measure if a clustering is good or not? Might
that measurement depend on the number of clusters? How do we know the right number of clusters?

Definition 1.5.3. Let X be a set of vectors. Let C; C X for 1 <i < k. If
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(i) CiuCyU...uC, =X,
(i) C;NC;j = 0 whenever i # j,

then we call {C1,Cq,...,Cy} a partition of X. Each of the subsets of X contained in the partition is called
a cluster (part, class, or cell).

In more simple terms, a partition of a set is a division of the elements so that every element belongs to
one and only one part of that division. In particular, different cells never overlap. Let X = {@1,x2,...,x,}
be the set of these vectors which we wish to cluster. The Clustering Problem boils down to constructing a
partition of X with k parts so that vectors in the same cell are similar. This last part is the hard part, of
course, and we will revisit it in a moment.

Maybe it comes as no surprise the partition of an indexed set is itself a vector. Let {C1,Cs,...,Ck} be
a partition of X = {x1,...,2,}. Let ¢ be an n-vector such that ¢; = j exactly when x; € C;. Then it holds
that

Cj :{$i|ci:j}.

Hence, the vector c encodes naturally the clustering associated to the partition of X. We will let Cy, denote
the cluster that contains «;, that is, ¢, € Cp, = C.,.

Example 1.5.4. Let X ={1,2,3,4,5}. Then if Cy, = {2,3,4},Cy = {1}, C5 = {5}, then

{C1, Ca, O} = {{2,3,4}, {1}, {5}}

is a partition on X. The associated partition vector is given as ¢ = (2,1,1,1, 3). n

If two vectors are similar then they are close together, which is a measurement of distance. Hence, our
goal will be to cluster vectors according to their Euclidean distance from each other. While there is a chance
that this distance function could create bias, first, the algorithm we will develop to cluster treats distance
function as a replaceable part, and second, even if biased, we will see that our algorithm will do extremely
well at clustering related data.

Definition 1.5.5. Let {C},...,Cy} be a partition of X = {x1,...,z,}. We associate to each cluster C; a
vector z;, which we call the cluster representative. Hence, for the k clusters C, Cy, ..., C}, we have their
k cluster representatives z1, 2o, ..., zx. Note that while the cluster representatives could be among the x;’s
we do not require this.

Next, we define the cluster objective of this partition, denoted J'"t by the rule

2 = ze [1* + |2 — 2o [* + - - + |20 — 2, 12
n

Jclust _

Note that if we associate the set X with the block vector X = (a1, @s,...,x,) and introduce the block
vector Z = (Zey, Zeys - - -5 Ze,, ), then JUSE = rms(X — Z)2.

The clustering objective of a partition offers a metric to measure the efficacy of the partition. Note that
Jeust > 0 and JUst = 0 if and only if @; = z., for all 4. This latter case would only happen if Cp, = {x;},
that is, all classes are a single element (perhaps X has repetitions in the vectors). Generally, a perfect score
of 0 will be unlikely for a partition, but the closer the clustering objective is to zero measures how tight the
clusters are, and hence how good a clustering we have. After all, the RMS will measure here the typical
distance from the representative of a cluster, which we want to be small.

The clustering objective also can be used to determine the right number of k. Sometimes the data set
will suggest or require a fixed number of k, but in the absence of which we can treat k as a variable. As
we increase k, J"t decreases, that is, limy_,, J'"" = 0. But the more groups we allow the more difficult
the eventual calculation will be and perhaps the less useful the clustering becomes (setting k = n is fairly
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pointless). So with k relatively small compared to n, if there is a significant jump from k to k + 1, then
we use the larger number of groups. But if after several increments of k we gain very little improvement of
Jst then we should resolve to use the k after the last significant jump.

Example 1.5.6. Suppose X = {xi,...,x,}. Suppose that the number of clusters is fixed at k and the
cluster representatives z1, ..., z, are fixed, but the cluster assignment vector ¢ = (¢1,...,¢,) is allowed to
vary. How do we cluster the data to minimize J'"*? We will treat this clustering problem now as a nearest
neighbor problem. For each x;, we set

¢; = min [|z; — z;]),
j=1

that is, x; is assigned to Cj; if and only if z; is the closest representative to ;. To see how this optimizes
Jst suppose that all «; have been sorted except for «,. Suppose that we decide (for no good reason) to
assign x, to C;. Then

(2 = 2z, 2 + 22 = 2ea | + -+ 20t — 2o, ]1?) + = 212
n
s = zel |2 + N2 = zeal2 4 o+ 1@t — 2o, I

= + —lzn — 21
n n

Jclust

Note that if we can lower ||z, — z1||, then we lower the entire J°'%*. This is accomplished by replacing z;
with a representative z; that is closer to x; (if necessary). Of course, there is no closer representative than
the nearest neighbor. Therefore, assigning a vector to a group based upon the nearest representative offers
the optimal clustering for fixed representatives. [

Example 1.5.7. Suppose X = {xi,...,x,}. Suppose that the number of clusters is fixed at k and the
cluster assignment vector ¢ = (c1,...,¢,) is this time fixed, but the cluster representatives z1,. ..,z are
allowed to vary. How do we choose the cluster representatives to minimize J"$*? This time we will separate
Jst according to the cluster a vector belongs to. Suppose that we decide (for no good reason) to assign
z; = x; where ¢; is the first appearance of j in ¢. Then let J; = Zm,-,ecj |lz; — z;||°. Hence,

1
Jetust — E(Jl + Jo ++Jk)

If we adjust any z;, then it will only affect J; in the above sum. So we want to choose z; to minimize the
distance from z; to ; € C; on average. But this is accomplished by assigning z; to the average (mean)
vector T of C; (see Example 1.2.7), that is,

1
Zj:@ Za:l

miECj

Therefore, assigning a cluster representative based upon the mean of each cluster offers the optimal clustering
for fixed clusters. -

In the general clustering problem, neither the cluster assignments nor the cluster representatives are
fixed, but from the two above examples we can still derive an effective clustering algorithm known as the
k-means algorithm discussed in Section 1.6.

1.5.3 Applications of Clustering

There are two natural applications of clustering. First, separating objects based upon their groups can be
helpful because the different groups may have different wants or needs that should be address. Patient clus-
tering would be organizing patients based upon their medical data to more accurate diagnose and treat their
diseases. Separating customers based upon their shopping history creates market segments that may have
more targeted marketing strategies compared to the general audience. Regions with similar weather patterns
can be clustered into the same weather zone, or companies with similar financial and business attributes can
be grouped into the same financial sectors.
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Also, after an optimal clustering has been achieved, this clustering also applies to new data that enters
the data set. That is, we can sort new vectors based upon which group they are most similar to. For example,
if a social media platform advertises to its members based upon their market segment, then when a new user
creates an account then the platform will want to gather information about the user to decide which cluster
they belong to in order to share advertisements that the cluster generally likes. If a patient has a medical
history similar to other patients that suffer from the same disease, a doctor could suggest medical tests to
determine if the patient also has the disease.

Example 1.5.8. Suppose a data set has been clustered and a new vector joins the data, maybe a new
customer joins an online service. Instead of re-clustering the whole data set, we can simply adjoin the new
vector to a pre-existing group based upon which cluster representative is nearest to the new vector. Then
we can make decisions for this new vector based upon the expectations from its group. Of course, if there is
a large influx of new vectors over time, eventually we will need to re-cluster the data. The advantage here
is that we do not have to re-cluster immediately but we can still benefit from the clustering while waiting
for the periodic re-clustering. n

Example 1.5.9. Similar to the previous example, imagine we have a clustered data set and a new vector
not belonging to data. We want to identify which cluster the vector belongs to but we do not plan to retain
this new vector. For example, suppose that our data set is a collection of images of hand-written characters,
e.g., a, b, ¢, d, etc. Our software is hand writing recognition software. After scanning a hand-written
document (or a user simply writes on a touch screen), the software views each image and has to identify
which character was written. This is done by determining which cluster the new hand-written symbol belongs
to. Thus, the hand-written scribble is replaced with the closest character in the software’s alphabet. This is
a very primitive notion of machine learning. The software was feed hundreds or thousands of handwritten
character images and asked to cluster them. Then the clusters are given labels as ASCII characters. The
representatives are retained (and the original data can be retained or discarded based upon if we want more
learning in the future) and used to identify new images. [

Example 1.5.10. Again, suppose a data set is already clustered and a new vector is entered, but this time
suppose that some of the entries in the vector are blank (missing information). We can still determine which
cluster representative is closest to a vector (using all the non-blank entries, of course). After the cluster is
decided, we can fill in the missing entries using the corresponding entries from the group representative, that
is, we fill in the blanks with the typical entry for the cluster. For example, imagine a customer is listening to
music on a streaming service. There is a song that the customer has never listened to before and hence there
is no data on whether she likes the song or not. Because she belongs to a cluster, we can look at the cluster
representative which has a 1 in the entry corresponding to this song (meaning that the typical customer in
this segment likes the song). Hence, the app can recommend the song to the customer since we can expect
that she will like the song too like the rest of her group. [
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Python Programming

A very famous data set known as Iris, due to Ronald A. Fisher, is a collection of measurements of iris flowers.
Fisher’s goal was to use the measurements to classify the flowers into one of three types: setosa, versicolor,
and virginica. He collected 150 samples, 50 of each type. For each flower, Fisher made four measurements
(in cm): sepal length, sepal width, petal length, and petal width. The following code can be used to load
and view Fisher’s Iris data set via Python:

import numpy as np

#scikit learn is a library for many machine learning applications in Python
from sklearn.datasets import load_iris

= load_iris () [’target_names’]
iris_types = load_iris () [’target’]

iris_feature = load_iris()[’feature_names’]
iris_data = np.array(load_iris()[’data’])

print (iris_names)
print (iris_types)
print (iris_feature)
print (iris_data)

Example 1.5.11. Consider the first vectors from the Iris data set of each type: setosa zq = [5.1,3.5,1.4,0.2],
versicolor zg = [7,3.2,4.7,1.4], and virginica z3 = [6.3,3.3,6,2.5]. Consider also the randomly selected vec-
tor © = [5.5,2.3,4,1.3]. Which type does & belong to? A simple method to classify this vector is to find its
nearest neighbor among the three cluster representatives. Note

|z — z1]| = 3.09354166, ||z — 22| = 1.88679623, || — 23| = 2.66082694.

Thus, the nearest neighbor to « is z5, which suggests that most likely x is a versicolor iris.

The following code implements the nearest neighbor algorithm in Python:

import numpy as np
from sklearn.datasets import load_iris

iris_data = np.array(load_iris () [’data’])

z np.array ([iris_data[0], iris_datal[50], iris_data[100]])

k = len(z)
x = np.array([5.5,2.3,4.,1.3])
distances = np.zeros(k) # initialize distances

for i in range(k):
distances[i] = np.linalg.norm(x-z[i])

5 print(np.argmin(distances))
; #Solution is z[1], that is x is likely a versicolor


https://github.com/emisseldine/OpenLinear/blob/main/data/iris
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/cluster
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Exercises (Go to Solutions)

For Exercises 1-6, consider a set of vectors 1, @9, .. ., x, which is clustered into k-many classes C1,Cs, ..., Cy
with representatives z1, zo, .. ., 2, respectively.

[ P8
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6

If each x; has only nonnegative entries, explain why each representative z; likewise has only nonnegative
entries.

If each x; is a frequency vector, that is, each vector records the number of occurrences of certain
categories, give an interpretation of an arbitrary entry of a representative z;.

If each x; is a relative frequency vector, that is, each vector records the proportion of occurrences of
certain categories, explain why each representative z; is likewise a relative frequency vector.

If each x; has only Boolean entries, give an interpretation of an arbitrary entry of a representative z;.

Suppose some vectors x;,, ;,, ..., T; must be assigned to specific classes, e.g., say x; must always
be assigned to C. Provide a practical situation where this pre-assignment might arise.

Suppose k = 2. Then the function f(z) = [l — 22| — 2 — 21||* can be used to determine which group
x belongs to. If f(z) > 0, then ||& — 2z2||> — ||& — 21> > 0, which implies that ||z — 2z2||? > ||z — 21|
or more simply dist(x, z2) > dist(x, z1). Thus, if f(x) > 0, then x is closer to z; and belongs to group
1. Similarly, if f(x) < 0, then @ belongs to group 2. Using properties of the inner product, expand
and simplify the formula for f by finding a vector a and scalar b such that f(x) =a-x + 0.

Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear /blob/main/Chapter4 /code/PythonHW /cluster.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/cluster
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“Do all the good you can, by all the means you can, in all the ways you can, in all the places you can, at all
the times you can, to all the people you can, as long as ever you can.” — John Wesley

1.6 The k-means Algorithm

In this section, we discuss the k-means Algorithm, which solves the clustering problem by alternating between
fized representatives and fixed clusters. It is a fast and efficient clustering algorithm, but it depends on the
initial representatives to determine how effectively it solves the clustering objectives.

We saw in Section 1.5 how to optimize a clustering problem when the representatives are fixed or when
the clusters are fixed. In the former problem, vectors are assigned to clusters via the nearest neighbor al-
gorithm, and in the latter problem, the representatives are chosen as the mean of each cluster. The general
problem of minimizing J'** is much more difficult’ because the clusters and their representatives inform
each other. How do we choose the best partition when the representatives are in flex? How do we choose
the best representative of a cluster when the clustering keeps changing?

The k-means algorithm is an algorithm for solving the clustering problem, proposed independently
by Stuart Lloyd and Hugo Steinhaus in 1957. It iterates between fixed representatives and fixed clustering.
Each step in the process improves the objective J'%* and the process terminates when the representatives
stop changing'’.

Algorithm 1.6.1 (k-means Algorithm).

Given a list of n vectors {x1,Ta,...,x,} and an initial list of k cluster representatives z1,za, ..., Zk.
Repeat the following two steps until sufficient convergence of J°st is obtained.

1. Partition the vectors into k clusters. For each vector i = 1,2,...,n, assign c¢; to be the index of the
nearest representative z; to x;.

2. Update representatives. For each cluster j =1,2,...,k, assign z; to be the mean of the vectors in C;.
Returns the representatives z1, 22, . . ., 2k, the cluster assignment ¢ = (c1,¢a, ..., ¢y), and the final cluster-
ing objective JCst,

To implement the k-means algorithm, we utilize four functions: clustering objective, update_clustering,
update_reps, and Kmeans.™

The clustering objective function computes J"* for the current representatives z1, ..., 2} and cur-
rent cluster assignment ¢ = (cy,...,¢,). It takes three parameters: data which represents the vectors
[1,...,2,], clustering which represents ¢, and reps which represents [z1,..., 23] It returns JeUst,

iTt turns out that finding an optimal solution for the general problem will be very difficult, that is, it will be computationally
complex, relative to the data set. So difficult that for even a reasonably sized data set, the time required to find the optimal
clustering (and its corresponding representatives) becomes too expensive to be worth it. Do we just give up then? In situations
like this, we often abandon an optimal algorithm, that is, an algorithm which guarantees the best solution. One such optimal
algorithm would be Brute Force, that is, check every possible partition. The number of partitions for even a small set is quite
large, and hence, like usual, the Brute Force Algorithm is impracticable to use. Our implementation of the Nearest Neighbor
Algorithm in Section 1.5 is a Brute Force process as it checks all neighbors. Without any ordering to the neighbors, we have
no better search for the nearest neighbor. Fortunately, the Nearest Neighbor Search is no more expensive than the number of
neighbors, that is, the complexity is proportional to the data set and not too expensive.

For the sake of clustering, where Brute Force would be very expensive, we instead use a heuristic algorithm, that is, a process
that produces a sub-optimal solution, a solution with a small error when compared to the optimal solution, relatively quickly.
The amazing speed in solving the problem is so valuable that we are even okay with the small error attached to it. The k-means
algorithm is a heurisitc algorithm.

HTf after a round of k-means the representatives z1, 22, .. ., 2 do not alter, then the following round of nearest neighbor will
not change the clustering, that is, all vectors x; is remain nearest to the previous representative z;. The next round of mean
calculations will result in the same representatives again as no vector changed its cluster.)

liiThe code for these four procedures can be found here.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/kmeansalg
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def clustering_objective(data, clustering, reps):
J_obj = 0
for i in range(len(data)):
J_obj += np.linalg.norm(datal[i] - reps[int(clusteringl[i]) -1]) **2
return J_obj/len(data)

The update_clustering function computes the optimal clustering assignment ¢, in order to overwrite
the previous assignment vector, based upon the current representatives z1, ..., z;. It takes two parameters:
data which represents the vectors [x1, ..., x,] and reps which represents [z1, ..., zx]. It returns an updated
clustering c.

def update_cluster (data,reps):

new_clustering = np.zeros(len(data))

for i in range(len(data)):
distance = np.zeros(len(reps))
for j in range(len(reps)):

distance[j] = np.linalg.norm(datal[i] - reps[jl)

new_clustering[i] = np.argmin(distance)+1

return new_clustering

The update_reps function computes the means of the clusters C1,Cs, ..., C, in order to overwrite the
previous representatives, based upon the current clustering c. It takes two parameters: data which represents
the vectors [x1,...,®,] and clustering which represents c. It returns [z, 2o, ..., 2]
def update_reps(data, clustering):

new_reps = [];

for j in range(int(max(clustering))):
sum = np.zeros (len(datal[0]))

count = 0
for i in range(len(data)):
if clusteringl[i] == (j+1):
sum = sum+datal[i]

count += 1
if count > O0:
new_reps.append (sum/count)
return np.array(new_reps)

Finally, the Kmeans function implements the k-means algorithm from above using recursive calls to the

other three functions. It takes two parameters:"V data which represents the vectors [z, ...,x,] and reps
which represents [21,...,2;]. It returns the final versions of each [z1,..., 2], ¢, and Jst,
def Kmeans_alg(data, reps, show_steps=False):

J_obj = [1]

clustering = update_cluster (data, reps)

J_obj.append(clustering_objective (data, clustering, reps))

if show_steps:
print("Iteration", len(J_obj)-1, ":\n (Update Cluster)")

print("c = ", clustering)
print(" Z = ", reps)
print ("J clust = ", J_obj[-1], "\n")

Stop = False
while not (Stop):
new_reps = update_reps(data, clustering)
if show_steps:
print("Iteration", len(J_obj), ":\n (Update Reps)")

print("c = ", clustering)

print(" Z = ", reps)

print("J clust = ", clustering_objective(data, clustering, new_reps), "\n")
clustering = update_cluster (data, new_reps)

J_obj.append(clustering_objective (data, clustering, new_reps))
if show_steps:

print (" (Update Cluster)")

print("c = ", clustering)

print(" Z = ", reps)

Vshow_steps is an optional, third parameter, which by default is False, which if toggled to True would show the steps of the
algorithm.
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print ("J clust = ", J_obj[-11, "\n")
if len(new_reps) == len(reps):
if np.linalg.norm(np.array(new_reps) - np.array(reps)) < le-6:
Stop = True
else:
reps = new_reps
else:
reps = new_reps

return new_reps, clustering, J_obj, len(J_obj)-1

Example 1.6.2. Consider the thirteen 3-vectors
X = [ [1) 273]’ [4? 57 6]’ [17 27 0}7 [0’ 0’3]’ [3’ 27 1]’ [27 2’ 0}7 [0’ 570]’ [2’ 37 1]’ [676’4]7 [9’ 37 2]’ [2’ 3’4]’ [77 5’ 0}7 [27 77 8] ]'

Using the initial representatives
Z =[11,0,0], [0,1,0], [0,0,1] ],

the k-means algorithm terminates after 5 steps with the clustering
{ {w97m107m12}7 {m1,$37w4,$5,w6,w77w8}, {m27$117$13} }7

that is,
c=102,1,2,2,2,2,2,2,1,1,1, 3],

with an objection of JUst = 5.208791208791208 and representatives

Z =] [7.33333333,4.66666667,2], [1.28571429,2.28571429, 1.14285714], [2.66666667, 5, 6] |.

Using instead the initial representatives
Z =110.5,0.5,0.5], [7,1,0], [3,—1,4] ],
the k-means algorithm terminates after 2 steps with the clustering

{ {$1,$3,m4,m5,$6,$7,$8}, {$9,$10,{L‘12}, {$2,$11,$13} }a

that is,
C = [17 37 17 17 17 17 17 17 27 27 37 27 3]7

with an objection of Jeust = 5.208791208791208 and representatives
Z = [ [1.28571429,2.28571429,1.14285714], [7.33333333,4.66666667, 2], [2.66666667, 5, 6] |.
Notice that this partition just swapped the roles of C7 and Cs, although it found it much faster.
Finally, using instead the initial representatives
Z =1[1[1,0,0], [1,1,0], [1,1,1] ],
the k-means algorithm terminates after 6 steps with the clustering
Hz1, z3, x4, @5, @6, T7, T3, 11}, {T2, T9T10, T12, T13} |,

that is,
c=1[1,3,1,1,1,1,1,1,2,2,3,2, 3],

with an objection of JUst = 9.057692307692308 and representatives
Z =[]1.375,2.375,1.5], [5.6,5.2,4] ].

This time a worse objective is obtained and the number of clusters dropped down to two. [
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We make a few comments about the above implementation of the k-means algorithm. First, if it so
happens that a vector x; is equidistant to more than one representative z;, then ¢; will be assigned the
smallest index of these representatives.

Second, the value k is initially determined by the number of representatives declared, but it is possible
that through calculations that one or more clusters become empty. In such a situation, the empty clusters
are removed, k is decreased, and cluster assignments are shifted accordingly.

Third, if in two successive iterations the cluster representatives do not change, then J"* will not im-
prove. The implementation is set to terminate when J'"* does not improve from its previous calculation
by more than 1076 (of course, this sensitivity can be adjusted as appropriate).

Fourth, the number of clusters k affects the score J"t. In particular, Igim Jst — 0. So the more
—n

clusters the smaller the Jt, But having “too many” clusters can also minimize the usefulness of the
partition. Hence, it is wise to keep k small relative to n and to experiment with the size of k and see which
k works well. For example, if the value of J'"! with k = 7 is quite a bit smaller than the values of Jelust
for k = 2...,6, and not much larger than the values of J9"" for k = 8,9;..., we could reasonably choose
k =7, and conclude that our vectors partition nicely into 7 groups.

Fifth, the final J"t is determined by the initial zi,...,2;. Based upon this choice, the clustering
objective can be improved (or worsened). Hence, it is efficient to provide a protocol for determining “good”
initial representatives. Unfortunately, we will not discuss any such protocol and will instead rely on randomly
generated representatives to begin the calculation and will repeat the calculation multiple times to attempt
to improve Jeust,

Finally, to avoid an infinite loop in the k-means algorithm, the sequence J"* must eventually converge
toward some limit. Now, each step in the algorithm improves J'"! meaning that J'"! is decreasing over
time. Since it is always decreasing, we say this sequence is monotonic. As J"* > 0, we say it is bounded.
The Monotone Convergence Theorem from Calculus, written below, tells us this sequence is then convergent,
which to us means that the algorithm will eventually terminate no matter how tight a bound we set.

Example 1.6.3. Consider a set of n = 300 randomly generated vectors in the plane. Using k-means, the
set is sorted into k = 3 subsets.
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For another set of n = 1000 random vectors, the vectors are placed into 5 subsets (k = 5).

39
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Python Programming

In Python, the k-means algorithm is already pre-loaded and can be executed using the KMeans library from
the sklearn.cluster package. Scikit Learn is a library in Python designed for many machine learning
applications.

import numpy as np
from sklearn.cluster import KMeans

Example 1.6.4. The following code was used to create the random vectors and their clustering in Example
1.6.3 in Python:

#matplotlib, as the name suggests, is a library designed for plotting mathematical
#functions. From time to time, we will need to use it to create graphics.
#Please see the appendix on matplotlib for further details.

import matplotlib.pyplot as plt

plt.style.use(’seaborn-v0_8-whitegrid’)

import numpy as np
from sklearn.cluster import KMeans

k =3 #the number of clusters to be formed in the partition

plt.ion() #interactive mode will be on
#figures will automatically be shown

#X is a set of 1000 2-vectors randomly generated using methods within

#the random sublibrary of NumPy.

X = np.concatenate ([[0.75*%np.random.randn(2) for i in range (100)1],
[[0,1] + 0.5%np.random.randn(2) for i in range (100)],
[[1,1] + 0.4% np.random.randn(2) for i in range (100)1],
[[1,-1] + 0.3* np.random.randn(2) for i in range (100)],
[[-0.5,1] + 0.25% np.random.randn(2) for i in range (100)1],
[[0.5,-1] + 0.1% np.random.randn(2) for i in range (100)1],
[[0.5,-0.5] + 0.3% np.random.randn(2) for i in range (100)],
[[1,-0.25] + 0.25*% np.random.randn(2) for i in range(100)],
[[1.75,-0.75] + 0.2* np.random.randn(2) for i in range(100)1],
[[1,0] + 0.5% np.random.randn(2) for i in range (100)11)

#The following code formats the scatterplot of X w/o clustering.

x = np.linspace(-2, 3, 10) #Used to create an evenly spaced sequence in the
#interval (-2 to 3). There will be (10) spaces.

plt.x1lim(-2,3) #Sets the x-axis boundaries for the graph

plt.ylim(-2,3) #Sets the y-axis boundaries for the graph

plt.scatter( X[:,0],X[:,1]) #Plots all the vectors in X

plt.show () #Displays all open figures

#The k-means algorithm takes the number of clusters k and a random state,
#which randomizes the initial representatives

kmeans = KMeans(n_clusters=k, random_state=0).fit (X)

labels = kmeans.labels_ #the cluster assignment vector
reps = kmeans.cluster_centers_ #the cluster representatives
J_clust = kmeans.inertia_ #the cluster objective

print (J_clust)

3 #formatting and creation of second scatterplot

#grps is the creation of the actual clustering of vectors for the purposes of coloring
#the scatterplot.

grps = [[X[i,:] for i in range(len(X)) if labels[il==j] for j in range (k)]

for i in range(k):
plt.scatter ([c[0] for c¢ in grps[il],[c[1] for c in grps[ill)

plt.scatter ([z[0] for z in reps],[z[1] for z in reps],c=’black’,marker=’x’,s=50)

plt.x1lim(-2,3)

plt.ylim(-2,3)

plt.show ()

For educational purposes, students are expected to utilize the implementation of k-means algorithm as
outlined in this section, which can be found here.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/kmeans
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/kmeansalg
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Exercises (Go to Solutions)

For Exercises 1-4, perform j iterations of the k-means algorithm on the data set

1 1 -1 -2 5 -1 1 5 3 3
X = 1|20 O|s| 4|51} L]0 ]| =5 |- -11]:] 4
0 3 1 3 0 0 3 0 2 -5
for the given number of clusters k and initial representations Z = {z1,..., z;}. Report the final representa-

tives Z and cluster assignment vector c.

1 j=1k=3 a2 =2 k=3 A3 =3 k=3 4 j=4 k=3
Z ={ei1, ez, e} Z ={e1,es,e3} Z ={e1,es,e3} Z ={e1, ez, e3}

For Exercises 5-5, consider the same data set from Example 1.6.2. Find a clustering for which J9"" < ¢
using the given € and k. Report your initial representatives, your final representatives, your final clustering
assignment, and the final clustering objective. A calculator or computer is recommended.

5. €=05.208, k=4

For Exercises 6-13, consider the following data set” of n = 100 vectors. Compute three different clusterings
for the given k using three different randomized initializations. To report your clustering include a colored
graphic illustrating the clustering (as demonstrated in the Python subsection of Section 1.6), list the cluster
representatives, and J'"t for each of these three clusterings. Explain which clustering was the best of the
three. A calculator or computer is required.

6. k=2 7. k=3 8. k=4 9. k=5

10. k=10 11. k=20 12. k=25 13. £ =100

VThe data set can be found here: https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/
kmeans


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/kmeans
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/kmeans
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/kmeans
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/kmeans
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/kmeans

42

CHAPTER 1.

THE ALGEBRA AND GEOMETRY OF VECTORS



Chapter 2

Linear Systems

Systems of linear equations, also known as linear systems, are most students first exposure to linear algebra,
with solutions often found by some combination of the Methods of Substitution or Elimination (see Appendix
C). We will learn that linear systems are at the heart of all linear algebraic problems, as nearly all problems
about vectors and matrices can be rebranded as a linear system (or vice versa). We will learn effecient
algorithms to solve linear systems and apply them to ubiquitous applications.
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“Education is that whole system of human training within and without the school house walls, which molds
and develops men.” — W. E. B. Du Bois

2.1 Linear Systems

In this section, we introduce the study of linear systems motivated by geometry. Thus, all numbers in this
section will be real numbers. We introduce the notion of a system of linear equations and the nature of
their solution sets. We discuss when a linear system is consistent/inconsistent, independent/dependent,
underdetermined/overdetermined, and homogeneous/nonhomogeneous. We discuss the difference between
free and dependent variables in a linear system.

2.1.1 Linear Systems

Definition 2.1.1. A system of linear equations (or a linear system) is a set of equations with common
variables of the following form:
a1x1 + asrs + ...+ ayx, = b,

where b and the coefficients aq,...,a, are fixed numbers.

A solution to a system is an assignment to each variable such that each equation is satisfied. The
solution set is the set of all solutions to a system of equations. Two systems of equations are equivalent
if they have the same solution set.

A linear equation of two real variables (typically x,y or x1,x2) geometrically forms a line in the plane.
Likewise, a linear equation of three real variables (typically x,y, z or x1,x2,x3) geometrically forms a plane
in 3-space. Although much harder to visualize, a linear equation in four variables (typically z,y,z,w or
x,y,2,t or T1, X9, T3, T4) geometrically forms a hyperplane in 4-space. Higher dimensional analogues likewise
exist. As such, emphasis in this section will be placed on linear systems with two or three real variables.

Example 2.1.2. Test that (3,1) is a solution to 4Y
the system 20 —y =5

x4+ 5y =8
2z — y =5.

Notice that 3 + 5(1) = 3 +5 = 8 and \

. (3,1)
2.(3) —1=6-1=5. Thus, (3,1) is a solu- o+ 5y =8
tion to the above system. ¢ >,
Geometrically, the solution to the previous 1 /
system is an intersection between two lines, as
depicted to the right. n

Example 2.1.3. Consider the linear system with three variables and three equations:

x4+ 2y +3z = 20
2z 4+ y = —1
-3z — 6y + 5z = —4.

We can check that (2,3,4) is a solution of this system. Note that (2) +2(3)+3(4) =2+8+12=20 v,
—2(2)+(3)=—-4+4+3=-1v,and —3(2) —6(3) +5(4) = —6 — 18 + 20 = —4 v/, which shows that (2, 3,4)
is in fact a solution of the system. Try as one might, another solution to this system CANNOT be found,
that is, (2,3,4) is the unique solution to this system of equations. [
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Example 2.1.4. Consider the linear system with three variables and three equations:

2c — y+ z = 11
z+ 3y — 10z = 2
—3x 4+ 2y — 3z = —1T7.

Tt is simple to check that (5,—1,0) is a solution to this system. Likewise, we can also show that (6,2, 1)
is a solution to this same system. Thus, it is possible to have multiple solutions to a linear solutions. [

2.1.2 Number of Solutions to a Linear System

Because of Example 2.1.4, it is worth investigating how many solutions a linear system may have. The
beginning of our investigation is the following definitions.

Definition 2.1.5. A system of equations is consistent if it has a solution. Otherwise, we call the system
inconsistent.

If a consistent linear system has a unique solution, we call this the independent case. If a consistent
linear system has multiple solutions, we call this the dependent case.

Like we did in Example 2.1.2, we will investigate linear systems with two variables and their correspond-
ing geometry.

Example 2.1.6. Solve each system of equations.

5 + 2y = 32 Y
3z 4 6y = 48 T
20 T
After graphing the two lines, as depicted to 15T
the right, we see that the two lines intersect 10 +
at a unique point. This point of intersection, <« 3z + 6y = 48
(4,6) |, means the system has a unique solu- 5 =4 (4,6)
tion. Therefore, the system is consistent and . . . ’ . S5x + 2y = 32
independent. N ! ! ! — T
Y1 2 3 4

y =—-x+5 Y
2r + 2y = 3

After graphing the two lines, as depicted to the

no solution to the linear system.

y=-x+5
T

AN

right, we see that the two lines are parallel.
Thus, they do NOT ever intersect. Therefore,
the system is 7 that is, there is T

+ 20+ 2y =3
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2 Y
Zy+3 o
(©) €z 3y &~ 3r—3y=9

2
3r -3y = 9 1 x:§y+3

After graphing the two lines, as depicted to the
right, we see that the two lines are the same
line. Thus, every point on one line is also a
point on the other line. Therefore, the system
is dependent, that is, there are infinitely many +
solutions to the linear system. In particular,
the system is consistent. T

A
+
8

In general, any two lines in the real plane intersect at 0, 1, or infinitely many points (this last case occurs
if the lines overlap). This holds also for higher dimensional systems of linear equations, that is, for any
system of linear real equations the number of solutions is 0, 1, or co and the solution set of a linear system
will fall under one of these three types.

2.1.3 3-Dimensional and Homogeneous Linear Systems

These three possibilities are also the case for intersections of planes in 3-dimensional space. The independent,
consistent case occurs when all planes in the system intersect at a unique point. This was the case for
Example 2.1.3. Visually, this can be seen as three planes intersecting at a unique point, such as the three
planes involved in Example 2.1.3, illustrated below:

The inconsistent case occurs when not all the planes simultaneously intersect at a common point, perhaps
because some subset of planes are parallel with one another. Finally, the dependent, consistent case occurs
when the collection of planes overlay at more than one point, e.g. three planes in 3-space intersect along a
common line, as illustrated below:
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This was the case for Example 2.1.4. In fact, any point of the form
(z+5,32—1,z2), (2.1.7)

where the variable z can be freely assigned to any real number, is a solution to this linear system. This is

called the general solution to the system. In this example, z is a free variable, that is, a variable which
can be assigned any value. The other two variables, x and y, are called dependent variables, because
their assignment is dependent upon the assignments of the free variables corresponding to some linear rela-
tionship. Thus, the linear system in Example 2.1.4 has one free variable and two dependent variables. The
two solutions listed in Example 2.1.4 arose exactly from setting z = 0 and z = 1, respectively. In general,
the dependent case occurs exactly when the linear system has at least one free variable.

The following properties will be proven in the homework.

Proposition 2.1.8. Suppose that a consistent linear system has m equations and n variables.

(iii) If n > m, then the system has at least n —m free variables which implies that it has multiple solutions.

(iv) If m > n, then the system has at least m —n many equations which could be removed without modifying
the solution set.

The situation where n > m is called an underdetermined system because there are not enough
equations to guarantee a unique solution. The situation where m > n is called an overdetermined system
because there might be too many equations to guarantee consistency.

Definition 2.1.9. A system of linear equations is called homogeneous if each equation is of the form:
ai1x1 + asxs + ...+ apxr, = 0.

Otherwise, the system is called nonhomogeneous.

Example 2.1.10. The below 3 x 3 linear system is homogeneous since the right hand side of each equation
is O:
r+3y+5z =0

2¢ + 4y + 62 =0
4x + 2y =0
On the other hand, the below linear system appears to be homogeneous at first, but is really non-

homogeneous:
r+3y—2z4+4 =0

dr +2y+ 32 -5 =0
—x+b5y—32—-—2 =0
The issue here is that the linear system is not in standard form, that is, all the variables are located on the

left-hand sides of the equations, in descending order, and the constants are all on the right-hand sides of the
equations. In standard form, the system would appear as:

T+ 3y —2z =—-4
4z + 2y + 3z 5
—r+ 5y —32z = 20

In standard form, it is much more clear that the above linear system is non-homogeneous. L]

Proposition 2.1.11. A homogeneous system of equations is always consistent.
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Exercises (Go to Solutions)

For Exercises 1-4, determine if the point is a solution to the following linear system
2c —3y+ 2z =0

y+ z =0
—x — 2z =0.

1. (0,0,0) 2. (4,2,-2) 3. (3,2,0) 4. (1,1,1)

For Exercises 5-8, determine if the point is a solution to the following linear system
T+ y = 7
3z + 3y — 10z = =79
r+5y+ =z = 33

5. (4,3,10) 6. (0,0,0) 7. (3,4,10) 8. (—10,3,—38)

For Exercises 9-12, determine if the point is a solution to the following linear system
r+ 3y —2z =13

20 — y = 2
—z+ 6y — 4z = 17.

& 9. (6,10,4) & 10. (5,8,8) a1l (3,4,1) & 12. (9,3,2)

For Exercises 13-17, determine if the point is a solution to the following linear system
rT— y+ z = 5

3x + 4y — bz = =2
—2x— 4y + 7z = 11.

13. (1,2,3) 14. (3,2,1) 15. (5,0,6) 16. (3,1,3) 17. (9,3,2)

For Exercises 18-21, the graph of two lines in R? are provided. Describe the number of solutions of the
associated linear system. Is the system consistent or inconsistent?

18. y 19. y 20. y 21.

A A A

—+— ——> T T —+— — T
]
b ]
]
=== === > '
v L 4 '

For Exercises 22-31, graph the linear system and determine if it is consistent or inconsistent. If consistent,
determine which whether it has a unique solution or multiple solutions.

{14x+3y4 22 — 5y =10 x =5y —4
_ 23. < 4 24. <1

20 + 3y =4 —4x + = T — =
25. Y 26. Y 27. Y
T— y =2 -8z + 2y =2 2y =22 — 2
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— w47 — 5z + 8 — 3z -7
28. {y v 29.{ g 30.{ yo=or

y = —4dxr — 2 —br+y—2 = 6 y—3r = 2
9z 4+ 5 = 2y
31 rT+2y = 5
y =25

For Exercises 32-42, determine if the linear system is homogeneous. For those which are, find a solution.

4 +2y =0 6z — Ty =3 3z — =0
32. Y 33. Y & 34 Y
5z + 3y =0 2z + 8y =0 2z + 5y =0
20 — 4y =0 —5—-—y—2 =0 2z + =10
35, v 36. Y 37. v
—6x + 8y =3 z+y+5 =0 —7x — 3y = 3
5t + 2y + 3z = 2 o5 + 2y + 3z =2 T — 2z =0
38. ¢ 3z —4z = -1 39. ¢ 3x—-2y+ z =5 & 40. 3r+4y+42+ w =0
5y + 32 = 5 20 + 2y — 4z =1 —2x + 6y + 62+ 2w =0
20 — 2y — 2z =6 T+ oy - w+ v =0
41. ¢ —z -3y + 9z =1 42. 2z 4+ 32+ 15w+ 3v =0
4 4+ 3y — 182 =3 —x + 37y — bz -8 =0

For Exercises 43-43, create a m x n linear system that has the given point as a solution. (Answers may vary).

43. 3% 3, (4,0,—1)

x4+ 2y —4z =0
44. TIs the linear system —y + 3z = 0 consistent? Why or why not? Draw a 3-dimensional sketch
2z + 3y =0
of these planes and their intersection.

& 45. Using the general form for Example 2.1.4 provided on page 47 (namely (2.1.7)), construct five other
solutions to the linear system from Example 2.1.4. Answers may vary.



o0 CHAPTER 2. LINEAR SYSTEMS

“When you put your hand to the plow, you can’t put it down until you get to the end of the row.”
— Alice Paul

2.2 Augmented Matrices

In this section, we introduce matrices to encode linear systems. We begin to find an effective algorithm for
solving linear systems. The three Elementary Row Operations will be the basic techniques used to solve linear
systems. In the elementary row operations, we refer to equations as “rows” for reasons that will be more
clear by the end of this section.

2.2.1 The Elementary Row Operations

Elementary Row Operations'

1. (Replacement) Replace one row by the sum of itself and a multiple of another row.
2. (Interchange) Interchange the order of any two rows in the system.

3. (Scaling) Multiply all scalars in a row by a nonzero scalar.

We say that two systems of linear equations are row equivalent if there is a sequence of row operations
that transforms one system into the other.

Theorem 2.2.1. Two linear systems are equivalent if and only if they are row equivalent.

Example 2.2.2. Solve
T, — 220 +2x3 = 0

2x9 — 8xr3 = —8
74561 + 6:62 + 2I3 = 10

using row operations.

We begin by replacing Row 3 with
(Row 3 + 4 * Row 1). This gives: Ty — 2x2 + 273 = 0
2.’EQ — 81’3 = -8
— 2z9 + 10z3 = 10
Next, we scale Row 2 by a factor of 1, which gives:
2 Ty — 229 + 223 = 0
o — 4303 =—4
— 2LE2 + ].Oifg = 10

IThe elementary row operations come by many names, and many texts never give them names are all. The replacement
operations is sometimes called row addition or row combination because it consists of adding a multiple of a row to another
row. The interchange operation is sometimes called row swap or row switch for obvious reasons. Finally, the scaling operation
is often called row multiplication because we multiply both sides of an equation by a nonzero constant. The naming scheme
used here for the elementary row operations follows the scheme used by Lay [?]. We prefer this naming scheme for two reasons.
First, students will remember them better and be able to talk with their classmates about them more easily when they have
short, simple names. Second, we will eventually see that these three elementary operations correspond to many concepts in
linear algebra, including elementary column operations. For this reason, it is preferable to have names which do not use the
word “row.”
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Lastly, we replace Row 3 with

(Row 3 + 2 * Row 2), which gives: T1— 222 + 203 = 0
To — 41’3 =—4
21‘3 = 2

At this point, we recognize that we have solved for z3, that is, x3 = 1. Substituting this into Row 2 gives
X9 —4dxs=—-4 = ax9=-4+4+4r3=—-4+41)=-4+4=0.
Now we have solved for x5. Lastly, we use these values to solve for xy:
1 =202 +2x3=0 = x1=222—223=2(0)—-2(1)=0-2=-2.

Therefore, (x1,x2,23) =|(—2,0,1) |is the unique solution to the above system. n

2.2.2 Augmented Matrices

Definition 2.2.3. If m and n are positive integers, an m x n matrix is a rectangular array of scalars with
m rows and n columns. Note that the numbers of rows always comes first.

For example,

—_
[\
w

is a 2 x 3 matrix over R.

The essential information of a linear system
can be recorded compactly in a matrix. Consider X1 — 2wg + 223 = 0
the system from the previous example 29 — 8x3 = —8

—4x1 + 629 + 223 = 10

Aligning similar variables into columns, we create

the coefficient matrix 1 -2 2
0 2 -8
-4 6 2

and the augmented matrix

0 2 8| -8

Example 2.2.4. Solve the following system of equations:

3re + 33 = 11
2x1 — 3x9 + 3x3 = —4
xr1 + X2 + 4%3 = 3

using the augmented matrix.
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The augmented matrix is:

Now, the row operations for linear systems work
on augmented matrices as well. Interchanging
Row’s 1 and 3 gives:

Next, replace Row 2 with (Row 2 — 2Row 1),
which gives:

1
Next, scale Row 2 by —% to get:

Finally, replace Row 3 with (Row 3 — 3Row 2),
which gives:

This implies that

CHAPTER 2. LINEAR SYSTEMS

_0 3 3 11_
2 -3 3|4
_1 1 4 3_
_1 1 4 3_
2 -3 3|4
| 0 3 3| 11 |

1 1 4] 3
01 1] 2
0 3 3|11
1 1 413
0 1 1|2
0 0 0|5

T, + x9 + 43 = 3
To +x3 =2
0 =5

which is impossible. Therefore, the system has no solution, that is, the system is . [

2.2.3 Echelon Forms

Definition 2.2.5. In a matrix, we say a row is a zero row if all scalars in this row are zero. Otherwise,
we call it a nonzero row. In a nonzero row, we say the leading entry of the row is the leftmost, nonzero

entry in the row.

A matrix is in (row) echelon form if it has the following three properties:

1. There is no zero row above a nonzero row.

2. Each leading entry is in a column to the right of the leading entry of the row above it.

3. All entries in a column below a leading entry are zero.
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Essentially, 1. requires all zero rows to be at the bottom of a matrix in echelon form. Additionally, 2.
and 3. require there exists a downward staircase of zeros in the lower left of the matrix, hence the name
echelon.

A matrix in echelon form is in (row) reduced echelon form (or RREF) if additionally:
4. The leading entry in each nonzero row is 1.

5. All entries in a column above a leading entry are zero.

When considering whether an augmented matrix is in (row reduced) echelon form, consider only those
columns to the left of the vertical line. That is, an augmented matrix is in (row reduced) echelon form if
and only if its coefficient matrix is.

A pivot position, or simply just a pivot, in a matrix is a location that corresponds to a leading entry
in one of its echelon forms. A pivot column (or row) is a column (or row) that contains a pivot position.
The number of pivots of a matrix A is called its rank, denoted rank(A).

A priori, we do not know the locations of the pivots in a matrix, but we can easily see them when
the matrix is in echelon form. Now if two matrices are row equivalent, then their pivot positions will be
the same. Thus, it will be highly useful to be able to compute echelon forms row equivalent to given matrices.

Example 2.2.6. The following two matrices are in echelon form:

1] 2 -5| 3 (1] o o]-3
00 [1]] -1 and 0o [1] of o
00 O0f5 0 o0 [1]| 4

The first matrix is NOT in row reduced echelon form, since there are nonzero entries above the pivot in the
third column. The second one is and the first three columns are pivot columns. The first matrix has rank 2,
and the second has rank 3. n

Solving systems of linear equations when in echelon form is very simple. Solve first for the equation
involving one variable. Substitute this assignment of the variable into the linear equation involving two vari-
ables. Solve for the remaining unknown. Plug these two assignments into the equation with three unknowns.
Repeat this process as necessary. This technique is often called back-substitution.

Example 2.2.7. Solve the following linear systems from their augmented matrices which are in echelon
form.

(a) Examining below the echelon matrix and its corresponding system of linear equations, we see that we
can easily solve this system. Starting with the third equation, we get that z = 5. Substituting this into
the second equation, which depends only on y and z, we get y = —46+82z = —46+40 = —6. Finally, we

1 1 4
substitute these values into the first equation and get z = i(y —32+25) = 5(76 —15+425) = 5= 2.

Therefore, the unique solution to the system is | (2, —6,5) |.

2 -1 3125 20— y+ 3z =25
0 -1 8|46 ~ —y+ 8z =46
152 =75
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(b)
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This augmented matrix is in row reduced echelon form. In terms of the linear system, the system is
already solved, and the solution corresponds to the augmented column of the matrix, that is, | (3, —5, 3)
is the unique solution to this linear system.

100 3 r = 3
01 0[-5 ~ y =5

z= 3
00 1| 3

The final equation in this system is an identity which is true for all assignments of the variables. It
neither adds or takes away any restrictions on the solution set. In fact, this equation could be removed
without changing the solution set. Because the system essentially has two equations but three variables,
it must be true that at least one of the variables is free.

10 =32 1 — 31’3 =2 xr1 = 2+ 31’3
0 1 317 ~ To + 33 =7 ~ To =7 —3x3

0 =0 T3 = any number
00 0]0 3 Y

Notice that the equation 0 = 0 places no restriction on the variables. It could be removed without
altering the solution set. Thus, there is no restriction placed on x3, that is, x3 could be freely assigned
any real number ¢. This is what we mean by calling z3 a free variable. Upon choosing any such number,
x1 and x9 are determined by their relation with xzg, that is, their assignment is restricted by equations

1 and 2. Thus, this system has multiple solutions, whose general form is ’ (24 3t,7—3t,t) ‘

Whether there is a free variable or not in the a linear system is relatively easy to determine once
you know how to look for it. In particular, dependent variables correspond to pivot columns of the
augmented matrix, and free variables correspond to the remaining columns, the so-called non-pivot
columns.

Theorem 2.2.8. A linear system has multiple solutions if and only if it is consistent and have at least
one non-pivot column. These non-pivot columns will correspond in a one-to-one manner with the free
variables of the linear system.

Examples like the previous one sometimes give the false narrative that multiple solutions occur only
when the linear system contains the identity 0 = 0 in some echelon form. This is patently false.
Consider the following overdetermined system (more rows than columns) below. The linear system
contains two rows of zeros but has a unique solution, namely (5, —2).

_1 0 5_
0 1|-2
0 0| O
0 0| O

On the other hand, an underdetermined system (more columns than rows) will necessarily have some
columns which cannot have any pivots, as the number of pivots is bounded above by the number of
rows and the number of columns. Thus, it MUST have at least one non-pivot column (see Proposi-
tion 2.1.8). This translates to mean that an undetermined system MUST have free variables, which
will provide multiple solutions if the linear system is consistent. For example, the below linear sys-
tem is underdetermined but has no row of zeros. Nonetheless, the third column is non-pivot, meaning
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that x3 is a free variable of the system. The general solution would then be (2,3 —2t,t) for any scalar ¢.

1] 1 2|5 [1] 0o of2 {xl =2 {x1:2
0o [1] 23 0o [1] 213 Ty + 223 =3

The false narrative that rows of zeros produce free variables in a linear system derives from the over-
exposure linear algebra students often get from n x n (square) linear systems. In this case, if there is
a row of zeros then the square system devolves into an undetermined system which has a free variable.
The multiple solutions follow, not from the row of zeros, but from the non-pivot column(s).

To =3 - 21‘3.

The third equation gives a contradiction, since there is no choice of variables such that 0 = 8. This

tells us that the linear system is .

1 0 —-1]1

T — I3 =1
0 2 4|4 ~ 29 + 43 =4
0 =8

0 0 0|8

Theorem 2.2.9 (Rouché-Capelli Theorem). A linear system is inconsistent if and only if it contains
a row of the form

[00...0b} (b#0)

in some echelon form of the matriz. If the linear system is consistent, then the solution is unique if
and only if the system has no free variables. [
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Python Programming

When implemented in Python, an m x n matrix is an array of array (or a vector of vectors). Each vector
in the array is considered a row vector of the matrix and each will have n entries. Then the array that
holds the vectors will have length m. Essentially a matrix is entered as a block vector, where each vector in
the block is itself a row vector with the same length n (do make sure all the internal arrays have the same
length.). Unlike the block vectors from before which were concatenated together, a matrix is a stack of these
row vectors. When using an augmented matrix, note that NumPy does not have a feature to indicate the
partition between the coefficient matrix and the augmented column.

The shape of a matrix outputs the number of rows first m, followed by the number of columns n.

To grab an entire row vector, say the ith row of matrix A, use a single index, i.e. A[i]. To grab a specific
entry in the matrix A, say a;;, use a double index, i.e., A[i,j]. Grabbing a column vector, say the jth
column, is less intuitive but can be done with a double index involving a colon, e.g. A[:,j].

Conversely, if one wants to generate the matrix using the column vectors, one can use the command
np.column stack( ...) instead, where an array of vectors is included between the parenthesis.

Example 2.2.10. The code:

import numpy as np

A = np.array([[0, 1, -3, -1, -2],# 4x5 matrix called A, which is implemented as an array of

arrays;
[1, 1, 2, 4, 3], # each array represents a row of A;
[38, 7, -6, 8, 11, # each entry corresponds to a scalar in that row.
[0, -1, 3, 4, -411)
print (A)
m,n = A.shape # shape returns (m, n), where m = rows, n = columns
print (A.shape)
print(’m =’, m)
print(’n =’, n)
print ("The 2nd row: ", A[1]) # A[i] return i-th row, so A[1] grabs the second row
print ("The 3rd column: ", A[:,2])# the colon grabs all rows, hence grabs column 3 (index 2)
print("a_(1,3) = ", A[0,2]) # A[i, j] grabs single entry at row i, column j.

# Each list inside np.column_stack is treates as a column vector.

# This is the counter-wise counterpart to np.array, which stacks rows.

B = np.column_stack([[0,1,3,0], [1,1,7,-1], [-3,2,-6,3], [-1,4,8,4], [-2, 3, 1, -4]])
print (B)

0 1 -3 —-1|-2

records and prints the matrix and produces the output:

[[lOo 1 -3 -1-2]
[1 1 2 4 3]
[3 7 -6 8 1]
[0-1 3 4 -4]1]
(4, 5)
m: 4
n 5
The 2nd row: [1 1 2 4 3]
The 3rd column: [-3 2 -6 3]

a_(1,3) = -3
[0 1-3-1-2]
[1 1 2 4 3]


https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/code/aug

2.2. AUGMENTED MATRICES

o7



o8

Exercises

CHAPTER 2. LINEAR SYSTEMS

(Go to Solutions)

For Exercises 1-5, each of the augmented matrices are in echelon form. Identify the pivot positions and

which variables, e.g. 1, x2, T3,..

0 1

2 1 4

0 01 3 5

-1

0

., are free variables in the associated linear system.

021 3|0

001 2|0

0 0 0 4|0

For Exercises 6-30, identify if the matrix is in echelon form and if it is in row reduced echelon form. If in

echelon form, identify the pivot positions and the rank of the matrix.

13. 0 0

16. 0 0

19. 0 0

0 1
7.

0 0

1

0 10 [3

0

0 11 {1

0

0 1
14.

0 0

0

-5 0 5
17.

0 2 0

0 0

6|2 1

3|4 &2 |0

116 0

2 0 -3
0 1 )
—245}
23456]

12.

15.

18.

A 21
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(123 4|5 ] (103 05| (10 3 45
A22. 10 0 0 02 #2101 7 09 M24 10 1 7 89
|0 6 7 8|9 | (000 12| (00 0 02
(100 4|5 ] 11 1] (1 1 oz| 2
#2510 01 0|2 26. | 5 -1 2] -2 2710 2 1| 1
010 8|9 ] 3 -1 1| 3 (0 0 0| 1
_10%0 (00 00| (10 0 3|5
28.10 1 310 09 13 070 04
29. 30.
00 01 00 6|7 000 1[6
2 1 3|4 00000

For Exercises 31-31, write an augmented matrix in echelon form satisfying the listed conditions. Identify the
pivot positions. (Answers may vary).

31. rank 3, no zero rows, underdetermined

For Exercises 32-40, write the linear system as augmented matrix or vice versa.

4xo + 223 = 6 3r — y =0 a4 r+ y+z =1
32. ¢ 3x1 + dSx9+ 223 = 7 H» 33. — 2y = 5 ® 34 —2x — 6y + 2z =12
3r1 + 17z9 + 8x3 = 24 r+ Ty =13
— — — 3 -
10z — 7y + 2z — 4w =10 12¢ — 2y + 32+ “w =13 1 —2 _3|_4
35 3z +4y —3z2+ w =20 36 2
) e + 4z — 73 T3y - 22 =937 | o 1 2| 1
6y — 32 + 2w = 10 y+ 172 — 20w = 12 5 0 ol s
3 -2 -1 4 4 -1 -2 5|12 2 0 1 -9 3
a38. |1 0 3|-3 #39. | 3 0 015 0 9 21 25]-9
40. 14 -7 0 36| 67
0 0 0 2 1 0 0 0] O
- B 3 4 -7 19 2
_718 0 2 8 1_

For Exercises 41-50, perform the indicated elementary row operation(s) to the linear system or augmented
matrix.

2z + 2y = 5 2y + 5z =10 3r — y =0
41. r+ y— z = 1 h 42, r— y+3z2 =6 & 43. — 2y =5
-5y 4+ 4z = -1 20+ Ty — z = 0 r+ Ty =13

scale Row 2 by 3 interchange Rows 1 and 2 scale Row 2 by —1/2



45.

+oy+z=1

A ) TTYTE
-2z — 6y + 2z =12

1 3 1|3

01 7|1

0 0 110

48.

1 with Row 1 + Row 3

2 3 4|6

1 2 213

9 4 7|2
replace Row 1 with Row 1 - Row 2

46.

49.
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replace Row 2 with Row 2 + 2Row 1

0 0 0 0]0
1 2 3 4|5

2 0 0 07
replace Row 3 with Row 3 + 2Row 2

0 2 7|6
4 8 0|2

1 2 413

scale Row 2 by %7
replace Row 3 with Row 3 + 2Row 2

47.

50.

0 0 O 11
scale Row 1 by 1/2

1 2 3|6

2 3 411

5 6 712
;eplace Row 2 with Row 2 - 2Row 1,
replace Row 3 with Row 3 - 5Row 1,
replace Row 3 with Row 3 - 4Row 2

For Exercises 51-55, identify the elementary row operation(s) which transform the first matrix into the second
matrix. Answers may vary.

51.

53.

95.

For Exercises 5656,

56.

i 026_ i 7T 1 2
7T 1 2|~ 0 2 6
| =3 5 0] | -3 5 0
_20 3_ _1 4 —4
0 2 -2 |~1]0 1 -1
_34—1_ | 0 -8 11
_1069_ _100
01 2 6 01 0
0 0 11 0 01
0 0 3 4 0 00

T+y+3z =9
y+4z =8

z =1

3 20
92. | 5 4 1

70 1

1 -3

3 -8
54.

2 -2

-2 4

1 -2 0

) 4 1

3 2 0

-9 ] | 1 -3 0 -9 ]

—21 0 1 2 6
7 0 4 9 25
10 0 -2 -1 -8

solve the linear systems, already in echelon form, using back-substitution.

57. Prove that row equivalent linear systems are equivalent, which proves one direction of Theorem 2.2.1.

58. Prove Proposition 2.2.8.

59. Prove Proposition 2.2.9.
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“A leader is someone who helps improve the lives of other people or improve the system they live under.”
— Sam Houston

2.3 Reduction of Linear Systems

In this section, we discuss algorithms that can be used to row reduce a matrixz into echelon form, from which
we can use the echelon form to solve the linear system associated with this matriz.

2.3.1 Gaussian Elimination

The key to solving linear systems is to row reduce the augmented matrix to an echelon form. To accomplish
this, conduct the following recursive process: identify the leftmost nonzero column. This becomes a pivot
column, with the pivot in the top position. If this pivot entry is zero, interchange the pivot row with any
nonzero row below it. Next, zero out each entry below the pivot by replacing this row with itself plus a mul-
tiple of the pivot row. Consider next the minor matrix where this pivot row and pivot column are removed.
Repeat this process on the minor matrix until an echelon form is obtained.

Algorithm 2.3.1 (The Forward Phase Algorithm).

Given an m X n matriz A.

1. Identify the next pivot column. Identify the leftmost nonzero column of A', if it exists. If so, label this
a pivot column, say C;, and place a pivot position in (1,7) position inside the first row Ry. If not,
return the m X n zero matric.

2. Place a nonzero entry in the pivot position, if necessary. If the pivot position (1,j) is nonzero, skip
this step. Otherwise, interchange Ry with the first row with a nonzero entry in the pivot column.

3. Zero out every nonzero entry below the pivot position. For each row R; below the pivot row, replace
s
Ri with RZ - R1.

a1y

4. Recuse on the submatrix where already determined pivot columns and rows are removed. If m > 1
and j < n, then replace the submatriz of A consisting of rows Ry through Ry, and columns C; through
C,, with an echelon by recursively calling the Forward Phase again. Then return the current matriz
which is in echelon form.

Returns an echelon form of A.

The Forward Phase Algorithm row reduction to echelon form of an augmented matrix coupled with the
technique of back-substitution to solve the reduced system is call Gaussian Elimination. This provides
an efficient procedure to solve linear systems.

Example 2.3.2. Reduce the matrix A to echelon form and solve the associated linear system using Gaus-
o o0 0 -2 3|-7

sian Elimination, where A= | —_92 _4 _—g 1 —11| -3
4 8 12 1 =2 16

We begin by identifying the leftmost nonzero column of the matrix, which is the first column of A. As
such, we place a pivot position in the first row of the first column. As this pivot position contains a zero value,

iIf A is an augmented matrix, then we only search for pivot columns before the partitioning line.
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we will interchange Rows 1 and 2, since Row 2 contains a nonzero value. (Note that the red double-arrow
below will be shorthand we commonly use to denote the interchange of two rows in a matrix.)

o] o o -2 3—7} 2] 4 -6 1 -1|-3
2 -4 =6 1 -1|-3|¥ ~| 0 0 0 -2 3|-7

4 8 12 1 -2 16 4 8 12 1 -2 16

Now we proceed to place zero values in the all the entries below the pivot position in Column 1 using Row
Replacement. As Row 2 already has a zero entry in Column 2 we may disregard it for now. To create a zero
entry in Row 3 we will replace Row 3 with Row3 + 2 - Rowl, as shown. (Note that red statement “(Row
i + cRow j)” written adjacent to Row i will indicate we are replacing Row ¢ with Row ¢ + cRow j. For
convenience and to avoid arithmetic errors, we write cRow j write above Row ¢ in red to indicate what values
we will add together to produce the next matrix in the row reduction.)

4 8 12 1 -2 16 (Row 3 4+ 2 Row 1) 0 0 0 3 —4 10

This completes the row reduction in Column 1. We now search for the next pivot position in the minor
matrix where Row 1 and Column 1 (the location of the first pivot) are ignored. We notice there are only
zero entries remaining in Column 2, so we skip this column. We do the same for Column 3. The leftmost
nonzero column is then Column 4. So we place the pivot in the (2,4) position. As this entry is already
nonzero, no interchange is necessary here.

-2 -4 -6 1 -1|-3
0 0 0 3| -7
0 0 0 3 —4/[10

Next, to remove the 3 below this second pivot we replace Row 3 with Row 3 + %Row 2. This is
demonstrated below.

-2 -4 -6 1 -1|-3 -2 -4 -6 1 -1| -3
0 0 0 3|-7|~| 0 o0 o0 30 -7
0 0 0 3 —4]10 0 0 0 0 1/2]-1/2

This completes the row reduction in the second pivot column. The third and final pivot would then be
placed in the (3, 5) position, as this is the leftmost nonzero column when Rows 1 and 2 and Columns 1-4 are
ignored. As there are no entries below Row 3, the row reduction is completed automatically.

-2 -4 —6 1 -1 -3
0 0 0 — -7

2 3
0 0 0 0—1/2

Finally, row reduction ends when we reach the end of the coefficient matrix. Thus, our matrix is in echelon
form. In order to solve the associated linear system, we will rewrite the augmented matrix as a system of
equations and solve by back-substitution.

—2x1 — 4x9 — 613 + T4 — x5 = —3
— 2x4 + 35 = —7
1 1

3" =73
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Remark 2.3.3. Many like to deviate from the Forward Phase algorithm in order to avoid the somewhat
more cumbersome computations that follows by having entries which are fractions and having to do arith-
metic by hand. One strategy to follow to avoid sometimes unnecessary fractions includes always choosing a
row so that the pivot position is a one. Perhaps there is a row with already a one in it. Perhaps a row could
be rescaled so there is a row in the pivot position, but if chosen incorrectly we might introduce fractions
we are trying to avoid. Finally, a combination of row replacements can produce a pivot one if the greatest
common divisor between two entries in the same column is itself one.

For example, in Example 2.3.2 when working on the second pivot, instead of replacing Row 3 with Row
3+ %ROW 2, we could have replaced Row 2 with Row 2 + Row 3 and then replaced Row 3 with Row 3 —
3Row 2, as illustrated below. It takes more row operations but avoiding all fractions.

2 -4 -6 1 -1|-3 2 -4 -6 1 -1|-3
0 0 0 3|-7|~] 0 o0 o0 -1{ 3
0 0 0 3 —4]10 0 0 0 3 —4|10

2.3.2 (Gauss-Jordan Elimination

Because the row reduced echelon form is more desirable, we can continue to row reduce a matrix in echelon
form that was produced by the Forward Phase by transforming it into row reduced echelon form.

Algorithm 2.3.4 (The Backward Phase Algorithm).

Given an m X n matriz A in echelon form and pivot positions identified.
1. Ignore any rows of zeros. If there is no pivot in row R,,, skip to step 5.

2. Identify the next pivot column. Identify the rightmost pivot column C; of A. Note this pivot position
is in the (m,j) position.
1

3. Create a leading one in the pivot column. If the pivot position (m,j) is not 1, scale Ry, by —.
mj

4. Zero out every nonzero entry above the pivot position. For each row R; above R,,, replace R,, with
Ri — Q45 Rm.

5. Recuse on the submatrix where already reduced pivot columns are removed. If m > 1, then replace the
submatriz of A consisting of rows Ry through R,,_1 with the row reduced echelon form by recursively
calling the Backward Phase again. Then return the current matriz which is in row reduced echelon
form.

Returns the row reduced echelon form of A.

The Gauss-Jordan Elimination method solves a linear system by first computing the row reduced echelon
form of the augmented matrix (using the Forward and Backward Phases) and extracting the solution from
this.
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Example 2.3.5. Row reduce the matrix A to reduced echelon form, where A =

We begin with the forward phase of row reduc-
tion. We select position (1,1) for the first pivot. As
there is a zero in this pivot, we interchange Row 1

and Row 2:

Next, we replace Row 3 with Row 3 — 3 Row 1:

4 3
-2

—12
8 1
4 —4
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(0 1 -3
11 2
3 7 —6
0 -1 3
_@ 1 -3 1] -2 —
1 1 2 4| 3 5

3 7 -6 8| 1

0 -1 3 4|4
_ - 1 2 4
0 1 -3 -1

9 ~

(Row 3 — 3 Row 1) 0 4 —-12 —4
0 -1 3 4

Next, we move the pivot to position (2,2). Using this pivot, we replace Row 3 with Row 3 — 4 Row 2 and
replace Row 4 with Row 4 + Row 1:

1

o

0

0

1

4

-1

2

-3

—12

3

4

-1

—4

4

11
0 [1]
0 4

1
0 —1

2 4 3 1
-3 -1 —2 0
12 4 8 ~
—12 —4 —8 (R()w 3 — 4 Row 1) 0

—3 —1 —2
3 4 —4 (Row 4 4 Row 2) 0

1 2 4
[1] -3 -1
0 0 0
0 0 3

We next move the pivot to position (3,4) as there are only zeros in (3,3) and (4,3). As the third row is a
zero row, we next interchange Rows 3 and 4. We note that this matrix is now in echelon form. To continue
to RREF, we scale Row 3 by %

o

2 4
-3 -1
0 [0]
0 3

—6

)

11

0 1

o

0

0

2 4 3 1 1 2 4
-3 —-1|-2 01 -3 -1
0 —6 %(Row 3) 0 0 0
0 O 0 0 0 0 O

We begin now the backward phase of row reduction. In order to zero-out the entries above the pivot, we
replace Row 1 with Row 1 — 4 Row 3 and Row 2 with Row 2 + Row 3:

1

0

1

1

o

—4

2 4
1
-3 -1
0 [1]
0 0

(R()w 1 -4 Row 3)

(Row 2 + Row 3)

EREEI AR
01 -3 0|4
00 0 [1]|-2
00 0 0] 0
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We next move back to the pivot in position (2,2). As this entry is already one, we proceed to eliminate the
one above it. This is accomplished by replacing Row 1 with Row 1 — Row 2. This final matrix is the row
reduced echelon form of the original matrix. All the pivot columns are indicated.

-1 3 4

11 2 0] 11 (Row 1 — Row 2) 0 5 0115
0 -3 0|4 0 -3 0 |4
0 0 0 1]-2 Lo o0 o —2 -
0 0 0 0] 0 0 0 0 0] 0

Theorem 2.3.6. Fach matrixz is row equivalent to one and only one reduced echelon matriz.

The proof of this important theorem essentially follows from Gauss-Jordan elimination.
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Python Programming

Solving linear systems can be a little more problematic in NumPy (short for Numerical Python). The reason
for this is because numerical linear algebra in Python is designed for speed over accuracy, that is, floating
point numbers are used for their efficiency but have the weakness of rounding errors when too many digits
are involved. Often these rounding errors are insignificant enough to ignore. To solve a linear system, use
the command np.linalg.solve(A,b) to solve the linear system Ax = b. Be warned that this command
will return an error if the coefficient matrix is non-square or singular. An m X n matrix is square if m = n,
that is, the number of rows equals the number of columns. A square matrix is singular if there is not a
pivot in each column. It is nonsingular otherwise. As we will see later, a linear system with a nonsingular
coeflicient matrix will always have a unique solution. Hence, if a matrix is non-square or singular, the system
may be inconsistent or there might be multiple solutions, in which case NumPy is not capable of addressing
such linear systems.

Alternatively, when a symbolic or exact calculation is necessary, the package SymPy (short for Symbolic
Python) is preferred. Similar to NumPy, SymPy as a function for creating vectors and matrices, namely
Matrix (A). Each matrix object A has then the function .rref(), which takes no other input and returns an
array of two quantities: first, the matrix representing the row-reduced echelon form of A, and, second, an
array listing the pivot columns.

Note that symbolic linear algebra will be much slower and will use much more memory than numerical
linear algebra. As such, we advise the usage of SymPy only on small matrices when NumPy is unacceptable.

Example 2.3.7. The code:

from sympy import pprint
import sympy as sp

A = sp.Matrix([([O, 1, -3, -1, -2], [1, 1, 2, 4, 3], [3, 7, -6, 8, 11, [0, -1, 3, 4, -411)
pprint (A.rref () [0])

computes the row-reduced echelon form of the matrix from Example 2.3.5 and produces the output:
|10 50 15|
| |
|01 -30-4]
| |
|00 01 -2

|00 00 O .


https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/code/echelon
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Exercises (Go to Solutions)

For Exercises 1-8, compute the row reduced echelon form for the matrix. List the row operations used to
transform the matrix to this form. Indicate the first time the matrix is in echelon form. Answers may vary.

1 2 6 —2 1 2 3 1 2 2 1
1 2.

-4 5 3 1 #3 | 2 3 3 ML |2 1 —2 -2
2 4 5 1 -1 -4 -3
15 6 -5 1 2 0] 9 8 16 0] 14 3 0 6 9|18
a5 30 -2 1 6. 10 2 4| 6 710 0 4| 7 810 2 4 0| 8
o1 3 3 0 0 5|10 0 9 3|9 000 3|6

-3 5 0 1

For Exercises 9-13, solve the linear system using Gaussian elimination, that is, convert the linear system into
an augmented matrix, reduce it to any echelon form, switch it back into a system of equations, and solve
the reduced system using back-substitution.

r— y+3z =1 2y + 6z =4

9. {22 — 2y + 5z =6 10. <3y + 224 = =5

20 + 3y — 4z =2 32z+3x+3y =3
3r1 + 2z + x3 =1 201 + 30 — x3 =7 201 + 9+ x3 =3
11. ¢ 3x1 + 8x2 + 323 =5 12. {4xy — 229 + 323 =5 13. T + 220 — w3 =1
3ro + x3 =6 x4 — X9+ 2x3 =1 3r1 + o +2x3 =9

For Exercises 14-27, solve the linear system using Gauss-Jordan elimination, that is, convert the linear system
into an augmented matrix, reduce it to row reduced echelon form, and use this to solve the linear system.

x4+ 2y =2 5 x4y =8 T — Y = 6
14. —4y =38 4 15. r—y =4 N 16. {2z — 3z =16
20 +2y =6 204+ 2z = 4

3y + 62z =3
4+ 2y — 3z =2 18.
4o -3z =0

3o — 223 = 0 T, + 4xo + Txs =3
1+ X9 + 3!173 =12 19. 2£E1+ 5£U2 + 8.’E3 =3
6x14+ 220 + x3 = 13 3x1+ 622 + 923 = 3

17.

MN20 {2 4+3y+ 2z =2 21. ¢ 4x + by + 6z =10 22. T, — 3x9 — 23 = —4

3z 4+ 2y =0 z+2y+ 3z =10 3r1 + x2+ wx3 = 15

5x1 + 2z9 + 623 = 11 r+ y+ z+ w =1
To + 223 = 5 o5 3y + =z =1
3x1 + 2z + a3 = 7 ' r+ y+ 2z =0

2¢1 + o +4x3 = 6 2x + z4+4w =0

23. 2$1 + 10332 + 151‘3 =984

-1 + 10z3 = 58

20 — 2y — 2z =2 {7x+8y+9z10 220 + @2 — w3 = —10
24.{

201 — 3x9 + 623 + 224 = 5 2¢ = 10 — 4y + 2z

—2x1 + 3z — 323 — 314 = —4 27. ¢ —10y 20 — 16z — 32 — 3 4+ 13y + 16 — 22
4x1 + 629 + 923 + DIy -3z =—4x + 3z —2y+ z

—2x1 + 329 + 3x3 — 44 =

26.

{ 2%1 —+ To + 41’3 = 199

I
= O
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28. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear/blob/main/Chapterl/code/PythonHW /echelon.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/code/PythonHW/echelon
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“We cannot solve our problems with the same thinking we used when we created them.” — Albert Einstein

2.4 Applications of Linear Systems

In this section, we discuss how to set up and solve applications of linear systems arising in mathematics and
science.

2.4.1 Data Fitting

Linear systems can be used for data fitting (or interpolation), that is, given a mathematical model
g(x) = 3", cifi(z) where ¢; € R are scalars and f; are real-valued functions and given a set of n points
(z1,v1),---,(Tn,Yn), we can find the missing coefficients ci, ..., ¢, so that the data fits into the model g.
The method involves substituting the data points (x;,y;) into the model g. Each evaluation of a point gives
a linear equation in terms of the coefficients, that is, to find the missing coefficients we must solve the linear
system

cifi(z1) + cafa(wr) + .. A cnfulz1) = 01

cifi(z2) + cafo(ze) + ..t cafu(z2) = Y2

lel(xn) + CQfQ(‘rn) + ..+ Cnfn(wn) = Yn

In the case of a polynomial function, the general template would be f(z) = c, 2™ + ... + coz? + 12 +
¢p. In this case, we would need n points (1,91),...,(Zn,yn) to solve the linear system and interpolate
the polynomial. The coefficient matrix for a polynomial interpolation takes on a special form, called a
Vandermonde matrix:

R S A T |

o - a3 a3 xe 1

V(z) = s - B S R |
Note that a Vandermonde matrix depends on the z-coordinates of the interpolation. If & = (z1, z2,...,2y)
is the n-vector of z-coordinates involved in this interpolation, y = (y1,¥y2,...,yn) is the n-vector of y-
coordinates, and ¢ = (¢1, ¢o, - . . , ¢, ) I8 the yet-unknown n-vector of coefficients, then to solve the interpolation

associated to the polynomial f, we must solve the linear system [V (z)]c = y for c.
Example 2.4.1. Consider the degree-4 polynomial
flz) = cazt 4 e32® 4+ eox? + 1z + ¢
with unknown coefficients. If we know
f(=1)=3, f(—05)=05625 f(0)=1, f(0.5)=3.5625 f(1)= 15,
then find the coefficients of f.

Let ¢ = (eq,c3,c2,¢1,¢0) be the coefficient vector for f that we need to find. Each evaluation of the
polynomial gives a linear equation with regard to its coefficients, for example, since f(1) = 15,

(D)%es + (1)3es + (1)%ea + (1)er + o = 15.
Likewise, f(1.5) = 49.5625 gives the linear equation

(0.5)*¢s + (0.5)3c5 + (0.5)%co + (0.5)c; + co = 3.5625.
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Putting these all together gives the linear system

262—|— ( 1

-1) —1) -1) Jer

5)ies 5) 5)2es + (=0.5)c; + ¢ = 0.5625 (=0.5)* (=0.5)* (=0.5)> —0.5 1
(0)46 (0)36 (0)2«: (0)er + ¢ =1 ~| (0 (0)3 02 0 1
5) e 5) 5) )
) ) ) )er

+c =3

2o + (0.5)c; 4+ o = 3.5625
+ Co — 15

202 —+ (].

This augmented matrix represents the linear system [V (z)]e = y where = (—1,-0.5,0,0.5,1) and y =
(3,0.5625,1,3.5625, 15). Solving this for ¢ gives ¢ = (5,4,3,2,1). Therefore, f(x) = 5az* +42® + 32 + 22+ 1.
Details of this calculation can be found in the subsection on Python. L]

Suppose that we want to fit a rational function to specific data. It is very tempting to use the generic

form f(x) = pELE; where p(z) and ¢(z) are generic polynomials of degrees n,m, respectively. In order to
q(x

solve this as a linear system, we plug in points (z;,y;) like usual, but we must also clear the denominators.

Thus, y; = p(wi)
Q(fﬂi)

here is homogeneous and has a unique solution, namely 0. The issue here is that in rational functions, we
actually have a false free variable, that is, while we may believe that the coefficients p(z) and ¢(z) could be
any number, that is actually not true. If all the coefficients of ¢(z) were 0, then ¢(z) = 0 and the rational
function would be undefined. As such, one of the coefficients of g(x) is actually a dependent variable. In
particular, if p(x) = apz™ + ... + a1z + ap and g(z) = b,a™ + ... + bix + by, then b; # 0 for at least one i.
Suppose that by # 0, then

becomes p(z;) — y:q(x;), which is linear. Unfortunately, the linear system we construct

fz) = Gm@" ¥ ... Faztao _ (b TR T ™ _ a2+t ajT+ag
bpx™ + ...+ bz + by bo %an—F... %x+1 B+ ...+ bz +1
where a;- = Z—J and b;. = L are free variables. Therefore, when modeling with rational functions, it is
0

0
common place to assume the constant of the denominator is 1. This will produce a non-homogeneous linear
system whose solution provides the coefficients.

Example 2.4.2. Consider the linear fractional

a1x + ag
f(x) bz 1
with unknown coefficients a1, ag, b1. If we know
1 3 5
1) =~ 2) = — = —
=g J@=a 16 =1

then find the coefficients of f.

Each evaluation of the rational function gives an equation with regard to its coeflicients, for example, since
2) + 3 . .
f(2)= W =17 Clearing the denominators, we have 22a; + 11ag = 6b1 +3 or 22a; + 11ag — 6b; = 3.
1
Repeating this process for all the points gives the linear system:

601 + 6ag— by =1 6 6 —1|1 1 00| 2

22ay + 1lag — 6by =3~ | 22 11 —-6[3 |~ 0 1 0] -1
48a1 + 16ag — 1561 =5

48 16 —15|5 00 1] 5
20— 1

Therefore, f(z) = Pl
x

0.5625

3.5625

15
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2.4.2 Conservation Laws

Systems of linear equations arise naturally when scientists, engineers, or economists study the flow of some
quantity through a network. For instance, urban planners and traffic engineers monitor the pattern of traffic
flow in a grid of city streets. Electrical engineers calculate current flow through electrical circuits. And
economists analyze the distribution of products from manufacturers to consumers through a network of
wholesalers and retailers. For many networks, the systems of equations involve hundreds or even thousands
of variables and equations.

Example 2.4.3. The following graph illus- B Tg D
trated below shows the flow of a certain com-
modity through a network. Seven thousand com- > 2
modities are transported from node A to node Z.
The exact amount transported through an edge AQ 0 7
is unknown. Each node in the system produces
an equation, using the conversation law that the 2 -
amount entering a node is equal to the amount ex- < ®
iting the node. This leads to the following linear =
system, going in alphabetic order, with in-flow on G 4 H
the left and out-flow on the right:
7000 = I + X2 xr1 + T2 = 7000
1+ T3 = T5 + Tg xr1 + x3 — T5 — Tg =0
T +T7 = X9 xre + x7 —x9 =0
To = X3+ 24 XTo — T3z — T4 =0
Ty + x5 = T7+ X8 T4 + x5 — X7 — Tg =0
xg + xg = 7000 xg + xg = 7000
11 o 0 0 0 0 0 0]T7000 0 1 0 -1 0 1 0 —-1| O
1 0 1 0 -1 -1 0O 0 0] O 0 -1 0 1 0 -1 0 1] 7000
00 o0 0 O 1 1 0 -1} 0 0 0 0 1 0 -1 0 1| 7000
01 -1 -1 o 0 0 0 0] O 0 0 0 O 0 1 0 -1 0
0 0 O 1 1 0 -1 -1 0| 0 0 0 0 O 0 O 0 1] 7000
oo o 0 0 0 O 1 1| 7000 0 0 0 O 0 O 0 0 0| 0O

This system is underdetermined and must have some free variables, namely z3, x5, x7, and xg. This
accounts for the reality that there are lots of options on how to transport the commodities through the
network. In practice, there are additional constraints that would be mentioned here. For example, x; > 0
for all ¢. This can lead to other inequalities, As xg + x9 = 7000, if xg, 9 > 0, then this also implies that
g, g < 7000. Of course, for all the edges, x; < 7000. But certain edges might also have capacities x; < ¢;
less than 7000 that limit the amount that passes through. These considerations lead to the more advanced
problem of linear programming. [

Example 2.4.4. Current flow in a simple electrical network can be described by a system of linear equa-
tions. A voltage source such as a battery forces a current of electrons to flow through the network. When
the current passes through a resistor (such as a light bulb or motor), some of the voltage is “used up”; by
Ohm’s law, this “voltage drop” across a resistor is given by

RI=V
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where the voltage V' is measured in volts, the resistance R is ohms (denoted by ), and the current flow I
in amperes (amps, for short).

The circuit illustrated below contains several closed loops. The current flowing in these loops are denoted
by I, I, I3, etc. The designated directions of such loop currents are arbitrary. If a current turns out to
be negative, then the actual direction of current flow is opposite to that chosen in the figure. If the current
direction shown is away from the positive (longer) side of a battery around to the negative (shorter) side, the
voltage is positive; otherwise, the voltage is negative. Current flow in a loop is governed by the following rule.

Theorem 2.4.5 (Kirchhoff’s Voltage Law). The algebraic sum of the RI wvoltage drops in one direction
around a loop equals the algebraic sum of the voltage sources in the same direction around the loop, that is,

> RI=)V

Going one-by-one through each of the six loops produces the following linear system. Note that every
time we encounter a source or resistor in a loop we consider all the loops it is apart of with their orientations.
Therefore,

101, + 20(I; — I) + 30(L, — I3) =12 601, — 201, — 3015 =
201, — 1) + 5(Iy — I3) + 20(15 — L) = 0 |—20n +451, — 51, — 201, =
30(Is — 1) + 5(Is — Ip) + 45(I3 — 1) = 0 |-305, — 5I,+80I; — 45I, =
20(Iy — In) + 4514 — Is) + 2001y — I5) + 35(Is — Ig) = 0 — 201, — 45T5 + 1201, — 2015 — 351 =
20(I5 — I1) + 10(I5 — Ig) + 2015 =0 — 2014 + 505 — 1015 =
35(Is — 1) + 10(Is — I) + 151 =0 — 351, — 1015 + 6015 =
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60
—20
-30
Using np.linalg.solve(A,b), where A =
0
0

0

get x = (0.43427136,0.29487437,0.2719598, 0.16120603, —0.08060302, 0.08060302).

—20
45
—5
—-20
0

0

-30
-5
80
—45
0

0

—20
—45

120
—20

—35

-20
50

—10

0
—35
-10

60

and b =

12

73

we
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Python Programming

One can form the matrix Vandermonde matrix V(x) in Python using V = np.vander(x), where x
(z1,22,...,2,) is the vector of z-coordinates for the points we are interpolating.

Likewise, if we are given y, the vector of y-coordinates, then we can solve for the coefficient vector ¢ in

the linear system [V (x)]c = y using ¢ = np.linalg.solve(4,y).

Example 2.4.6. The code:

import numpy as np

points = np.array([[-1,3], # points to be interpolated
[-0.5, 0.5625],
fo,11,
[0.5,3.56625],
[1,1511)
x = points[:,0] # just the x-coordinates
y= points[:,1] # just the y-coordinates
print("x = ",x)
print("y = u’ v, "\Il")
V = np.vander (x) # create the Vandermonde matrix, that only depends on the x-
coordinates
print("V = ", V, "\n")
7 ¢ = np.linalg.solve(V,y) # solve the linear system associated to this polynomial-data-fit
print("c = ", c)
f = np.polyld(c) # np.polyld does all the work of solving a polynomial-data-fit
print (£f)

import matplotlib.pyplot as plt # matplotlib to print out our results in a graphic form
plt.style.use("seaborn-v0O_8-whitegrid")

plt.ion ()

domain = np.linspace (-3, 3, 100)
plt.xlim(-3,3)

plt.ylim(-1,25)

plt.scatter(x, y)

plt.plot (domain,f (domain))
plt.show ()

solves the interpolation problem in Example 2.4.1 by produces a vector of coefficients in descending order.

Alternatively, the function np.polyfit(x, y, n) will also produce the coefficient vector for a polynomial
interpolation in descending order, where x is the vector of xz-coordinates, y is the corresponding vector of
y-coordinates, and n is the degree of the polynomial.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/code/linearapp
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Exercises (Go to Solutions)

& 1. Michael is going to the store and offers to buy groceries for his friends. His friend, Bailey, says she
needs 3 dozen eggs, 1 loaf of bread, and 7 apples. Another friend, Gaston, says he needs 5 dozen eggs,
2 loaves of bread, and 1 apple. His other friend, Janessa, says she needs 1 dozen eggs and 10 apples.
After buying everything for his friends, he tells each of them what they should Venmo him. He tells
Bailey her total is $15.49, Gaston his total is $18.32, and Janessa her total is $10.29. How much does
a loaf of bread, a dozen eggs, and a single apple cost?

For Exercises 2-2, interpolate the function f(z) = aza® + a22? + a1z + ap through the given points.
a2 (1,1),(2,3), (4,0), (—1,-5)

For Exercises 3-3, interpolate the function f(z) = asx® + a4z* + azz® + a2 + a12 + ag through the given
points. A calculator or computer is recommended.

3. (—2,231), (—1,19), (0,5), (1,9), (2,19), (3,—169)

a2x2 +a1x + ag

For Exercises 44, interpolate the function f(x) = I —
oL 1T

through the given points. A calculator

or computer is recommended.

4 (=2:11), (=1,3), (0,2), (1,0), (2,0)


https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/code/PythonHW/linearapp
https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/code/PythonHW/linearapp
https://github.com/emisseldine/OpenLinear/blob/main/Chapter1/code/PythonHW/linearapp
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“If the world’s a veil of tears, Smile till rainbows span it.” — Lucy Larcom

2.5 Vector Equations

Linear systems can take on many forms. While often represented as lists of linear equations with common
variables, we will see that they show up in other ways too. This section focuses on vector equations that are
equivalent to linear systems.

2.5.1 Equations and Linear Combinations

Linear combinations are the bread and butter of vectors. Algebraically speaking, this is what we do with
vectors, that is, we combine some vectors to construct new vectors. While it is simple to take a list of vector,
combine them, and see what pops out, the converse is not as simple. Given a list of vectors a1, as,...,a, €
R™, can we determine if b € R™ is a linear combination of these vectors? In other words, we seek to solve
the vector equation:

r1a1 + 202 + ... +xpa, = b. (251)

In Equation (2.5.1), note that the vectors a1, . .., a,, b are fixed and the variables are the scalars z1, za, ..., 2z, €
R.

To solve the vector equation (2.5.1), suppose that the ith component of a; is denoted a;;, that is,

alj

agj

amj

Likewise, let the jth component of b be b;. Then Equation (2.5.1) becomes

r1a1 + 002 + ... +THQ, = b
ail ai12 A1n by
a1 a22 A2n by
X1 + X2 +...+x, =
Am1 Am2 Amn bm
a1121 122 A1nTn by
2121 222 a2nTn bo
+ + ...+ =
Am1T1 Am2T2 AmnTn bm
a11T1 + a2 + ...+ a1nThn by
a21%1 + A22%2 + ... + A2p Ty bo
Am1X1 + 2T + ... + QnTn b,
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7

Examining this last equality of vectors reveals a system of linear equations, namely

whose augmented matrix is

61171 + a12T2 +

211 + Q229 + ...+ GonTp

U121 + GpmoZo + ...

These two problems have the same solution set.

Theorem 2.5.1. Let ¢ = (21, 22,. .

ail a12
a1 a2
Am1 Am?2

only if x is a solution to the linear system (2.5.2).

Example 2.5.2.

Let a1 =

nation of ai,as, as?

1 1
2 0
, A2 =
3 0
4 1

To solve the vector equation,

X1 + i)

,and ag =

we solve the linear system whose augmented matrix is

We next row reduce the matrix via the elementary row operations:

-2 =2

2 0
-3 -3

3 0
-4 —4

-7
14

4
21

—4
28

-9

1

(Row 2 — 2 Row 1)
(Row 3 — 3 Row 1)

(Row 4 — 4 Row 1)

1

~

oo+ apT,

+ GmnTn
a1n | by
a2 | b1

a'mn bm

- ; -
0

+ x3 =
)
7

3| =7 _

0| 4

5| —4

71 -9

1] 1
0 [2]

. Let b=

by
by

bm )

18

17

17
19

(2.5.2)

. Tm) € R™. Then x is a solution to the vector equation (2.5.1) if and

-7
4
. Is b a linear combi-
—4
-9
(— %ROW 2)

(Row 4 — Row 3)
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— 13| _ 13| -7 |
0 3 -9 0 31 -9
B R S T (Row 3 + 3 Row 2) 1o o ~10
0 0 -1 2 (—Row 4) 0 0 1| -2 J

> =
—_
w
\
\]
=
—
w
I
-

o
o
=
\
[N}
o
o
(=]
.

0 0 5 —10 (Row 4 — 5 Row 3) 0 0 O 0

This last matrix is in echelon form. We will continue to row reduced echelon form.

I e (Row 1 - 3 Row 3) oo -1 (Row 1 - Row 2) 0
0 37 |29 |(Rowz- 3Rows3) 0 0 |-3 0
0 0 —2 0 0 —2 0 0
0o 0 O 0 0 0 0 0 0 0
Therefore, the solution is (2, —3,—2). In fact, we see that
[ 1 ] [ 1 ] [ 3 ] | -7 ]
2 0 0 4
2 -3 -2 = [
3 0 ) —4
4 1 7 -9

Example 2.5.3. Balancing chemical equations is important in science because it allows for an understand-
ing of stoichiometric relations in reactions. A balanced chemical equation allows for calculations necessary to
for yields and preparation of solutions. In general, a chemical equation is described by reactants converting
to products. Basic conservation laws state that the number of atoms in the reactants is equal to the number
of atoms in the products. Consider the chemical reaction:

CH4+ Oy — COy + HyO

Here, C, H, and O denote the elements carbon, hydrogen, and oxygen. In this chemical reaction some number
of molecules of methane (C'Hy) and oxygen (Os) are combined to produce some number of molecules of carbon
dioxide (C'O2) and water (H20). Our goal in balancing the chemical equation is to determine how many
of each molecule are needed to balance it. As there are three elements in the reaction, we represent each
chemical compound as a 3-vector (C, H,O). As there are four compounds, we use the variables z1,..., 24
to denote the unknown number of molecules of each compound. Thus, the chemical reaction becomes the
vector equation:

1 0 1 0 xr1 = I3 1 — I3 =0
1| 4 | +x2| 0| =230 | +toa| 2| ~<41 = 2wy ~ 411 —2x4 =0
209 = 2x3 + x4 2090 — 2x3 — x4 =0
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10 -1 0]0 100 -1)o0
~l40 0 -2{0|~[0 10 =10
02 -2 —1|0 001 —510

Therefore, the general solution is = #(0.5,1,0.5,1). To interpret this, if we have two moles of water t = 2,
then we need one mole of methane, two moles of oxygen, and one mole of carbon dioxide to balance this
chemical reaction. [

2.5.2 The Span of Vectors

Definition 2.5.4. Given vectors vy, vs, ..., v, € R™, the (linear) span' of vy, vy, ..., v,, denoted Span{vy,va, ..., v,},
is the set of all linear combinations of v, vs, ..., v, inside of R™. we say that a subset S C R™ is spanned
by v1,ve,...,v, if S = Span{vi,vs,...,v,} and that {vq,ve,...,v,} is a spanning set for S.

Asking whether a vector b € Span{a,,...,a,} is equivalent to asking whether there exists a solution b
to the vector equation
r1a1+ ...+ z,a, =0b.

(These last two examples need to be replaced/updated).

1 2 7
Example 2.5.5. leta;=| —2 |,as=| 5 |,and b= 4 |. Is b e Span{a;,as}?
-5 6 -3

As explained above, answering the question is equivalent to solving the vector equation z1a; + x2as = b.

]

Likewise, this vector equation can be solved by row reduction on the augmented matrix [ a, as

1 2 7 1 2] 7 1 27 1 03
-2 5 4 1~10 9|18 |~|0 1(2]|~|0 1|2
-5 6| -3 0 16 | 32 0 1|2 0 01]0

Therefore, the solution is z; = 3 and x5 = 2, that is,

1 2 7
b=3a1+2a,=3| 92 | +2]| 5 | = 4 |- n
-5 6 -3
1 5 -3
Example 2.5.6. Leta;=| —2 |,a2=| —13 |,and b= 8 |. Is b € Span{a;,as}?
3 -3 1
IWe can by analog define the affine span (or an affine set) of a set of vectors v1, ..., v, denoted Aff{v,..., vy}, as the
set of all affine combinations of v1,...,v,. Recall that an affine combination is a linear combination such that the coefficients
sum to 1. Likewise, we can define the convex span (or convex hull) of a set of vectors v1,...,vn, denoted Con{vi,...,vn},
as the set of all convex conbinations of vi,...,vn. Recall that a convex combination is an affine combination such that all

coefficients are nonnegative.
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Like above, we row reduce the augmented matrix [ a; as

1
—2

3

which is now in echelon form.
Therefore, b ¢ Span{a;, az}

CHAPTER 2. LINEAR SYSTEMS

)

The third equation is 0 = —2, which implies that the system is inconsistent.
|
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Exercises (Go to Solutions)

For Exercises 1-8, express the given system of equations as a vector equation or vice versa.

1 + Tzo = 16 a2 3z + Txo — b3 = =5 —2x1 + Oxe — 1lzg = 6
81 — 329 = 6 ") —z1 — 229 + 623 = 4 A3 1 — 212+ Swz = -3
3:61 — 19I2 + 31I3 = —17
T, + 220 + 223 =1 xr1 + 329 =7 21 + 4ro — x3 = 8
4. 3(E1 + X9 =4 5. 71'1 + 6%2 — I3 = 8 6. xr1 — 6%2 + 31‘3 =12
5r1 + 229 + x3 =3 3x1 + o+ 223 =3 —3x1 + bxos + 63 = 9
9 2 1 7 7 -3 6 9 17
7. =
o T s -3 -1 3 3 4
3 3 -1 5 8. x + 2 + 23 4 =
4 —1 -8 1 —12
2 0 5 3 8

For Exercises 9-13, determine if b is a linear combination of the other vectors {a, as,...}. If so, write b as
a linear combination. The set of vectors {a1,as,...} will be listed first, followed by the vector b. Answers

may vary.

1 3 4 —1 2 1 -3 2 5
9. , , & 10. )

2 -1 1 3 -2 5 | & 11 -1 |,] 2 | 4

1 3 3
3 -2 1 1 2 —1 1 6
12 -9 1, 3 , 6 -1 1 2 -1 3

13' b bl b b

1 -3 -9 2 -1 2 2 14
1 1 -1 2 8

For Exercises 14-16, determine if b € Span{ai, as,...}. If so, write b as a linear combination of the a;. The
set of vectors {a1, as, ...} will be listed first, followed by the vector b. Answers may vary.

—4 10 7 12 1 -2 -1 —4
14. 91, 6], —12 , 4 A 15 11, =11, 1 , | =1
6 4 -8 -6 2 -2 2 -2
1 -1 5 1
2 0 4 1
16. , ) :
-1 2 -8 1
3 1 3 1
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“Some painters transform the sun into a yellow spot, others transform a yellow spot into the sun.”
— Pablo Picasso

2.6 Matrix Equations

In addition to the vector equation seen in Section 2.5, we introduce another problem equivalent to a linear
system, this time involving the product of a matriz by a vector. This leads naturally to the discussion of the
column space of a matriz and matriz transformations.

2.6.1 Matrix-Vector Multiplication
Definition 2.6.1. Let A be an m x n matrix and let £ € R™. Let the column vectors of A be
a,as,...,a, € R* thatis, A= | a, ay ... a, |- Then the product Az is the linear combina-

tion of the column vectors of A with coefficients corresponding to the entries of x, that is,

T

€2
Ax = |: a, ay ... a, :l ) =101 + 2202+ ... +TpQy. (2.6.1)

Tn

Note that Ax is only defined if the number of columns of A is equal to the number of entries of x.

Example 2.6.2.

r 3
1 2 -3 1 2 -3 3 0 —6 -3
(a) 0ol =3 +0 + 2 = + + =
0 -2 5 0 -2 5 0 0 10 10
- 2
2 0 2 0 6 0 6
3
®) | -6 1 =3| 6 |+5|1|=| -18|+| 5|=] -13
5
3 2 3 2 9 10 19
n
Theorem 2.6.3. If A is an m X n matriz, with column vectors ai,...,a,, and if b € R™, the matriz
equation
Az =10 (2.6.2)

has the same solution set as the vector equation
riay + ...+ a0, =b

which, in turn, has the same solution set as the system of linear equations whose augmented matriz is

]

|:a1 S ¢ 7%
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Example 2.6.4. The solution set to the system of equation

1 + 3x9 — Tes =5
— 229 + 1123 = 3

is same as the solution set of the vector equation

1 3 -7 5
T1 + X2 + x3 = )
0 -2 11 3

which in turn has the same solution set as the matrix equation

xq
1 3 -7 5
T2 = L
0o -2 11 3
T3
1 2 3 X1 9
Example 2.6.5. Solve the matrix equation | 2 _—1 1 xe | = | 8
3 0 -1 T3 3

We note that solving this matrix equation is equivalent to solving the linear system associated to the
augmented matrix

1 2 319 1.0 0] 2
2 -1 1181 ~]10 1 0]-1
3 0 —-113 0 01 3

Therefore, the solution to the matrix equation is & = (2, —1, 3). Note that

1 2 3 2 1 2 3 2 -2 9 9
2 -1 1 1 (=22 || -1 |*3] 1|=|4|+| 1|+] 3|=|8]| =
30 -1 3 3 0 -1 6 0 -3 3

Corollary 2.6.6. The equation Ax = b has a solution if and only if b is a linear combination of the column
vectors of A.

Let A be an m x n matrix with column vectors a1,...,a,. Let A = [ aij ], that is, let a;; denote the

entry of A in the (4, j) position. Let & € R™. Then

T a11 a2 Q1n

€2 a21 a22 A2n,
Ax = a, ay ... a, ) =r101+ ... +2Th0, =T ) + X2 ) +...+x,

Tp Gm1 Am2 Gmn




84 CHAPTER 2. LINEAR SYSTEMS

T1011 T2a12 TnGin r1011 + T2012 + ... + Tplin b -z
T1021 T2022 TpA2p T1G21 + T2G22 + ... + Tp2n by -z
= + + .+ = = )
T1Qm1 T2Am2 TnQmn T1Am1 + T2Am2 +...+ TnAmn bm - T
where b; = (a;,1,a;2,...,a;,) denotes the ith row vector of A. That is
T1G11 + T2G12 + ... + Tplin b, b x
T1a91 + Toa22 + ... + Tpao, b, by -x
Ax = = T = . (2.6.3)

T1Qm1 + T2Uma + - .. + TnGmn b b, -x

This formula often is easier to compute than the original definition of Ax.

2.6.2 Column Space
Definition 2.6.7. Let Col(A) denote the set of all linear combinations of column vectors of A, which is called

the column space of A. In particular,if A= | @, ay ... a, |>then Col(4)=Span{ai,as,...,a,}.

According to Corollary 2.6.6, the equation Az = b is consistent if and only if b € Col(A).

1 3 1

Example 2.6.8. Let A= | 2 4 4 |. Compute the column space of A.

3 5 7

The quick response to this example would be to find a spanning set for the column space of A, but, by
definition, a spanning set for a column space is never mysterious. Note that

1 3 1
Col(A) = Span 21,141, 4
3 5 7

While we have technically computed the column space, that is, we have found a description of the set of
vectors, it does not leave the decision question of whether a generic vector b = (b1, b, b3) belongs to Col(A)
well answered, which is really what we want to be able to do. To answer this question, we row reduce the
augmented matrix

1 3 1]b 1 3 1] b 13 1 by 1 3 1 by
2 04 4lby [~ 0 =2 2|by—2by [~ 0 1 1| bi—2%bo |~]0 1 1 by — 3bo
35 7|bs 0 —4 4|by—3b 0 1 —1]2%(3b;—bs) 0 0 0| —%bi+5bo— %bs

Therefore, the above equation is consistent if and only if —%bl + %bg — ibg = 0. Now, there exists plenty of
choices of b such that this equation does not hold. Hence, Ax = b is not consistent for all b.

COI(A) :{bER3 ‘ b1 — 2by + b3 :0} |
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Generalizing the principles seen in the previous example, for any n x n matrix A, the equation Ax = b
has a solution for all b if and only if A has a pivot in each row, in which case the solution must be unique.

2.6.3 Matrix Transformations

Let A be an (m x n) matrix and let & € F™. Then the rule  — Ax is a transformation called a matriz
transformation or a linear transformation.

0 -2
Example 2.6.9. Let A= | 1 _3 | and define a transformation 7 : R> — R3 by T(x) = Az. Then

2 -3
0 -2
x
Tx)=Azx= |1 -3
€2
2 -3
3
(a) Let u = . Compute T'(u).
-1
0(3) — 2(—1) 2
T(u)=Au=| 1(3)-3(-1) | =| 6
2(3) = 3(-1) 9
-8
(b) Find an & € R? whose image under T'is b= | _7
-2
We need an z; and z5 such that
0 -2 -8
T
1 -3 =1 -7
T2
2 -3 -2

By row reduction, we solve the corresponding linear system:
0 —-2|-8 1 =3|-7 1 =3|-7 1 =3|-7 1 =3|-7
1 3|-7|~|10 -2(-8|~|0 —2|-8|~|0 1| 4([~(0 1| 4|~

2 -3 -2 2 -3 -2 0 3| 12 0 1 4 0 0 0

Let ¢ = . Then, T'(x) = b. In fact, x is the only vector whose image under T is b. (]
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Python Programming

In Python, the product of a mxn matrix A and an n-vector x is computed using the command np .matmul (A, x)

or more simply A @ x.

Example 2.6.10. The code:

import numpy as np

A = np.array ([[ 0.7302560710008486, 0.11188723348377394, -6.592021716657104,
8.042781326400146, 2.788326020264842, 14.242980690632749, 22.1772711500155,
-21.764066710542092, 8.89271692192214, -22.23818944800199, 4.744977052078607 ,
0.12367035830926021, -41.099408442522396, 27.149102210200162, -4.142488864751487,
-4.848594837393037, 3.6155970577418657, 10.35888549721486, 13.861778110045924,
-23.249678068081998, 27.658991254296332, 29.51010287533942, 8.486761307345963,
-20.11094800337007 , 14.227938547756157] ,

[ 34.02030644269619, -5.392793705179254, -1.9815912123337327, 13.398201496987028,
20.651443364423393, -8.369561212118745, -6.177970127220448, -19.71448076386723,
-24.510181662974568, -37.45287263414555, 4.777043856150392, 15.141179174454168,
21.974871194430847, 24.878803819339602, -20.65107364599926, 39.995110717296996,
35.50465679232937, -8.292448747588992, -8.609864246275453, -15.998142551641175,
-25.6633365968774, -4.295382679542431, -18.662223974293333, 18.505229362558573,
-31.44081956986173] ,

[ 5.37830956936058, -14.186721045286415, -12.502904020704921, -14.297018587946713,
20.68564836204305, 3.0098462915425745, 15.975980180515492, 22.200401052635513,
21.44364934018008, -26.363580411581886, -16.11091921761978, 13.137893639998936,
-23.51301802216577, -4.226881358561691, -6.006547833355228, -7.446509205447858,
21.31109433063274, 15.012102057159003, -16.633593431762463, 47.54692416180408,
13.235822935575536, -9.749801412513047, 16.697188522428977, 35.109373447019834,
-26.893396926881852] ,

[ -26.475277563815958, 4.998470795329371, -7.320206891019875, -24.668036342158167,
16.69297382208554, 13.468460274972887, -17.271822515919578, 15.056196711153953,
11.674294660719564, -14.440788443235917, -7.219273483678648, 1.7451442246726208,
12.05790870774154, -19.901842965059302, 10.226736831469394, -64.53322586751794,
1.2181045962120134, -29.468643523363028, -16.23959944452152, -14.999847374763629,
10.883982868164841, -17.300724696487904, -1.5827094327770244, 22.287208255682323,
-18.485622451339452] ,

[ -9.04930900161286, -15.934273592289763, 24.07800673039985, 7.00775935551542,
0.24836341061532785, 16.555467328209797, 16.304317853652183, -50.17932097991834,
-3.8855066979399187, 39.58131137216553, -6.509197910053838, 7.439311330481447,
-23.95171496828803, 22.876945149482616, -2.8028182441321423, -19.46892662779619,
5.644260187527502, -35.97534273172091, 8.317567299592325, 28.353509612530278,
-31.822241466616184, -47.64739713473346, 32.05668239546048, 7.1372683990442285,
-31.813691938414983],

[ 42.302238367070274, 26.939905524354504, 21.401767774860343, 23.919234277259704,
18.4367498756433, -7.466697733864239, 17.639492629959612, 15.478619695829508,
27.16088924608266, 31.657716903495455, 19.804028815576544, 12.383477355410353,
-2.633794276013031, -26.022377210437377, 3.8591900518128543, 20.944266237782603,
9.508899179806004, -24.105390768971326, 19.940745082196152, 2.2463935444230607,
-25.612268866467964, -11.247341762547254, 22.725901891061195, 10.096663750069972,
-26.3298741491618411)

x = np.array([ 4.735074512289696, 1.8856756758220632, 20.295582330466903, 18.06084313184242,

-3.540684622226605, 15.51170765196704, 0.7365946209910419, 15.254408145859289,
39.95568459070577, 14.540362132875753, 13.503399138285358, 4.098480643771802,
-16.968425362418007, -26.147262136771204, 6.93014147962351, 7.878154967153436,
-14.07961165024581, -4.117724304748075, 1.7631786510366272, 0.21139609795934255,
36.44690635882133, -0.17642115791687996, -6.411089543000424, -6.099380836888234,
12.78991511764993])

print (A @ x)

records and prints the product of the 6 x 25 matrix A and the 25-vector «. and produces the 6-vector:
[ 1106.76453642 -4218.55147486 -32.60068391 -188.96421924 -1674.887551 2491.52132973]


https://github.com/emisseldine/OpenLinear/blob/main/Chapter2/code/column

2.6. MATRIX EQUATIONS

Exercises

For Exercises 1-3, compute the matrix-vector product.

4 5 2 1 3 -1 2 2
.10 -1 3 4 N2 4 37 -3
2 11 3 -2 1 5 1

2 8

87

(Go to Solutions)

10

For Exercises 4-7, express the given matrix equation as a system of equations or vice versa.

1 2 2 21 27 17 =32
3 4 x 0 4 42 6 19
' Y8 = 5.
-1 -9 y 92 103 -72 17 -8
4 5 9 2 11 —-10 13
x—2y—3z =—4 311 + x3 + 224 =
6. Y +2z = 1 7. ¢ —x1 + 429 + D3z — 214
—2x —2z = 8 6z, + 3
For Exercises 8-11, solve the matrix equation.
1 2 3 1 10 4 4 2 1
8 | -1 -1 -3 T | = | -8 N9 | 4 3 -2 T2
-1 -2 =2 T3 -9 -4 -3 1 x3
1 0 1 - 1
T1 3 0 1 2
#10. [ 2 5 =13 To
To 1. | -1 4 5 -2
3 =2 0 T3
B 6 0 1 0
L -

For Exercises 12-13, use the transformation T : R* — R? given by the rule:

T(x1,$2,$3,$4) =

& 12. Compute 7'(1,0,0,1) and T'(1,2,3,4).

Z1

€2

T3

T4

17

15

& 13. Find z such that T'(z) = (1, 2).

12

15
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For Exercises 14-15, use the transformation T : R> — R? given by the rule:

1

o
-1 2 1 3 4

T(x1, w2, 73, T4,25) = T3
00 2 -1 0

T4

Ts

14. Compute T(1,0,—1,3,0) and 7(1,2,3,4,5). 15. Find « such that T'(x) = (15, —6).

# 16. Suppose we are a trader of currencies, e.g. US dollar, Euro, Korean won, Japanese yen, and we work
with n different currencies. At a given time, let the vector & be our portfolio of amount holdings in
each of the n currencies, that is, x; is the current value we hold in currency i. Let A be an n X n matrix
where a;; is the exchange rate for exchanging currency j into currency ¢, that is, a;; is the amount of
currency ¢ we would have if we exchange one note of currency j into currency i. This includes any fees
associated with the exchange, that is, aj;a;; < 1. Note that a; = 1, that is, there is no change when
a currency is no exchanged. Interpret the meaning for Ax.
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“All mankind... being all equal and independent, no one ought to harm another in his life, health, liberty or
possessions.” — John Locke

2.7 Linear Independence

The difference between a linear system having multiple solutions or a unique solution has to due with the
presense of a free variable. Free variables emerge when certain vectors are optional, meaning they are
not needed at all (with respect to a linear span). The notion of linear independence is describing a set of
vectors with no such extra vectors, that is, all the vectors are necessary to produce the same span. Linear
independence produces an algebraic metric of the shape of an affine set.

2.7.1 Linear Independence of Vectors

Definition 2.7.1. A set of vectors {a1,as,...,a,} C R™ is said to be linearly independent if the vector
equation
riay +xr2a2 + ...+ 20, = 0

has only the trivial solution. Otherwise, the set is said to be linearly dependent.

In other words, a set of vectors is linearly dependent if there exists some weights ¢, co, ..., c,, with at
least one not zero, such that
ciay +cas + ...+ cpa, =0.

The previous equation is then called a linear dependence relation.

Expressed another way, suppose A = [ a, as ... a, ], then {ai,...,a,} is linearly independent if
and only if Az = 0 has no nontrivial solution, since
T
T2
Aw:{al as ... an] ‘ =xz1a1 + 202 + ... + 280, = 0.
Tn
The set {aq,...,a,} is linearly dependent if and only if Az = 0 has a nontrivial solution.
1 3 -3
Example 2.7.2. Letv;=| 9 |, v2 = 1 |,and v = 4
3 -2 13

(a) Determine if the set {vy,vq,v3} is linearly independent.

To determine if the set is linearly independent, it suffices to compute the echelon form of the corre-
sponding homogeneous system. In fact, the final row of zeros is irrelevant.

1 3 -3 1 3 =3 1 3 -3 1 3 -3
2 1 4 {~0 =5 10(|(~|]0 1 =2 (|(~|[0 1 -2
3 -2 13 0 —-11 22 01 -2 0 0 0

Thus, x3 is a free variable of the system, which implies that the homogeneous equation Az = 0 does
have a nontrivial solution. Therefore, {v1, v, v3} is linearly dependent.
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(b) Find a linear dependence relation among v, v, and vs.

To determine a dependence relation, we finish the row reduction from above.

0 0 0 0 0 0
Therefore,
T + 323 =0
o — 2:133 =0
0 =0
T —3.’133 -3
Thus, z = | 2, | = 275 = I3 2 |. Thus, —3wv; + 2v3 + v5 = 0 (corresponding to x3 = 1).
3 T3 1

Of course, there are infinitely many dependence relations. For example, —15v; + 10vs + 5vg = 0
(corresponding to x3 = 5).

We also note that we have shown that vz € Span{wv;,vs} since —3v; 4+ 2v2 + v3 = 0 implies vy =

3vy; — 2vy. This observation is always the case for linear dependence. [
1 -1 -1
Example 2.7.3. Determine if the columns of the matrix A = | —1 2 4 | are linearly independent.
2 -4 -7
It suffices to show that Az = 0 has no nontrivial solutions, that is, that an echelon form of A has no
ZEero rows.
-1 -1 -1 -1 -1 -1
-1 2 4|~]| o0 3|~ o 3
2 —4 -7 0 -2 -5 0 0
Therefore, the columns of A are linearly independent. ]

These examples illustrate an important point: a set of vector is linearly dependent if and only if the
corresponding homogeneous linear system has a free variable. In other words, a set of vectors is linearly
independent if and only if the associated coefficient matrix has a pivot in each column. We summarize this
observation in the following theorem.

Theorem 2.7.4. Let A be an m X n matriz. Then the following are equivalent:

(i) The columns of A are linearly independent.

(i) The homogeneous linear system Ax = 0 has a unique solution, namely the trivial solution © = 0.
(7ii) The homogeneous linear system Ax = 0 has no free variables.

(iv) The homogeneous linear system Ax = 0 has pivots in all columns of A.
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2.7.2 Dimension

Definition 2.7.5. A basis 5 of a vector space V is a linearly independent, spanning set of V. The size of
the basis, |B], is called the dimension of V', denoted dim V.

Every line through the origin is a one-dimensional subspace and every plane through the origin is two-
dimensional. In general, an affine set passing through the origin spanned by p independent vectors (aka, a
subspace) has dimension p.

Example 2.7.6. For R", the set £ = {e;, ea,..., ey}, where e; is the vector with a 1 in the ith component
and 0’s everywhere else, is always a basis. This is known as the standard basis of R".

1 1 1
On the other hand, the set B = ol,1 11,11 is a non-standard basis for R3. [
0 0 1

We mention some important properties of bases and dimension.
Theorem 2.7.7. Let B be a subset of the vector space V. Then the following are equivalent:
(i) B is a basis;

(i) B is a mazimal linearly independent set, that is, B is linearly independent but B U {u} is linearly
dependent for any uw € V;

(iii) B is a minimal spanning set of V', that is, V = Span(B) but V # Span(B ~\ {v}) for any v € B.

(iv) All vectors in V' can be uniquely expressed as a linear combination of vectors from B.

2.7.3 Basis for Column Space

Given any m x n matrix A, there are two fundamental subspaces associated to A: the column space Col(A)
which is the span of the column vectors of A (hence, a subspace of R™) and the null space Nul(A) which is
the solution set to the homogeneous system Az = 0 (hence, a subspace of R™). The dimension of Col(A) is
called the rank of A, and the dimension of Nul(A) is called the nullity of A.

Theorem 2.7.8. The pivot columns of A form a basis for the column space of A.

The location of the pivots (or to say, the absence of pivots) in the echelon form of A tells us which column
vectors can be expressed as a linear combination of the previous column vectors

1 3 3 2 4

Example 2.7.9. Let A=| 2 7 6 3 9 |. Construct a basis for Col(A).

1 2 3 3 3

We begin by computing an echelon form of A:

1] 3 3 2 4 (1] 3 3 2 4 1] 3 3 24
2 76 3 9|~|o0o [1]J]o -1 1]~lo0o [1]o -11

1 2 3 3 3 0 -1 0 1 -1 0 0 O 0 0



92 CHAPTER 2. LINEAR SYSTEMS

We see now that this matrix is in echelon form, for which we can now easily identify the pivot columns, namely
the first and second. This indicates that the third and fourth column vectors are both linear combinations

1 3
of the first two column vectors. Therefore, a basis of Col A is 21, 7 and rank(A) = 2. [
1 2

Example 2.7.10. Let A = . Find a basis for the column space of A.

Since A ~ , we see that the third and fourth column vectors are linear

1 3 -9
-2 —2 2
combinations of the first and second column vectors. Thus, the set , , is a basis
2 3 1
3 4 -8

for Col A, and the rank(A) = dim(Col(4)) = 3. n
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Exercises (Go to Solutions)

For Exercises 1-5, determine if the set of vectors {v1,...,v,} is linearly independent or dependent. If linearly
dependent, provide a nontrivial dependency relation.

1 2 3 1 2 -2 2 1 4
1 ol,21]:]6 »2 -1, =21, 3 3 4 1,131, 1
2 4 5 3 6 -2 6 2 3

1 -1 2 1 -1 2

-2 2 -3 2 0 -1

‘4 I 9 5 I b
-1 2 -3 -1 2 1
-1 4 2 3 1 0
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“After every storm the sun will smile; for every problem there is a solution, and the soul’s indefeasible duty
is to be of good cheer.” — William R. Alger

2.8 Solution Sets of Linear Systems

In this section, we will see that the general solution of a homogeneous linear system is just the null space of
the associated coefficient matriz. Generalizing this, we will see that the general solution to a nonhomogeneous
linear system will be the general solution of the associated homogeneous solution and some particular solution.
This particular solution is generally found by setting all the free variables, if any, equal to zero. In particular,
the solution set of a linear system is an affine set, and any affine set can be the solution of a linear system.

2.8.1 The Null Space

Definition 2.8.1. Let A be an m x n matrix. Then the null space (or kernel) of A, denoted Nul A, is the
set of all solutions of the homogeneous system Ax = 0. The nullity of A, denoted nullity(A), is the number
of non-pivot columns in A. This value counts the number of free variables in the homogeneous system and
essentially measures the “size” of null space.

1 3 -3 4
Example 2.8.2. For the matrix A= | 2 1 4 3 |, find a spanning set for its null space.
3 -2 13 1

Note that when solving a homogeneous linear system, the augmented column is just the zero vector and
no row operation will ever transform a column of zeros. As such, we often omit the zero column when
solving homogeneous systems. In fact, solving homogeneous systems is essentially the same techniques as
determining whether a set of vectors is linearly independent (compare Example 2.7.2).

1 3 -3 4 1 3 =3 4 1 3 -3 4 1 3 -3 4 1 0 3
2 1 4 3|~0 -5 10 -5|~f01 -21(~j]01 -2 1|~]0 1 =2
3 -2 13 1 0 —-11 22 -11 01 -2 1 0 0 0 0 0 0 0

The associated reduced linear system would then be

T +3z3 +24 =0
T = —3x3 — 4
To — 21‘3 —+ Ty = O ~ { 9
To = 23—
0 =0 2 3 4
Thus, the general solution to the homogeneous system Ax = 0 is
T —3x3 — 14 —3x3 —X4 -3 -1
To 2563 — T4 21‘3 —XT4 2 -1
x3 xs3 X3 0 1 0
T4 T4 0 X4 0 1
Let u = (—3,2,1,0) and v = (—1,—1,0,1). Hence, Nul(A) = Span{u, v}. "

A homogeneous system Ax = 0 always has a solution, namely & = 0. This can be thought of as the
trivial solution. Any other solution to a homogeneous system is a nontrivial solution. Thus, the general
solution to the homogeneous system can be expressed as € = x1v1 + T2v2 + ... + X, Uy, Where vy, V9, ..., 0,
is a basis for Nul(A4). Additionally,  is a nontrivial solution if and only if at least one x; # 0.
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2.8.2 Basis for Null Space
Theorem 2.8.3. If two matrices A and B are row equivalent, then Nul A = Nul B.

Because of the previous theorem, one can use the row-reduced echelon form of A to find a basis for
Nul(A). This will be the the same technique we applied in Example 2.8.2 to find a spanning set for Nul(A),
which was already a basis. The basis vectors will be derived from the non-pivot columns of A’s row-reduced
echelon form, that is, those columns which correspond to free variables of the linear system.

1 3 3 2 4
Example 2.8.4. Let A=| 2 7 6 3 9 |. Construct a basis for Nul(A).

1 2 3 3 3

Remember that Nul A is the solution set to Az = 0, which we now solve by row reducing the matrix A.
We might recognize that this is the same matrix from Example 2.8.4. As such, we have already seen that

(1] 3 3 2 4|0
[Alo]~| o [1] 0 -1 1]0

0 0 0 0 0]0

From echelon form, we can identify the pivot and non-pivot columns. Thus, we see that nullity(A) = 3. To
find a specific basis, we are advantaged to continue to reduce the matrix to row-reduced echelon form, as

shown below:
0 3 5 1]0

[Alo]~| o [1] 0 -1 1]0
0 0 0 0 0|0

As we have seen many times, this augmented matrix corresponds to a linear system, namely

X1 +3r3+ 54 +25 = 0
) — x4+ 25 =0.

In usual tradition, we solve for the two dependent variables, x1, x2, in terms of the three free variables, x3,
T4, T5. From this we see

xr1 = —3xr3 — dry — X5

T2 = T4 — Ts,
which provides the parametric equations to the flat which is the solution set to Ax = 0. Converting these
parametric equations into a single vector equation, we see

T —3$3 — 5134 — XI5 -3 -5 -1
) T4 — Ty 0 1 -1
= | z3 | = T3 =13 1 |+za 0| +zs 0 | =zsutz4v+zsw. (2.8.1)
T4 T4 0 1 0
s T5 0 0 1

Then Nul(A) = Span{u,v,w}. Thus, {u,v,w} is a spanning set for Nul(4). On the other hand, the
construction of {u, v, w} guarantees that they are linearly independent since

3w + 40 + x5w = 0
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implies that x3, x4, and x5 are all zero. To see this, consider the 3rd, 4th, and 5th components of x in
(2.8.1). As u contains a 1 in the 3rd component and v and w both contain 0, any combination of u, v, and
w to form x must have the coefficient of u be x3. The same is also true that the coefficients of v and w
must be x4 and x5, respectively. Hence, if & were 0, then z3 = x4 = x5 = 0, proving the claim. Therefore,
{u,v,w} is a basis for Nul(A). "

2.8.3 Particular Solutions to Linear Systems

Like a homogeneous system, a non-homogeneous system of linear equations with multiple solutions can have
their solutions expressed in parametric form.

Example 2.8.5. Describe all solutions of Ax = b, where

4 3 11 17
A= 1 -8 6 | andb= | —22
-1 -10 12 —32

Row reducing the augmented matrix, we can see that

4 3 —11 17 4 3 —-11 17 1 10 -12 32
1 -8 6| —-22 |~ |0 —18 181 =54 |~ | 0 1 -1 3

-1 -10 12 | =32 3 =7 1|-15 3 =7 1] -15

2
o =
= o
[
N
w N
2
= [=
=]
[
=N
w N

0 37 —-37|-—-111 0 0 010
Thus, the related system is
X1 — 2173 =2
To — T3 — 3
0 =0.
and the solutions are all of the form:
T 24 2x3 2 2
T = Zo = 3+ xo = 3 + x3 1 ,
T3 T3 0 1
where (2,3,0) is a particular solution to the system and Nul(A) = Span{(2,1,1)}. n

Theorem 2.8.6. Suppose the equation Ax = b is consistent for some given b, and let xy be a (particular)
solution. Then the solution set of Ax = b is the set of all vectors of the form x = ¢y + x,,, where x,, is any
solution of the homogeneous equation Ax = 0 and can be expressed in parametric form.

From a geometric perspective, a solution set to a homogeneous system is the null space of its coefficient
matrix A. As such, it is a subspace spanned by n independent vectors, where n = nullity(A). Theorem
2.8.6 tells us that a solution set to a non-homogeneous system generically is an affine span of n independent
vectors, in other words, it is an n-flat.
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Exercises (Go to Solutions)

For Exercises 1-11, let A be the provided matrix. Find a basis for Col(A) consisting of column vectors of A
and a basis for Nul(A). Find the rank and nullity of A. Answers may vary.

1 15 8 11 2 1110 5 4 2 1
.1o 9 6 2.12 3 5 3. 12 3 4 2 4. 1 4 4 2 8
0 0 2 4 2 4 31 3 1 25 6 3
8 -3 —13 15 17 12 1 0 1 25 9
' Y8 7.
2 1 3 -3 —3 | WG 7 -14 -7 -8 34 7 1
3 6 3 2
(14 8 1 5005 6 5 6 543 21 1 23 4 5
9
82480 0 4 0 4 4 6 10 5 4 3 2 1 6 11246810
90 0 9 90 2 4 6 8 2 4 3 6 9 12 15
32 4 1
B 01 01 2 6 2 -2 4 4 8

For Exercises 12-15, describe all solutions to the matrix equation Az = b. The matrix A will be listed first,
followed by the vector b. Answers may vary.

-4 0 -4 —4 9 —4 —6 1
12. 3 —4 3|, 6 M13. | -1 6 —-16|,]| 11
2 0 2 2 -1 -2 8 -5
2 -2 20 4 2 -6 8 0 10
3 4 -5 0 —4 1 -3 4 1 -3
a4 , 15. ,
0 0 6 0 18 0 0 01 -8
-2 -1 4 0 8 -1 3 —4 1 —-13
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“To be trusted is a greater compliment than being loved.” — George MacDonald

2.9 Orthogonality

Heyl Come build an
orthogonal set with us

.

Cooll Where Should T go?

2.9.1 Orthogonal Vectors

Definition 2.9.1. Two nonzero' vectors u,v € R" are orthogonal if u - v = 0.

1 1 2
Example 2.9.2. Given the vectorsu = | 2 |, v = 1 |,andw = | 3§ |, determine if w is orthogonal
3 -1 5

to v or w.

w-v=101)+2(1) +3(-1) =3 -3=0.

Thus, u is orthogonal to v.
u-w=1(2)+2(3)+3(5) =23 #0.

Thus, u is not orthogonal to w.
v-w=12)+13)—-15)=5-5=0.

Thus, v is orthogonal to w. [

Theorem 2.9.3 (Pythagorean Theorem). If two vectors u,v € R™ are orthogonal, then
lw +v]|* = [[u]* + [[o]*.

Proof. By assumption, u-v = 0 = u- v = v-u. Note that ||lu+v[]? = (u+v)-(u+v) = vutu-v+vutvov =
w-u+0+0+v-v=|ul?+ v O

We call the above equation the Pythagorean Theorem because how it resembles the trigonometric equa-
tion, after all it states that a sum of squares is equal to a square under certain conditions, but there is a
deeper geometry connection. First of all, if two vectors w and v are linearly independent, then they span a
plane in R", but they also form a triangle with sides w, v, and u + v, where the three points correspond to
the tail of w (which is also the tail of w + v), the head of w (which is also the tail of v), and the head of v
(which is also the head of u 4+ v). The norms of the three sides of this triangle is ||u||, ||v||, and ||w + v]|.
Therefore, the above theorem is saying that the sums of squares of two sides of the a triangle equal the
square of the other side. This is exactly the statement of the Pythagorean Theorem from Trigonometry,
but furthermore the Trigonometric Pythagorean Theorem guarantees this can only happen if there is a right

"When it comes to defining orthogonality, we have to exclude the zero vector. Note that 0 - v = 0 for every vector v. As
such, if we allowed the zero vector to be orthogonal then it would be orthogonal to every vector, including itself, which would
provide needless counterexamples to theorems and geometric interpretations that will follow.
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angle present, that is, the angle between the vectors u and v must be a right angle. This proves the notion
that two vectors are orthogonal if and only if the angle between the two vectors is 90°.

An alternative way of expressing a plane in R? is by orthogonality. For example, we can construct a
plane in R? by taking all vectors in R?® that are orthogonal to some fixed vector n = (a, b, c), called the
normal vector of the plane. If & = (z, y, z) is a vector on the plane, then

n-x=ax+by+cz=0.

This produces the equation of a plane which passes through the origin (notice that 0 is a solution here). In
order to have the plane pass through the particular vector gy we replace & with & — xq, that is,

n-(x—x9) = 0
a(z —x0) +b(y —yo) +c(2 —20) = 0
ar+by+cz = d

gives an equation of the plane in R3 through the point (z¢, o, 20) and orthogonal to n.

Example 2.9.4. The solutions to the equation
3(x—4)+5(@y+5)—2:=0 = 3r+5by—2z=-13
is the plane containing the point (4, —5,0) and is perpendicular to (3,5, —2).

Similarly, this strategy will create a hyperplane in R™. In particular, the hyperplane containing xy and
is orthogonal to m will be the solutions & to the linear equation, given in point-normal form,

n-(x—x) =0. (2.9.1)
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2.9.2 Orthogonal Sets

Definition 2.9.5. A set of nonzero vectors {vy,...,v,.} C R" is called an orthogonal set if each pair of
distinct vectors is orthogonal, that is, v; - v; = 0 whenever 7 # j. An orthogonal set of vectors is called
orthonormal if each vector in the set is also a unit vector.

Of course, any orthogonal set can be transformed into an orthonormal set by normalizing each vector,

1
that is, replacing each vector v with —w.

[[v]]
1 1 -5
Example 2.9.6. Let vy = | 2 | ,v0 = 1 |,v3 = 4 |. Then the set {v1,v2,v3} is orthogonal
3 -1 -1
with respect to the dot product. To see this, we check the three dot products:
v1-v2 = 14+42-3=0
v1-v3 = —5+8-3=0
vorvy = —H+4+4+1=0.

On the other hand, ||vy| = V14, |jvs| = V3, and ||vs]| = V42. Hence, {v1,v2,v3} is not orthonormal,
since the elements are not unit vectors. This can be easily corrected by normalizing each vector. Therefore,

1 1 1
——1v1, —=v3, ——=v3 ¢ IS an orthonormal set of vectors. [
{\/14 VB Va2 3}
Theorem 2.9.7. If S = {v1,...,v,} C R"™ is an orthogonal set of nonzero vectors, then S is linearly
independent.

The requirement that an orthogonal set contain only nonzero vectors is critical. Note that 0-v = 0 for
any vector v. Thus, as we defined an orthogonal pair, the zero vector is orthogonal to every vector. This
is a truly exceptional quality shared by no other vector. For this reason, the zero vector must be treated
definitely in the theory of orthogonality and it is thus excluded from orthogonal sets. While this may seem
somewhat arbitrary, this is truly consequence driven. The main consequence is that Theorem 2.9.7 would
fail if 0 were allowed in. It should also be noted that for a singleton {wv}, this set is orthogonal if and only if
v # 0, the same condition that guarantees that {v} is linearly independent. Notice that the condition that
all pairs be orthogonal is vacuously true in this case as there are no pairs which are not orthogonal (since
there are no pairs at all). This also holds for the empty set (). It has no pairs of distinct vectors which are
not orthogonal, hence, the empty set is an orthogonal set.

An orthogonal (orthonormal) spanning set of R™ is necessarily a basis, called an orthogonal (orthonor-
mal) basis. For example, the standard basis in R™ is an orthonormal basis.

2.9.3 Orthogonal Projections

Theorem 2.9.8 (Parseval’s Identity). Let S = {v1,...,v,} CR" be an orthogonal subset. If y is a linear
combination of the vectors in S, that is,

Y =C1U1 + C2U2 + ... + CpUy,

then
v; - . .
¢ = — Y , called the Fourier coefficients.
V; - U;

Proof. Taking the dot product, we get
v -y =0 (v + U + ..+ cpvy) = (v - vy).

Since v; - v; # 0, dividing both sides by v; - v; gives the formula. o
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Example 2.9.9. Let S = {v; =(1,2,3),v2 = (1,1,—-1),v5 = (5,4, —1)}, which was shown in Example
2.9.6 to be an orthogonal subset of R3. By Theorem 2.9.7, we see that S is, in fact, an orthogonal basis for
R3. Let y = (—4,8,10). Since y € R3, y is a linear combination of the vectors of S. By Theorem 2.9.8, we
have

Yy = <:11vy1> vy + (:ji) vy + (ﬂ) v3 = %m + _?6172 + %vg = 3v1 — 2vg + v3
1 1 -5 —4 3
= 3| 92|-2 1 |+ 4 | = 8 |, thatis, [yls = | —2
3 -1 -1 10 1

Definition 2.9.10. Let y € R” and W < R™. Let {u1, w2, ..., u,} be an orthogonal basis for W. Then
the orthogonal projection of y onto W is
u; -y u -y usz -y Ur Y

T

@zprojwyzg u; = uy + s + ...+ U,
i Wi U Uy - Uy U2 - U2 Uy - Uy
1=

When the subspace W is clear from context, projy, (y) is often abbreviated as y.

Let y, v € R™ and u # 0. Then the orthogonal projection of y onto v is proj,, ¥ = projy, y, where
W = Span(u).

1 2

Example 2.9.11. Lety=| 7 | andu= | 1 |. Then

3 1
2 4
y—prOju(y)—%u:E 1 (=12
1 2
Note that
1 4 -3 4 -3
y-y=|7|-|2|=| 5| y=y+tly-y=|2|+| 5|,
3 2 1 2 1
and that
4 -3
y-(y-9)=|2|-| 5 |=-12+10+2=0.
2 1
Therefore, y — y and ¥y are orthogonal. n

Theorem 2.9.12. Let y € R" and let W < R™. Then

projy v - (y — projy y) = 0.
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Exercises (Go to Solutions)

For Exercises 1-6, determine whether the two given vectors are orthogonal or not. If not, adjust a value in
one of the vectors to make them orthogonal. Answers may vary.

4 4 6 8 -3 5 2 4
1 , 2. , 3. , 4. ,
2 -8 1 —24 -5 -3 8 1
1 2 1 3
5 2 |, =1 6. | =1 [, 2
-1 1 2 4

3 2 4 1 1 2 1
1 0 1 1
7 51,1 =21, 0 8 ;
1 1 0 0
2 2 -5 7 0 1 1

For Exercises 9-12, find a hyperplane in R™ containing the vector xg, listed first, and whose normal vector
is mn, listed second.

1 3 0 1 1 -3
N0 | 2|, | -2 0 9 2 -6
® 10. , O1L | 3|, | 3
3 0 1 2
4 2
2 -1
L“ 1 L i 5] [ -5
C 0] [0 ]
-8 3
12. 6 |>|5
—4 7
L 2_ _9_

For Exercises 13-17, use inner products to express the vector y, listed first, as a linear combination of the
orthogonal basis B, listed second.

-2 1 -1 1 1 17 5 2
N 13 ,

-6 3 a 14 10 |, 2 |, 0 al5 | 8 |, 4 |,]| =2

11 1 -1 4 -2 1

-6 3 3 -1

9 4 -1 1
‘16 I ) I

8 1 -5 -1

-5 0 1 -1
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o | ([ 1] 7]
18 6 -2
17| 12 |, —6 | 0
~15 0 5

-1 (] 1] [ 5]
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Chapter 3

The Algebra and Geometry of
Matrices

Up to this point, we have used matrices for one purpose, to encode information about linear objects. We
first introduced the augmented matrix in Section 2.2 to do exactly that. In Chapter 1 we started using
matrices to represent a set of vectors in a slightly more compact way. This happened in Section 2.6, where
we introduce the matrix-vector product so that the matrix equation (2.6.1) could encode the vector equation
(2.5.1). This allowed us to define linear transformations using matrices.

But we also introduced the the column and null spaces of a matrix. These vector spaces came about
essentially by solving problems about spanning and linear independence of vectors but we attributed the
spaces to the matrix, not a collection of vectors. This was our first inkling that matrices deserve to be
studied in their own right, not just as tools to better understand vectors. In fact, we will turn this paradigm
on its head. Viewing column vectors just as n x 1 matrices, all we have studied about vectors can actually
be viewed as a subset of the theory of matrices. We can add and scale matrices just like column vectors.
For this reason, we can actually view matrices as just beefier versions of column vectors, which can lead to
discussions about vector spaces of matrices. But matrices can transcend the vector operations as we will
introduce a general matrix multiplication, which will be the foundation for this chapter on matrices.

Isn't she precious? She has your eyes

/
JEE

N\ &>

When multiplicative inverses attract]
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“The thing that scares us the most is when familiar things operate in unfamiliar ways.” — Noah Hawley

3.1 Matrix Operations

In many ways, matrices behave just like vectors, that is, we can add them and scale them. In that vein, we can
view matrices as block vectors. On the other hand, the 2-dimensional shape of matrices offers new opeations,
such as matriz multiplications, which make the algebra of matrices so much more involved compared to just
vectors.

3.1.1 Linear Combinations of Matrices

Viewing an m x n matrix as a block m-vector with all entries equal to n-vectors, that is, a matrix is an array
of its row vectors, we can define operations on matrices analogous to the extended vector operations onto
block vectors.

)

We say that two m x n matrices A = [ aij } and B = [ b } are equal if a;; = b;; for all ¢ and j (for

all a;j,b;; € R). We can add matrices term-wise, that is,
Finally, we can multiply matrices by a scalar term-wise, that is,

cA = { caij } for all ¢ € R.

3 91 0 5 6 2 1
Example 3.1.1. Let A= , B= ,and C' =
-2 4 6 3 1 1 0 4
Then
3+0 9+5 1+6 3 14 7
243 4+1 641 1 5 7
Now, A + C' is not possible since the matrices have different sizes.
Next,
5 6 0 10 12
2B - 2 = s
31 1 6 2 2
and
3 9 1 0 10 12 3 -1 -—11
A—-2B = — = L]
-2 4 6 6 2 2 -8 2 4

Because we can add and scale matrices, we can actually view matrices as vector themselves. Let R be a
field. Then R™*™ will denote the set of m x n matrices with entries from R, which is a vector space. When
working with matrices, we will let 0,,, , denote an m X n matrix with all entries equal to zero. This is called
the zero matrix. Likewise, we will let J,, ,, denote the m x n matrix with all entries equal to one. When
the context is clear, these subscripts may be dropped.

Let E;; be the matrix whose entry in the (¢, j)th entry is a one and all other entries are zero. Then
E={E11,E12,....B1n,E21,E29,...,E2,...,Epn1,En2,..., By} forms the standard basis of R”*”.
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The matrices E; ; are often called the unit matrices. Using coordinate vectors, we see that R™*™ = R™",
since |€] = mn.

Definition 3.1.2. The diagonal entries in an m x n matrix A = [ Qi

ij } are the entries aq1, a9, ass, .. .,

that is, the entries a;;, and they form the main diagonal.

If A is an n X n matrix, then we say that A is a square matrix. A diagonal matrix is a square matrix
whose only nonzero entries are on the main diagonal.

Let I,, denote the n x n matrix whose entries are 1’s across the diagonal and 0’s everywhere else. This
matrix is known as the identity matrix.

Example 3.1.3. The identity matrices I, I3, and I, are listed below, respectively.

10 0 0
1 00
1 0 01 00
|0 1 01|, =
0 1 00 10
0 0 1
00 01

Similar to how we defined block vectors, one can also define block matrices, which are matrices whose
entries are themselves matrices. As matrices themselves can be viewed as a block vector (a matrix is a vector
of row (or column) vectors), this is a natural generalization. Unlike block vectors though, as a matrix is a
2-dimensional array special care is required on the shapes of individual blocks in the matrix to make sure
the block matrix is rectangular in shape also.

Defining a norm on a matrix is a bit more difficult because there are several different notions of the norm
for matrices. As we have discussed before with vectors, from the norm is derived the distance function, so it
is important to establish a norm to that distance and other statistics can be calculated on matrices like we
did with vectors. So, we will adopt essentially the same norm that we had on vectors for matrices (called the
Frobenius norm), understanding that this norm could be replaced with a better norm if the circumstances
warrant such. More specifically,

1Al =

Note that this is the same norm on the m x n matrix A if we instead viewed A as a block mn-vector. It is
satisfies all the previous properties we have seen for norms as it extends the previous setting with vectors
toward the collection of matrices.

3.1.2 Matrix Multiplication

Definition 3.1.4. If A is an m X n matrix and B is an n X p matrix with column vectors

B|:b1 by ... bp:|a

then the matrix product

The matrix AB is a m X p matrix.
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If Ais an n x n matrix, then A¥ = A... A. We let A% = I,,.
—
k

9 -5 =3
2 1 -1
Example 3.1.5. Compute AB with the given matrices A = and B = 3 9
0 4 =2
—2 4
9 -5 -3
AB=| A 3 A 9 A 1
-2 4 6

2(9)+1(3)—1(-2) 2(-5)+1(9)—1(4) 2(-3)+1(1)—1(6)

0(9)+4(3)—2(-2) 0(-5)+4(9)—2(4) 0(-3)+4(1)—2(6)

18+3+2 -10+9-4 —-6+1-6 23 -5 11

0+12+44 0+36—38 0+4-12 16 28 -8

which is a 2 x 3 matrix. [
Matrix multiplication can also be defined with the seemingly complicated formula,

AB =

> aibi ] = { ainbyj + aiba; + ...+ ainbn; } for A= [ ai ] and B = { br; } )
k=1

which is none other than the “finger-multiplication” we learned with the matrix-vector product.

Example 3.1.6. Compute AB with the given matrices A = ol and B = - !
5 3 7 —6
i 3 =2 1 -1 4 ] _ 3(—=1) —2(7) ]
5 3 7 —6 -
i 3 =2 1 -1 4 ] _ —17 3(4) — 2(-6) ]
5 3 7 —6 -
| 3 -2 1 -1 4 ] _ —17 24 ]
5 3 7T —6 - 5(—1) + 3(7)
| 3 -2 1 -1 4 ] _ —17 24
5 3 7 —6 - 16 5(4) 4+ 3(—6)
Hence,
3 =2 -1 4 —17 24
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1 2 0 -
Example 3.1.7. Let A= and B = . Then
-1 3 1 1
1 2 0 -3 2 -1 0 -3 1 2 3 -9
AB = = and BA= =
-1 3 1 1 3 6 1 1 -1 3 0 5
Therefore, AB # BA. ]

In general, matrix multiplication is a noncommutative operations.

3.1.3 The Transpose of a Matrix

Definition 3.1.8. Let A = { i ] be an m x n matrix. Then the transpose of A, denoted AT, is the

t]

n X m matrix given by AT = [ aji ] , that is, the matrix whose columns are formed from the corresponding

rows of A. We say a square matrix A is symmetric if AT = A.

Example 3.1.9. Let

112 e 1 1 1 2 -3
A= , B = ,and C =
4 5 6 3 5 7 -3 1
Then
1 4 1 3
2 -3
AT=192 5|, B'=|1 5|, andCT =
-3 1
3 6 17
Note that CT = C, hence C is symmetric. .

Theorem 3.1.10. Let A and B be matrices with sizes such that the indicated sums and products are defined.
Let c e R.

(i) (A+B)T =A" +B" (ii) (cA)T =cAT
(iii) (AT)T = A (iv) (AB)T = BTAT

Definition 3.1.11. Let A be an m x n matrix. Then its Gram matrix is G = AT A, which is necessarily
an n X n matrix.

Note that a Gram matrix is always symmetric, even if A is not. To see this, note

Gl =(ATA)T=AT(AH)T=4aTA=0G.
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Example 3.1.12. Let A = . Then
3 0 -5
1 3 10 -2 -11
1 -2 4
ATA=| 2 0 =| -2 4 -8 .
3 0 =5
4 -5 —-11 -8 41

3.1.4 The Trace of a Matrix

Definition 3.1.13. If A is a square matrix, then the trace of A, denoted tr(A), is the sum of the diagonal

entries of A.

Example 3.1.14. Let A = and B =

tr(A) =2+4 =6,

9 3 -2 3
28 9 4 0
. Then
16 1 6 3
2 5 21
tr(B) =9+9+6+1=[25] .
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Python Programming

We add to the matrix commands we saw previously, such as in Section 2.2. For example, the same Python
commands for matrix-vector multiplication can be used for the generalized matrix multiplication, i.e. A @ B
produces the product of the matrices A and B. In the special case that A is a square matrix and the product
is A*, one can use np.linalg.matrix_power (A,k).

In Python, we can implement the n x n identity matrix I,, by the command np.identity(n). Likewise,
we can implement the all zeros matrix 0,,, and the all ones matrix J,,, of shape m x n with the com-
mands np.zeros((m,n)) and np.ones((m,n)), respectively. Do not forget the double parentheses. They
are important for Python. We can generate the n x n diagonal matrix whose diagonal entries are given by
d = (dy,ds,...,d,) using the command np.diag(d). Conversely, if A is a matrix, then np.diag(A) returns
the diagonal entries of A as an n-vector.

In Python, to compute the transpose of a matrix A use the commands A.T or np.transpose(4). To
compute the trace of A use np.trace(4).

In Python, a matrix can be constructed using a block decomposition. When generating the matrix,
instead of using np.array(...) use np.block(...). Inside the parenthesis, include a matrix where each
entry in the matrix is itself a matrix.

Example 3.1.15. The code:

import numpy as np

np.array ([[1,2,3,4],[5,6,7,8]]) #2x4 block

np.array ([[9,10],[11,12]]) #2x2 block

np.array ([[13,14,15,16],[17,18,19,20],[21,22,23,24]11) #3x4 block
np.array ([[25,26],[27,28],[29,30]]) #3x2 block

Mmoaw

# 2x2 block matrix

A = np.block([[B,C],[D,E]I])

print (A.shape,"\n", A, "\n")

print (A.T.shape,"\n", A.T, "\n")

print ("Main Diagonal = ", np.diag(A), "\n")

A_2x15 = np.reshape(A,(2,15))

5 print (A_2x15.shape,"\n", A_2x15, "\n")

produces the output:

(5, 6)

[[1 2 3 4 9 10]
[5 6 7 8 11 12]
[13 14 15 16 25 26]
[17 18 19 20 27 28]
[21 22 23 24 29 30]]

5 13 17 21]
6 14 18 22]
7 156 19 23]
8 16 20 24]
1 25 27 29]
10 12 26 28 30]1]

Main Diagonal = [ 1 6 15 20 29]

(2, 15)
[[1 2 3 4 910 5 6 7 8 11 12 13 14 15]
[16 25 26 17 18 19 20 27 28 21 22 23 24 29 30]] n


https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/matrix
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Exercises

1. Write the matrix F; 3 € R3%3.

For Exercises 2-11, using the matrices listed below, perform the matrix calculation:

2 3 -2
1 2 3 0 5 6 30 -1 2
-5 0
A=14 -3 0|, B=| -5 -5 2|, C=]17 8 -3|, D=
0 -2
1 -2 -1 2 0 -3 33 2 —4
12
A2 24+B7 &3 4A-3B a4 AC a5 AT a6 CT A7. DT
& 8. tr(A) & 9. tr(B) & 10. DBT & 11 A2+ 2A 5]

For Exercises 12-15, using the matrices listed below, perform the matrix calculation:

CHAPTER 3. THE ALGEBRA AND GEOMETRY OF MATRICES

(Go to Solutions)

5 1
-1 0 2 -2 0
A= , B=12 2|, C=
1 3 5 3 =2
3 4
12. 2AT + B 13. AB 14. BC 15. ABC
For Exercises 16-18, for the matrix A provided, find tr(A), AT, and tr(A").
8 —7 2 1/8 -7/8 2/5 —12/13 5 1 2
16. | 0 —2 4 9/8 —1/2 1/4 1/4 30 4
17. / / / / 18. (mod 7)
3 21 1 —12/15 2 1/5 5 2 1
1/4 8/15 —3/8 3/8 2 3 0

19. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/PythonHW /matrix.
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“I actually work better within restrictions. When you leave everything wide open, things tend to get a little
convoluted. So when you give me those restrictions and I start to use my brain creatively to work around
those, that’s when things get interesting.” — Kenny Omega

3.2 Matrix Applications

We have seen many examples previously where data naturally takes the shape of a matriz, such as tables,
images, and arrays of vectors. It is natural to represent data via a matrixz whenever there are two parameters
in play, i.e. 1 < i< m and1l < j < n. This could be weather patterns are multiple locations, a bill of
materials from multiple suppliers, or a stock portfolio for multiple clients. It is too difficult to list all the
possible uses of a matriz in data representation.

3.2.1 Graphs and Adjacency Matrices

Definition 3.2.1. Let I' = ({v1,v2,...,v,}, E) be a digraph. Let A(I') = [a;;] be the n x n matrix such
that a;; is the number of edges from v; to v;. This matrix is called the adjacency matrix of I'.

Example 3.2.2. Consider the graph T, illustrated below. Its adjacency matrix is displayed below right.

B
A B C D E
Alo 1100
B|loo0oo01o0
A
D AT)=c |10 0 1 1
D|l0oo0oo0o0oO
E E |1 0010 .

Example 3.2.3. Consider the graph I, illustrated below. Its adjacency matrix is displayed below right.

01 110
A B 10101
E
AT)=11 10 1 0
10100
D c [0 1.0 0 0| -

Example 3.2.4. Consider the graph I'; illustrated below. Its adjacency matrix is displayed below right.
B E (01110 0]

101 000

110000

C F

By construction, an adjacency matrix is necessarily symmetric.

Definition 3.2.5. Let I' be a graph. A walk on I is a sequence of adjacent vertices.
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Example 3.2.6. Consider the graph I', illus- B E
trated to the right. Then some examples of walks
starting at A are:

ABCAD, ADF, ADADADADE, ACABACB. A D

The sequence ADBC A is not a walk since there
is no edge from D to B. C F .

Proposition 3.2.7. The number of walks from v; to vj in a graph T' of length k is equal to (4, j)-entry in
A¥ where A = A(T).

Example 3.2.8. Consider the graph I' from Example 3.2.4. Its adjacency matrix A and some of its powers:

A2, A3, A%, are displayed below.

01 1 1 0 0 31 1 0 11 2 4 4 5 11 13 6 6 4 6 6

101000 121100 4 23111 6 76 6 2 2

1 1.0 0 ; 1 21 0 0 . 4 3 2 1 11 6 6 7 6 2 2
A= A? = , A3 = At =

1 0 00 1 1 3 11 5 1 1 2 4 4 4 6 6 13 6 6

00 0 1 00 1 2 1 1 11 4 2 3 6 2 2 6 7 6

00 0 1 00 1 1 2 1 11 4 3 2 6 2 2 6 6 7

These matrices tell us that for walks from A to B there is 1 walk of length 1 (AB), 1 walk of length 2
(ACB), four walks of length 3 (ABAB, ACAB, ADAB, and ABCB), and six walks of length 4 (ABCAB,
ACBAB, ADACB, ABACB, ACACB, ACBCB) "

3.2.2 Selectors

Definition 3.2.9. A permutation matrix is a square matrix formed by some rearrangement of the rows
of I,,. A selector matrix is some submatrix of a permutation matrix.

0100 el
00 01 el | . . . T
Example 3.2.10. Let P = = is a permutation matrix. Note that for &' = (21, 2, z3, z4),
1000 el
0010 e]
we have
01 00 T T3
P — 00 01 To _ Ty
1 0 0 O x3 1
00 10 Ty T3

Thus, multiplication by a permutation matrix on a vector has the affect of rearranging the entries of the
vector « in the same manner as the rearrangement of the rows of the identity matrix.

The reverser matrixz is the permutation matrix that puts the standard basis in reverse order, namely

00 0 1 e
0 0 10 el
0 1 00 ey
10 0 0 | el
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Note that

0 10 T2 Tp—1
1 00 Tp—1 T2
0 0 0 | Tn L 1

115

Example 3.2.11. Let t be an n-time series, such as an audio file. A down-sample by a factor of k is the
subvector of ¢t where only the kth entries are retained , where n = jk. This is captured by multiplying by

the 7 x n matrix

0 0

For example, ift = (tl, tg,t3,t4,t5,t6)T,

€k

then the 2-down sample would be

t

ta
01 0000

t3
000100

ty
00 00 01

ts

te

0 0 - 0 ey - 00 -~ 0 ejp

and the 3-down sample would be

t

ta
001000 ts
)
00 00 01 ty

ts

te

t3

tg

Example 3.2.12. Let  be an n-vector. Then the k x n matrix { 0 I, 0 | isa cropping matriz which

only retains the middle k-entries of @ (based upon the zero matrices before and after Ij). For example,

3.2.3 Vector Convolution

0
0
0

T

I
10000 T2

T3
01000 = | a3

Ty
00100

Iy x4

Zg

Definition 3.2.13. The convolution of an m-vector a and an n-vector b is the (m+mn —1)-vector ¢ = a b,

with entries

For example,

C1
C2
c3

Cq

a1b

a1bs + azb;

a1bz + azbs + asb;

a1by + azbs + asba + a4by

a1bs + asby + azbs + asbs + asby
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Convolution on the surface seems like a strange operation to introduce, but believe it or not. It is a very
natural calculation. For example, if p(x) = a3 + a2z + ... + @™ 1 and q(x) = by + box + ... + bya™ L,
then we can represent these polynomials as vectors: a = (ag,a1,...,am-1), b = (bo,b1,...,bp_1). Then the
vector for the coefficients of the product p(z)g(x) is exactly axb. As such axb = bxa, ax(bxc) = (axb)x*c,
and axb=0if and only ifa=0or b=0.

Example 3.2.14. Let a =(1,0,—1) and b = (2,1,—1). Then
axb=(1(2),1(1) + 0(2),1(-1) + 0(1) — 1(2),0(—-1) — 1(1), —1(-1)) = (2,1,-3,—-1,1).
Conversely, if p(z) = 1 — 22 and ¢(z) = 2 + x — 22, then their respective coefficient vectors are a and b.
Likewise,
px)glx) = (1-2?)2+2—2%)=2+x—2%) — (22° + 2% —2?) =2+ 2 — 327 — 2® + 2.
Note that the coefficient vector of p(z)gq(z) is (2,1,-3,—1,1) = a *b. "

Example 3.2.15. Let ¢t be an time series vector and let p be a probability vector (that is, p; > 0 and
p1+p2+ ...+ pm = 1. Then t *p is a smoothing of the time series using weights from p to smooth out the
time series. A common probability vector to use is p = (1/3,1/3,1/3) which replaces ¢; with the mean of
ti—1,t;,t;+1. Such as in the following diagram.

o 10

8 B

6 6

4 4

2 2
0 o 40 @ @ 100 o o 40 @ @ 100

Other probability can be used of course. Consider instead p = (1/6,2/3,1/6) which places twice the
weight on the concurrent value.

10 0

a 2

& B
a 20 40 0 &0 100 1] 20 40 a0 &0 100

You will likely want to slice off the first and last entries (or so) because there might not be any elements
to compare the entire probability vector against. n

We can see that convolution is a special case of matrix multiplication. Let T'(a) be the (m+n—1) x n
Toeplitz matriz given by the formula

T(a):; aij1 1<i—j+1<m
* 0 otherwise.
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Then T'(a)b = a * b.

Example 3.2.16. Let a = (a1, a2, as,a4). Then the 6 x 4 Toeplitz matrix T(a) is given as

ay
a2
as
a4
0
0

0
ai
a2
as
ay

0

0

0

ay

as

as

a4

117
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Python Programming

The convolution of two vectors a and b can be computed by the command np.convolve(a,b).
Example 3.2.17. The following code:

import numpy as np

X = [10] # initialize X

# add 99 more random points weighted near to the last point.

# this is so that we can create a simulated trend without needing to rely on real data.

for i in range (99):
X.append (X[i]l+np.random.random() *(np.random.randint (3) -1))

# convolve the data to make it softer by probability vector [1/3, 1/3, 1/3]

# ’same’ is a mode of np.convolve(a,b), which returns output of length max(len(a),len(b))

# the by default mode is ’full’, which gives the full convolution of length len(a)+len(b)-1
# ’same’ trims off positions from the start and end of ’full’ where points do not overlap

# since the probability vector is here length 3, ’same’ trims off index O and -1

Y = np.convolve(X,[1/3, 1/3, 1/3],’same’)

# when using ’same’, boundary effects are still visible.

# we can correct these boundary effects by anchoring to X[0] and X[-1]
Y[ol,Y[-1] = X[0],X[-1]

import matplotlib.pyplot as plt
plt.style.use(’seaborn-v0_8-whitegrid’) # use ’seaborn-whitegrid’ if error with plt

fig, axs = plt.subplots(2, 1, figsize=(8, 6))# makes it so we can see both graphs at once
# First (pre-convolved) plot

axs [0] .plot (range (100), X)

axs [0] .set_title("Original Graph (paramter 1 ’X’)")

# Second (convolved) plot

axs [1] .plot (range (100) ,Y)

axs [1].set_title("Smoothed Graph")

plt.tight_layout ()
plt.show ()

generated the line graphs of time series and their convolutions in this section. L]
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Exercises (Go to Solutions)

& 1. Given a n-vector @, find an (n —2) X n matrix A which trims the vectors, that is, Ax = (za,...,Tp_1).
n
& 2. Given a time series t of even length n, find an 5 x n matrix A which down samples the time series by
a factor of 2, that is, At = (ta,t4,t6,...,tn)-
& 3. Given a time series t of length n, find a (2n — 1) x n matrix A which up samples the time series by a

t t t t tn— t
factor of 2, that is, At = (tl, 1;— 2,752, 2; 3,t3,..., n_l,"l;_n,tn>.

4. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/PythonHW /matrixapp.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/PythonHW/matrixapp
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“My happiness grows in direct proportion to my acceptance, and in inverse proportion to my expectations.”
— Michael J. Fox

3.3 Matrix Inverses

When can we divide by a matriz? Does it even make sense to talk about matriz division? It depends on the
matriz. In this section, we explore this very question, leading to the notion of a nonsingular matriz.

3.3.1 Nonsingular Matrices

Definition 3.3.1. An n x n matrix A is nonsingular (or invertible) if there exists an n x n matrix B

such that
AB = BA=1,.

In this case, B is called an inverse of A. If A is not nonsingular, then it is singular.

2 3 5 —3
Example 3.3.2. Let A = and C' = . Then
3 5 -3 2
2 3 5 -3 10
AC = =
3 5 -3 2 0 1
and
5 -3 2 3 10
CA= =
-3 2 3 5 0 1
Thus, A is invertible with inverse C. [

We should mention that inverses are unique. Suppose that A is invertible with inverses B and C. Thus,
B = BI, = B(AC) = (BA)C =I,C = C.
We will denote the inverse of A as A~'. Therefore,

AA Y = A"tA=T,.

Theorem 3.3.3. Let A and B be n x n invertible matrices, let m be a positive integer, and ¢ is a nonzero
scalar. Then A=Y, AB, AT, A™, and cA are also invertible with:

(i) (A7) 71 =A (ii) (AB)~' = B71A™! (iii) (AT)~t = (A7

(i) (A™)~F = (A7) = A () (cA)y~t = 2a-1,
c
Note that (ii) is another example of the Shoe-Sock Principle.!

Corollary 3.3.4. If A is invertible, then AAT and AT A are likewise invertible.

iTo remember this formula, think of the following proverb:

Put Your Socks On, Then Your Shoes
Take Your Shoes Off, Then Your Socks
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3.3.2 The Inversion Algorithm

Theorem 3.3.5 (Inversion Algorithm). Let A be an invertible n X n matriz A. Then any sequence of
elementary row operations that reduces A to I, also transforms I, into A~".

The Inversion Algorithm is a process for compute matrix inverses. Consider the matrix [A | I,,]. By row
reduction,

(A | L] ~ [ | A7, (3.3.)
Thus, row reduction saves the day again!
0 1 -3
Example 3.3.6. Find the inverse of A = 1 -2 5
-5 4 3

Using the method suggested above, we will row reduce A and apply these same row operations to I,,.

0] 1 -3|1 0 0 1] -2 5

1 -2 5(0 1.0~ O 1 =3

(@)
—
o
—
|
[\
ot
(an)
—
(aw]

—
jan}
jan)

2
jan)

(=]

|
w
=
(@)
s}

-5 4 3/0 0 1 -5 4 3]0 0 1 0 -6 28|0 5 1
1 =2 5 [0 1 0 1 -2 5|0 1 0 1 -2 0 |-3 -3 -3
~l0 1 -3/t 00f~l0O 1 -3|1 0 0{~]0 1 =31 0 0
o of[oljes ] fo o [lzya] [o o []2 3 &
1 -2 0|-3 -3 -3 1 oo 32 &
ol R A S U
000 1 4 & oo g
2 3 5 26 15 1
Therefore, A=! = u 3 3 :% 28 15 3 u
235 6 5 1

3.3.3 Left Inverses

Definition 3.3.7. Let A be an m x n matrix. If there exists an n X m matrix B such that
BA=1,

then we say that A is left-invertible.!! The matrix B is called the left inverse of A.

iWe say that A is right-invertible if there exists an n x m matrix B suh that AB = I,,, in which case B is called a right
inverse of A. The theory of right inverses is essentially the same as left inverses since A is left-invertible if and only if AT is
right-invertible, in which case every right inverse of AT is BT where B is a left inverse of A.
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-3 —4
1] -1 —10 16
Example 3.3.8. Let A= 4 6 |. Then let B = = . Then
9
7 8 —11
1 1
-3 —4
1| —11 -10 16 1 33—-40+16 44 —-60+ 16 119 0
7 8 —11 —21+32—-11 —-28+48—-11 0 9
1 1
110 -1 6
Thus, B is a left inverse of A. On the other hand, let C' = 3 . Then
0 1 —4
-3 —4
110 -1 6 11 0-446 0-6+4+6 112 0
0 1 —4 0+4—4 0+6-—4 0 2
1 1

Therefore, C is also a left inverse of A, which shows that when a left inverse exists then it is not necessarily

unique. [
1
Example 3.3.9. Let x = : be a column vector such that & # 0. Then there exists some i such that
Ty
1 T ZT; 1 T .
2; #0. Then | — Je; & =0+...+40+ — +0...0 = 1. Therefore, { — | e; is a left inverse for x. L]
Z; ZT; Ty

Suppose that linear system Ax = b is consistent, that is, it has a solution. If A is left-invertible, say
with left inverse C, then the linear system Ax = b will have a unique solution, namely * = Cb. To see this,
note that if we multiply both sides of Az = b on the left by C' we get C'(Ax) = Cb. Simplifying the left
hand side, we get (CA)x = I, = x. Additionally, if B is another left inverse of A, we still get the same
solution, that is, Bb = Cb. Of course, if Az = b is inconsistent, then Cb is not a solution then. We can
acutally check then that A(Cx) # b. Thus, for left-invertible matrices, there is a simple check to see if the
linear system is consistent or inconsistent.

Theorem 3.3.10. An m X n matriz A is left-invertible if and only if the column vectors of A are linearly
independent. In particular, if m < n, then A is not left-invertible.

Let A be an m X n matrix with linearly independent columns. Then A must be left-invertible, but how
do we find a left inverse of A? As there could be multiple left inverses, it is important to know that we do
not need all of them, just one. We know that the Gram matrix A" A is necessarily nonsingular in this case.
Hence, (AT A)~! exists.

Definition 3.3.11. Let A be a matrix with linearly independent columns. Then its (Moore-Penrose)
pseudo-inverse™ is given as
Al = (ATA)TAT,
liln the case where A has linearly independent rows, A is then right-invertible and its right inverse is given as AT =
AT(AATHY—L,
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Note that
AtA = [(ATA)*lAT]A = (ATA)*l(ATA) =1.

Hence, A' is a left inverse of A in this case.

Let us now return to the situation that A is an n X n matrix. If A is left-invertible, then its left
inverse B is likewise n x n. Thus, BA = I,. What about AB? We saw in Theorem 3.3.10, that
A is left-invertible if and only if the columns of A are independent. Thus, the column vectors of A
form a basis for R™. In particular, the unit vector e; can be expressed as a linear combination of the

columns of A. Say e; = Ac; for some coefficient vector ¢; € R”. Let C = | ¢; ¢35 --- ¢, |- Then

AC=| Ae; Acs -+ Aec, |=| e ey --- e, | =1y This means that A is right-invertible, that

is, it has a right inverse C' since AC' = I,,. Like observed above, if a matrix A has a left inverse B and a right
inverse C, then B = (|, that is, the left and right inverses are the same. As the left and right inverses in the
above argument were arbritrary, this also means that A has only one left inverse, only one right inverse, and

these matrices are the same. Thus, a left-invertible (or a right-invertible) square matrix is nonsingular and
At = A~L

Theorem 3.3.12 (The Nonsingular Matrix Theorem). A square matriz is nonsingular if and only if its
column vectors are linearly independent if and only if its row vectors are linearly independent.
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Python Programming

The inverse A~! of a nonsingular matrix A can be computed by the command np.linalg.inv(A). The
pseudo-inverse AT of an m x n matrix A with linearly independent columns can be computed by the com-
mand np.linalg.pinv(A). The error “Singular Matrix” will appear if the columns of A are not linearly
independent in either case.
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Exercises

For Exercises 1-1, solve linear system Ax = b using the matrix inverse.

4 8
1. A= b=
2 6
1 2 3
#2. A= 1 -1 1
2 1 -5
4 26 31
-3 -21 -25
N3 A=
1 7 8
0 -1 -1

2
3
b=
—15
12
—4
1

4 13
AT = 23 11
1 3

1 3

2 1

AT =
3 0
4 —1

For Exercises 4-6, solve linear system Ax = b using the left-inverse.

1 2

6 2
7.
12 4
4 -3 -1
9. 1 -1 0
-2 -1 2

—_

b

—24

—16

AT

—_

1 0 -1

—-22 22

7AT:i

33 -7 31

—-16 8

1 2 3
4 2 16
10 -1 -6
—11 2 9
-3 1 3

12. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/PythonHW /nonsingular.

22

—13

8
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(Go to Solutions)

—22

-19

32

1 3

2 —1 —3

11. 1 _ 1 _3
2 2 2

3 _7

T2 3 2


https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/PythonHW/nonsingular
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“Don’t spend time beating on a wall, hoping to transform it into a door.” — Coco Chanel

3.4 Linear Transformations

The next important linear structure we have seen before (primarily in calculus) is the notion of a linear
operator or a linear transformation. This is a function on vectors which preserve linear combinations.

3.4.1 Linear Transformations

Definition 3.4.1. Let X and Y be vector space over a field R. A function T' : X — Y is a linear
transformation if:

(i) T(u+v)=T(u)+ T(v), for all vectors u,v € X;
(i) T(cu) = cT'(u), for all vectors Vu € X and scalars ¢ € R.

Recall that X and Y are called the domain and codomain of T, respectively. For any & € X, we call
T(x) the image of Tx, and we call im(T") = {T'(x) | * € X} (the set of images) the image (or range)
of T. The kernel of a linear transformation 7" is the set of vectors which map to the zero vector, that is,
kerT = {x | T'(x) = 0}, denoted ker(T).

Example 3.4.2. In calculus, there are many linear operators. For example, the derivative is a linear
transformation since

d d

@) + o) = @) @] and Afef(r) = e [F(@)]

Note that ker (d) is the set of constant functions. Likewise, limits are linear operators:
x

lim [f(«) + g()] = lim [f(@)] + lim[g(@)] ~ and  lim[ef(2)] = e lim [f ()]

Tr—a r—a r—a r—a r—a

Likewise, antiderivatives, definite integrals, indefinite integrals, and series are all linear operators on func-

tions. Linear algebra was everywhere in calculus, we just didn’t know it! [
Proposition 3.4.3. Let T : X — Y be a linear transformation. Let x1,...,x, € X and c1,...,¢c, € R.
Then

T(clml + ...+ cn:cn) = ClT($1) + ...+ CnT(CCn) (341)

The converse also is true, that is, T is a linear transformation if it preserves linear combinations. In
particular, T(0) = 0.

Example 3.4.4. Some examples of linear transformations are:
e the negation function: T : R™ —» R" : T(x) = —,
o reversal function: T : R™ = R™ : T(x1,22,...,2n) = (Tn, ..., T2, 1),

e the running sum function: T : R™ — R™ : T'(x1, 22,23, ..,2Zn) = (x1,21 + 2,21 + T2 + 23,...,21 +
To+axs+...+xp),

e the de-meaning function: T : R™ — R" : T'(x) =  — avg(x)1l = ,

e linear functionals': for a fixed a € R", we define the linear function f, : R* - R: fo(x) =a-x. =

iSometimes called linear forms, 1-forms, or covectors. It is important to note that every linear transformation of the form
T :R™ — R is equivalent to fq for some vector a. This is a special case of the matrix representation theorem we see below.
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Example 3.4.5. Some examples of functions which are NOT:

e the norm function: T : R™ — R : T'(x) = ||z||, not that in general ||x + y|| # ||z| + ||y]|, such as

IO +110, D) =1+1=2# V2= (1, 1),

maz function: T : R™ = R : T(x1,z2,...,2,) = max(y, ..., T2, T1),

max(1,0) + max(0,2) =14 2 =3 # 2 = max(1,2),

the sorting function: T : R™ — R™ : T'(x1, %2, ..., Tpn) = sort(Zp, ..., T2, 21),

sort(1,0) + sort(0,2) = (0,1) + (0,2) = (0,3) # (1,2) = sort(1,2),

standard deviation: T : R™ — R : T(x) = std(x),

the squaring function: T : R™ — R"™ : T(x1,...,2,) = (23,...,22). "

3.4.2 The Standard Matrix of a Linear Transformation

1
Example 3.4.6. Let e; = and e; = . Suppose that 7 : R? — R? is a linear transformation
0 1
such that
1 3
T(e1) 2 and T(ea)=| —5
3 0

With no additional information, find a formula for the image of an arbitrary vector & € R2.

Ty
Since x = = x1e1 + Toes and since T is a linear transformation, it must hold that
)
T(SC) = T($1€1 + 37262) = xlT(el) + $2T(62)
1 3 T, + 329 1 3
= I 2 | +x2 -5 = 2x1 — dxo = 2 -5 |@
3 0 3z 3 0
In particular, T' can be represented as a matrix transformation. [

The argument applied in the previous example works in general.

Theorem 3.4.7. Let e; be the vector in R™ such that the ith entry is 1 and all other entries are 0. Let
T :R™ = R™ be a linear transformation and let A = T(e1) T(ez) ... T(e,) |- Letx € R". Then

T(x) = Ax.

This matriz A is called the standard matriz for the linear transformation T and is often denoted [T).



128 CHAPTER 3. THE ALGEBRA AND GEOMETRY OF MATRICES

Example 3.4.8. Find the standard matrix A for the linear transformation T'(z1, x2) = (321 + z2, 221 —

4]72).
3 1
Since T'(e1) = (3, 2) and T'(e2) = (1, —4), we have that [T] = A = and
2 —4
3 1
T(x) = Az = T "
2 —4

3.4.3 Composition of Linear Transformations

Recall that if S : R"™ — RP and T : R™ — R™ are functions, then their composite S oT is the function given
by the rule (S o T)(x) = S(T(x)) where x € R™. Functions are often viewed, by parable, as machines on
a conveyor belt. As an element x in the domain of T rolls into the machine T, it is transformed into the
element T'(x). The composite S oT is then the machine formed by placing the machines S and T next each
other on the conveyor belt. The following theorem states that matrix representations are compatible with
function composition.

SCT(x)<PSK<1(x) PI<x

Q00000 Q00000 Q00

Theorem 3.4.9. Let S : R™ — RP and T : R™ — R™ be linear transformations with standard matrices A
and B, respectively. Let x € R™. Then

SoT(x)=S(T(x)) = AB=x,

that is, the matrix which represents the composite of two linear transformations is the product of their matriz
representations.
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Exercises

For Exercises 1-3, use the transformation
T : R3 — R? given by the rule:

T(.T,y, Z) = (LL' + Yy — 227 -y + Z)
1. Show that T is a linear transformation.
& 2. Compute T'(1,2,3) and T(1,0,—2).

& 3. Is b= (3,—1) in the image of T7 Explain.

129
(Go to Solutions)

For Exercises 4-6, use the transformation
T : R3 — R3 given by the rule:

T($7ya Z) = (22 + Y, 237 + 4a _2y)
4. Compute T'(1,3,2).
5. Is b= (1,6,2) in the image of T'? Explain.

6. Show that T is NOT a linear transforma-
tion.

For Exercises 7-16, for the linear transformations 7" find its standard matrix [T7].

7. T: R2 — R2 : T(l’l,l'g) = (fIJl + 2(172)

#9 T:R?>—R?:T(x1,22) = (221 — 22, —422)

11. T:R3® 5 R3:

T Ty + 229 + 323
T 9 = | 4z; + dx3 + 622
T3 Txo + 8x1 + 923

W13 T:C—C*:T(2) = (2,iz,—2z,—iz)

‘ 15. T : Zg — Zg : T($1,$2,$3) = (l‘3,1‘2,$1)

8. T:R? = R?:T(xy1,72) = (2214279, 71 +322)

10. T:R? —» R?: T(21,29,23) =
(z1 + 22,221 + 3x3, 1 + 222 + 223)

A12. T:R3 5 R4

x1 + 229 + x3
T
3x1 + ldx3 — bxo
T o -
3(172 — 5(E1 — 18.%3
Zs3

191‘2 - 71’1 - 40%3

‘ 14. T : Z% — ZQ : T($1,$2,x37$4)

=T+ T2+ 23+ Xy

16. T : 73 — 73 : T(x1,22,73) =
(.’,El + 3932, 5171 + 5£E2 + 6583, 31‘1 + 2:172 + 3:123)

For Exercises 17-18, find the standard matrix of the composite function S o T.

17. T:R? - R? : T(x1,22) = (w1 + 222) and S : R?2 — R? : S(y1,92) = (2y1 + 2y2, y1 + 3y2)

& 18 T:R? - R3: T(x1,72) = (222,371,271 — 322) and S : R® — R? : S(y1,y2,y3) = (y3 — 2v2, Y1 — 2y3)



130 CHAPTER 3. THE ALGEBRA AND GEOMETRY OF MATRICES

“Life is a mirror and will reflect back to the thinker what he thinks into it.” — Ernest Holmes

3.5 Linear Transformations on R2

In this section, we will explore how multiplication by a nonsingular matriz transforms geometry in R?.

3.5.1 Stretches and Reflections
Let a,b € R such that a,b > 0.

We can stretch R? horizontally by multiplying We can stretch R? vertically by multiplying the
the (scaling) matrix matrix

a 0 1 0

01 0 b

Thus, multiplication by a diagonal matrix will rescale the z- and y-axes by the diagonal entries. When a < 1
or b < 1, we say the geometry is compressed since the scale becomes smaller than the original.

Example 3.5.1. The unit square J is the
rectangle with vertices at (0,0), (1,0), (0,1), and
(1,1). The unit square is displayed below in
cyan. It will be a useful tool to visualize how
matrix multiplication distorts the geometry by
seeing how a matrix transforms the unit square

J.

2 0
(a) Multiplication by the matrix hori-

01
zontally stretches the plane by a factor of two.

8 0
(b) Multiplication by the matrix hori-

0 1
zontally stretches the plane by a factor of eight.
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1 0
(¢) Multiplication by the matrix verti-

0 4
cally stretches the plane by a factor of four.

1 0

(d) Multiplication by the matrix verti-
o 1%
2

cally comprresses the plane by a factor of two.

1/2 0
Example 3.5.2. The matrix =
0 3 0

N|—

0

1

0 3

131
v
.
B I
| |

will vertically stretch the four vertices

of J by a factor of 3 and will horizontally compress the vertices by a factor of 2 (or we can say that they are

horizontally stretched by a factor of 1/2). In particular,

3 0 0 _|0
0 3 0 0

1
s 0]
0 3 0 0
1.0 0 _ |0
0 3 1 3
Lol |4
0 3 1 3

The image of J is displayed to the right in ma-
genta.
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Reflections across the z- and y-axis are accom-
plished by multiplying by the scaling (diagonal)

matrices 14
1 0 q -1 0 | ,
an , v v
0 -1 0 1 ¢ H | ” *
respectively.
0 1
The interchange (permutation) matrix produces a reflection across the line y = x. The composite
1 0

of reflections across the z- and y-axis gives a reflection through the origin. General reflections will be dis-
cussed in the homework.

Example 3.5.3. Consider the reflections of point v = (2, 1) across:

(a) the z-axis.

The image of v under this reflection is S

102 2 |

p— ‘l

0 -1 1 ~1 )

o .
(b) the y-axis. Y
A
The image of v under this reflection is R I
oy v
-1 0|2 2 - - o
- l T
0 1 1 1 | | | | | |
[ R Y A R
.
R T S R R
(c) y==x. Yy

. N
| | | / \"'\
The image of v under this reflection is R i =t -
I R
[ e - = v -+
0 1|2 1 - . o
= I, i i i I
10 1 2 NS
| | S | | |
pf77\777&77--774777\7774
| [ | | |
| [ 4 | | | |
| R4 | | | |
\777;\'777\777--777777\7777
| L4l | | | |
\'\ | | | |
S RN S S N
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(d) the origin.

B2
=
2
=
|
<]
=
o
~
.z
=
+
—~
)
e
=}
=
s}
(e
o
&)
a0
o]
£
<]
=
=

3.5.2 Rotations

A counterclockwise rotation in R? by angle

is captured by the matrix

For a clockwise rotation by 6, take the previous matrix’s inverse, {

—sind
cos

cosf
sin 6

|

].

sin 6

cos 6
—sinf cosf

—sin6
cos

cos
sin 6

s
2

Example 3.5.4. Let T : R? — R? be the linear transformation given as counterclockwise rotation by

(or 90°). Find the images under T of u

8
,\\\,\\\J\\\,\\\\‘v\\\,\\\,\\\\,\\\\ﬂ\\\,
| | | | 4 | | | | |
| | | ! | | | | |
e S |
I I I Qs, I I I I I
I I [ I I I I L I
| | o | | | | 3 |
,\\\1\\&\\\%\\\7\\4\\\,\ﬂM.\\il\\J
| | 4 | | | J* | |
I I ‘| I I e I I

4 *
i -
| I | | | L4 | | |
| | | | | 4 | | |

] *
| N | | | | | | |
,\\\#\\\,\\\#\\\,\\\.W\\T\\4\\il\\i
| ] | | I | | |
| 'l | | X4 LA | | |
[ 1 S R AN A O R 1
| [ | | L A | |
| [l | | L | |
VRTINS - ,
y\ Il N
Sl | | v | ‘)
| [} | | L | |
I v | | /N 'y | |
[ T A—\\,\\J\\\, T
I v I I I I I I |
I ) I I I —o, I I |
iy S
| ) | | | s | | |
| ) | | | ,¢o, | |
| v | | | | | |
,\\\,\\‘G\J\\\,\\\\,\\\\,\H&\\\,\\ -
| | | | | | | | |
| - | | | U, | |
S .| 2
>
S
A_Y
S
-
r 1T 1T 1
L 1L 1L 1
g [ [ [
m r 1T 1T 1
. < N o © <
1 L 1L 1L 1
— = T 1T 1T 1
— o — o — o
- - | | |
—_ o — (an) — o —
|| L 1L 1L 1
=
- I I I
ey
o]
h — — —
= = O s
~
£ = = +
z. 2
&~
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Utilizing rotations, we can see that reflections
across the line ¢ that passes through the origin
forming the angle 6 is accomplished by multiply-

ing by matrix .
. /
cos(26) sin(26) > > T
sin(26) — cos(20) / \‘
v

One last linear transformation family on R?, called projections, will be addressed in Section E.1.2.

A similar analysis may be used to describe the geometry of matrix transformation in R (and higher).

3.5.3 Affine Transformations

Let b € R™ be any vector in the vector space. We can define a transformation 7" : R™ — R"™ by the rule
T(x) = « + b, called a translation by b. If b # 0, then translation is not a linear map since T'(0) = b # 0.
On the other hand, dist(T(z), T(y)) = ||[(x+b) — (y+b)| = [[x+b—y—b| = ||z —y| = dist(x,y). If we al-
low for translations in a vector space, we must broaden our type of transformations to affine transformations.

Definition 3.5.5. Let T : R™ — R™ be a function. We say that T is an affine transformation if there
exists a matrix A € R™*™ and a vector b € R™ such that T'(z) = Az + b for all x € R™.

Of course, a linear transformation is affine (when b = 0) and every translation is affine (when A = I,).
Affine transformations are very important in linear geometry. As translation maps are ALWAY'S one-to-one
(onto), an affine transformation  — Ax + b is one-to-one (onto) if and only if the matrix transformation
@ — Ax is one-to-one (onto).

3 -1
Example 3.5.6. Consider the affine transformation T : R?® — R3 associated to the matrix A = | _3 2
6 —3

and the translation vector b = (1,2,3). Then

2 3 -1 1 2 1 5 1 6
T 0 =] -3 20 o|l+|2|=|-6|+]|2]|=|-4
-1 6 —3 2 -1 3 10 3 13

Is y = (2,—2,4) € im(T)? To answer this question, we solve the matrix equation Az +b=y = Ar=
y—b=(1,-4,1):

3 -1 1 1 1 0 0 2

-3 2 0|4 |~(0 10 1

6 -3 2 1 0 0 1|—4
Therefore, T(2,1,—4) = (2,—2,4). n
Over R? there are four types of isometries: rotation around a point in the plane, reflection across a line in

the plane, translation, and glide reflection (the composition of a reflection and a translation, like footprints
in the sand).
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Python Programming

Example 3.5.7. The following code:

import numpy as np
import matplotlib.pyplot as plt
plt.style.use(’seaborn-v0_8-whitegrid’) #Use ’seaborn-whitegrid’

dilate = lambda a, b: np.array([[a, 0], [0, bll)

rotate = lambda theta: np.array([[np.cos(theta), -np.sin(theta)l,
[np.sin(theta), np.cos(theta)l])

if error occurs.

reflect = lambda theta: np.array([[np.cos(2*theta), np.sin(2*theta)l],

[np.sin(2*xtheta), -np.cos(2*xtheta)]l])

project = lambda theta: 1/2*np.array([[1+np.cos(2*theta), np.sin(2*theta)],

[np.sin(2xtheta), 1-np.cos(2*xtheta)l])

#create a scatter plot for the unit square

points = np.concatenate ([[[i*0.01,3j*0.01] for i in range(101)] for j

transform = "dilate"

n=3

n_it = n #The number of iterations you want to rotate; set to 2
theta= 2*np.pi/n #Controls angle of rotation, reflection, and projection
a, b =2, 0.5 #Controls horizontal and vertical scalars for dilation
scal = 2 #Controls the scale of the gridlines

; plt.figure(figsize=(8, 8), dpi=80)

plt.ion()
plt.axis ([-1*scal,scal,-1xscal,scall)

if transform == "dilate":
T = dilate(a,b)
#Now rotate them
tpoints = np.array ([T @ p for p in points])

#Show the two sets of points
plt.scatter ([c[0] for c¢ in points], [c[1] for c in points])
plt.scatter ([c[0] for c in tpoints],[c[1] for c¢ in tpoints],

if transform == "rotate":
T = [rotate(k*theta) for k in range(n_it)]

#Now rotate them

alpha=0.1)

tpoints = [np.array([T[k] @ p for p in points]) for k in range(n_it)]

#Show the two sets of points

#plt.scatter ([c[0] for c¢ in points], [c[1] for c in points])
for k in range(m_it):

plt.scatter ([c[0] for ¢ in tpoints[kl]l,[c[1] for ¢ in tpoints([k]l]l,

if transform == "reflect":
T = reflect(theta)

#Now rotate them
tpoints = np.array([T @ p for p in points])

#Show the two sets of points
plt.scatter ([c[0] for c in points], [c[1] for c in points])
plt.scatter ([c[0] for c¢ in tpoints],[c[1] for c in tpoints],

t = np.linspace (-2, 2, 100)
plt.plot(t,t*np.tan(theta), "-.r")

if transform == "project":
T = project(theta)

#Now rotate them
tpoints = np.array([T @ p for p in points])

alpha=0.1)

in range (101)1)

for single rotate

alpha=0.1)


https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/trans2
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#Show the two sets of points
plt.scatter ([c[0] for c in points], [c[1] for c in points])
plt.scatter ([c[0] for c in tpoints],[c[1] for ¢ in tpoints], alpha=0.1)

t = np.linspace(-2, 2, 100)
plt.plot(t,t*np.tan(theta), "-.r")

7 plt.show ()

can be used to implement the transformations of dilation, reflection, rotation, and projection. [
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Exercises (Go to Solutions)

For Exercises 1-3, find the matrix for the operator that performs the stated geometric transformation(s).

& 1. Reflect across the y-axis, stretch by a factor of 2 in the z-direction, then expand by a factor of 3 in the
y-direction.

& 2. Reflects about y = x, then rotates through an angle of 7 radians about the origin.

& 3. Reflects about the y-axis, then expands by a factor of 5 in the z-direction, and then reflects about
Yy =x.

For Exercises 7-11, let T : R® — R™ : & — x + b be translation by b, listed first. Compute the image T'(P),
where P is the second listed vector. When 2-dimensional, draw P and T'(P) on the same gridlines.

1 2 0 2 -1 2 -2 2
T , A 8. , N9 , & 10. ;
0 1 -2 1 -1 1 1 1
0 1
I =7 |, | 2
2 3

For Exercises 12-12, let T : R? — R? : £ +— x + b be translation by b, illustrated below. The vector

2
P = and its image T'(P) are likewise illustrated. Find the translation vector b.

12.
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For Exercises 13-14, consider the affine transfor-
mation T : R® — R3 : & — Az + b associated to
the matrix

3 -1 1 1
A= —_3 2 0 | and the vector b= | 9
6 -3 2 3

13. Compute T'(3,1, —5).

14. Find a vector & € R3 such that
T(x) = (6,1,3).

For Exercises 17-18, consider the affine transfor-
mation T : R® = R3 : & — Ax + b associated to
the matrix

10 -1 -5
A= |2 2 2 | and the vector b= 6
4 1 -3 8

& 17. Compute T'(5,—2,4).

& 18. Find a vector & € R? such that
T(x) = (6,8, 12).

For Exercises 15-16, consider the affine transfor-
mation 7 : R® — R3 : & — Ax + b associated to
the matrix

110 1
A=|2 (0 3 | and thevectorb=| _5
1 2 2 2

15. Compute T'(4,6,13).

16. Find a vector & € R3 such that
T(x) = (4,6,13).

For Exercises 19-20, consider the affine transfor-
mation T : R® — R3 : & — Ax + b associated to
the matrix

6 4 6 3
A= 2 2 2 | and the vector b= | 2
10 8 6 1

19. Compute T'(1,2,1).

20. Find a vector € R3 such that
T(x) = (7,6,5).
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“Anyone who imagines that bliss is normal is going to waste a lot of time running around shouting that he
has been robbed.” — Jenkins Lloyd Jones

3.6 The Gram-Schmidt Algorithm

Using orthogonal projections, we can construct an orthogonal basis from a given basis. If desired, we can
also construct an orthonormal basis by normalizing.

3.6.1 The Gram-Schmidt Algorithm

Theorem 3.6.1 (The Gram-Schmidt Process). Let B = {x1,...,x,} be a basis for a subspace W < R™.
Define recursively the vectors

U1 = X1
V1 -T2
V2 = T2 — U1
V1 - U1
V1 - T3 V2 - T3
V3 = X3 — v Op)
V1 -V, V2 - V2
VX Vp_1 T
Vp = Tp— pvl—...—uvp_l
V1 - U1 Up—1'Up-1

Then C = {v1,...,v,} is an orthogonal basis of W. In addition,

Span{vi,..., v} = Span{®x1,...,xr} Vk.

1 0 0
1 1 0
Example 3.6.2. Let 1 = , Ty = , and x3 = , which as a set is linearly independent.
1 1 1
1 1 1

Let W = Span{x1, x2, z3}. Then using the Gram-Schmidt procedure, we can construct an orthogonal basis
of W.

1
1
VT = I =
1
1
0 1 —3/4
vy - s 1| 3|1 1/4
Vo2 = X2 — v v v = — Z =
1o 1 1 1/4
1 1 1/4
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_ 0 _ _ 1 _ | —3/4 ]
v = v v (O 2 1) 12 | 14
vy -V vy - Vg 1 41 12/16 1/4
1 1 1/4
_O_ _1/2_ _—3/6_ _ 0_
0 1/2 1/6 —2/3
e 1/2 B e || 13
1 1/2 1/6 1/3

Note that
v1-vy=-3/44+1/4+1/44+1/4=0, wv;-v3=0-2/3+1/3+1/3=0, wvy-v3=0-2/3+1/3+1/3=0.

Therefore, {v1,v2,v3} is an orthogonal basis for W. If we normalize:

_1_ _1/2_ _—3/4_ _—3/\/ﬁ_ i 0_ | 0_
SO I O R V% Y E N N R YAV o 23 | —2/VE
YUV 12 | B e | | oyviE | T s | | e
1 1/2 1/4 1//12 1/3 1/v6

then {w1, us,u3} is an orthonormal basis of . n

3.6.2 Isometries

Definition 3.6.3. A real square matrix U is called orthogonal if UTU = I, that is, U7 = U1,

Theorem 3.6.4. A square matriz U is orthogonal if and only if its column vectors form an orthonormal
set.

Since UT = U~' and UUT = UU! = I, it also follows that the row vectors of an orthogonal matrix U
must also form an orthonormal set.

Rotation and reflection matrices are examples of orthogonal matrices.

Example 3.6.5. The matrix

3/VIT —1/V6 —1//66
U=1|1/v11 2/V6 -4/V66
1/vV11  1/v/6  7/66
is an orthogonal matrix. Note that
3/Vil  1/v1l 1/V11 3/V11 -1/v6 —1/V66
UTU=| —1/v6 2/v6 1VE || 1/VIT  2/V6 —4/V66
~1/v/66 —4//66 7//66 1/V11 1/v/6  7/V/66
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(9+1+1)/11  (=3+2+1)/V/66 (—3—4+7)//726
= | (-34+2+1)/V/66 (1+4+1)/6 (1-8+7)/v39% | =13 .
(=3 —44+7)/V726 (1-8+7)/v/396  (1+16+49)/66

Theorem 3.6.6. Let U be an orthogonal matriz, and let x,y € F™. Then
(Uz)- (Uy) =z -y,
that is, the matriz transformation x — Ux preserves inner products.

Proof.
(Uz)-(Uy) = (Uz) (Uy) = (2"U")(Uy) =2 (U V)y=2"y=2-y. 0

Since multiplication by an orthogonal matrix U preserves inner products, as a consequence, it also pre-
serves lengths, distances, angles, and orthogonality of vectors. For example, |Uz|| = ||| and dist(Uz, Uy) =
dist(x,y) for any vectors &,y and any orthogonal matrix U.

Definition 3.6.7. An isometry (or a rigid motion) is a function R : F™ — F™ such that dist(T'(x), T (y)) =
dist(x,y) for all ¢,y € F™.

Isometry, which translates as “same-measure” from Greek, are those maps that preserve distances and
lengths. Using trigonometry, necessarily angles are preserved too. Therefore, an isometry is exactly a
map which “moves” objects is the vector space without “distorting” them, that is, the image of a shape
will be congruent to the original shape. Linear isometries are exactly multiplication by an orthogonal matrix.

Example 3.6.8. The following graphic illustrates an example of an isometry. Note that the triangle on
the left is the original shape and the triangle on the right is its transformation. In this example, the original
triangle is rotated and translated, but the original shape is not changed. Note that the distances between
the three vertices is the same in the before and after images. Likewise, the angles are congruent between the
three angles in the before and after images. This illustrates an isometry.

A <</

Conversely, the second graphic illustrates a transformation which is not isometric. Again, the triangle
on the left is the original shape and the triangle on the right is its transformation. Note that the distance
between the three vertices is greater in the transformation (50% to be precise). Thus, the distance between
these three points increased, which makes the transformation not an isometry.

N\ —

On the other hand, the measure of the three angles is congruent to the original. This shows that a distance-
breaking transformation can still preserve angles. On the other hand, any distance preserving transformation
must also preserve angle meaures. [
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3.6.3 The QR Factorization

Theorem 3.6.9 (The QR Factorization). If A is an m X n matriz with linearly independent columns, then
A can be factored as A = QR, where Q is an m X n matriz with orthonormal columns and Col A = Col Q)
and R is an n X n upper triangular matriz with positive diagonal entries. In particular, R is necessarily
tnvertible.

The matrix @ is constructed by using an orthonormal basis provided by the Gram-Schmidt process, al-
though some columns might need to be scaled by —1 to guarantee that the diagonal entries of R are positive.

If A= @R, then it can be shown that R = [ (q;, a;) } , where g; and a; denote the columns of @) and A,
respectfully. With respect to the dot product, this gives that QT A = R.

1 0 0
1 1 0
Example 3.6.10. Let A = . By Example 3.6.2, {u1,us,u3} is an orthonormal basis for
1 11
1 11
Col A where ) ) ~ _
1/2 —3/V12 0
/2 1/V/12  —2/V6
Q = |: u; U U3 :| =
/2 1/V/12  1/V6
/2 1/V/12  1/V6
Let
100
1/2 1/2 12 1/2 2 3/2 1
1 1 0
R=QTA=| —3/y12 1/V12 1/¥/12 1/V12 =10 3/ViZ 1/V3
1 11
0 —2/v/6 1/v/6  1/V6 0 0 2/\/6
1 1 1
Therefore, A = QR. [

Suppose that A is nonsingular. Then it has a QR factorization, say A = QR. Then
A71 — (QR)fl — Rlefl — RleT.

Thus, finding the inverse of A comes to finding the inverse of a triangular matrix. While this is better, we
are not quite there yet.

Let us return to the solving of linear systems, namely solve Az = b. Again, using the QR factorization,
we have

Arx = b
(QR)x = b
Q' (QR)x = Qb
(QTQRz = Q'b
Rz = Q'b
So, since we can find the inverse of @ so easily, we need only to solve a linear system associated to an upper
triangular matrix, that is, a system in echelon form which we know is very simple by back-substitution.
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Combining these two algorithms, the QR factorization and back-substitution, we have now an algorithm
which is computationally faster than the Gauss-Jordan elimination (compute the RREF) which we saw ear-
lier. While challenging to do by hand, the QR factorization is utilized in many numerical linear algebra
applications.

Note that
AtA = [(ATA)_lAT]A = (ATA)_l(ATA) =1.

Hence, A' is a left inverse of A in this case. In the case that A is a square matrix (and hence nonsingular),
At = A71 If A= QR is a QR factorization of A, then

Al=(ATATAT = (QR)TQR) ' (QR)" =(RTQTQR)'R'Q" =(RTR)'RTQ" =R YR")'R'Q" =R'Q".

This last identity holds even when A is not a square matrix.
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Exercises (Go to Solutions)

For Exercises 1-5, compute the @ R-factorizations of the matrix.

0 -1 1 -1 4 2 1 2
Pl » 2.
1 3 1 3 a3 —4 4 0 1
A4
2 -5 3 4
1 2
11 1
N5 | 2 0 1
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“We can have exciting experiences as we learn about our vibrant, dynamic ancestors. They were very real,
living people with problems, hopes, and dreams like we have today.” — James E. Faust

3.7 Linear Dynamical Systems

We are often interested in predicting the future, and our only tool to do so is to look at the present (or
maybe also the past). Humans are really good as a species at recognizing patterns. We understand that when
a pattern is established its projection into the future can be an accurate prediction model. In mathematical
modeling, this pattern recognition and future projection is known as dynamical systems.

3.7.1 Dynamical Systems

Definition 3.7.1. A dynamical system (or Markov chain) is a sequence of n-vectors @1, s, 3, ... and
a sequence of functions f; : R™ — R” for t = 1,2, 3, ... such that

xir1 = fir(Te).

Each vector in the sequence is called a state. If x; is the current state, then x;_1 would be the previous
state and x; 11 would be the next state. The sequence of vectors &1, o, T3, ... is called the trajectory. The
functions f; : R™ — R"™ are called the transition functions for the dynamical system.

If we have a dynamical system and know the current state x;, as well as all the future transition functions
ft, fex1, fea2, - - ., then we can compute the future state 11, €112, ¢4 3, ... by iterating the above equation,
namely

Tip1 = fu(®e), Tevor = fir1(@ir1),  Teys = frra(Te2), .-

Thus, we can compute the future trajectory using the current state and the transition future. This is called
a simulation. Of course, the accuracy of this simulation comes from the measurement of the current state
@; (this can generally be found reliable so long as qualitative data collection methods were used) and the
future transition functions fi, fi11, fe+2 (generally, if a prediction is bad is comes from poor predictions on
the future transitions, as trends can change over time it can be very difficult to predict these functions far
into the future).

Example 3.7.2. As some examples of a dynamical system, let x; represent the current prices of several
stocks listed in a portfolio, which change regularly through any given trading day. The dynamical system
could measure the quarterly activities of companies, organizations, or sectors in an economy. Or x; could
denote the positions (or velocities, accelerations, etc.) of objects in some mechanical system. The system
could measure the distribution of certain demographics in a population that change over time. The concept
of a Markov chain is extremely broad and hence has wide applications. [

3.7.2 Linear Dynamical Systems

Definition 3.7.3. A linear dynamical system is a dynamical system where each of the transition functions
ft : R™ — R™ is itself a linear transformation. As such, the transition from one state to another can be
completed by matrix multiplication. If A; is the n x n matrix representation of f;, then

Ti41 = Atmt,

which is called the dynamic equation. The matrices A; are called the transition matrices. A linear
dynamical system is called time-invariant if A; = A for all ¢, that is, the current transition matrix does
not depend on the current time ¢.

Often in practice, a dynamical system does vary its transition matrices over time, but because it is
difficult (or impossible) to accurately predict the transitions far in the future it is common to simulate a
dynamical system as if it were time-invariant for a short time until new measurements can be made to update
the transition matrix.
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0.87 0.2 —0.09
Example 3.7.4. Let A= | _0.1 0.75 0.31 | be the transition matrix for a time-invariant dynam-

0.06 —-0.21 0.81
ical system. Suppose that z; = (2,0, —2) . Find x5 and 3.

Analyzing the transition matrix A, we could possible interpret it as possible percentage increases and
decreases based upon the current state. For example, the first entry in the next state is 87% of the first
entry, 20% of the second entry, and -9% of the last entry from the current state.

0.87 0.2 -0.09 2 1.74 —-0.18 1.92
o = Az = | —0.1 0.75 0.31 0= —-02-062 | =| —-0.82 |,
0.06 —0.21 0.81 -2 0.12 —1.62 —1.5
0.87 0.2 —-0.09 1.92 1.674 — 0.164 4 0.135 1.6414
xz3=Az2 = | —0.1 0.75 0.31 —-0.82 | = | —0.192-0.615—-0465 | = | —-1.272
0.06 —0.21 0.81 —1.5 0.1152 4+ 0.1722 — 1.215 —0.9276

The following graphic illustrates how the three entries @, namely z(t), x2(t), x3(t), vary over time as
0<t<50.

2071 —, — &t
15 "‘-,_\ i [I_T :|_2

\ E
14

05

00 N I e
05
04 N

-15

The following code is used to create the graphic above:

import numpy as np
x_1 = np.array([2,0,-2]) # initial vector of dynamic system
n = len(x_1) # this will be 3
T = 30 # total time (displayed on the x-axis)
A = np.array([[0.87, 0.2, -0.09], # transition matrix
[-0.1, 0.75, 0.31],
[0.06,-0.21, 0.8111)
x = np.zeros ((T,len(x_1))) # initialize dynamical system, starts with all zeros
x[0] = x_1 # set the first vector of dynamical system
for t in range(T-1):
x[t+1] = A @ x[t] # the dynamic equation x_{t+1} = Ax_t
import matplotlib.pyplot as plt # See Appendix for explanation of plt

for i in range(len(x[0])):
plt.plot(np.arange(T) ,x[:,i],styles[i],c=colors[i],linewidth=1nwth([i])

3 plt.legend ([’ (x_t)_1’,’(x_t)_27,°(x_t)_3"1]1)

plt.xlabel(’t’) -


https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/lineardynamic

3.7. LINEAR DYNAMICAL SYSTEMS 147

One can naturally generalize the dynamical equation x;y; = Azax;. First, the next state may depend on
multiple previous states, for example, (called a K-Markov chain)

Ty = Ay + Aoy + ..+ AT g4

It turns out that this situation can be made into a simple dynamical system by using block vectors. Let

Tt Ay Ay A - A Ag
T q I, O 0o .- 0 0
Ti_o o I, 0 --- 0 0
zZy = be a block Kn-vector and let A = be a block Kn x Kn
T3 0 o I, --- 0 0
Ti—K+1 0 0 0 s [" 0

matrix. Then

Alillt + A2$t_1 +...+ AI{mt_K+1

Azt = T

Lt—K+2

3.7.3 Control

It could be there are factors w; that affect the dynamics of x; that are not reported in the vector x; itself.
In this case, we can use the more generalized dynamical equation

Tip1 = Ayxy + Bug + ¢4,

where u; is some input m-vector, By is m X n input matriz, and c¢; is the offset n-vector. This can also be
turned into a simple dynamical system (assuming there are n X m, m x m, and n x n matrices Cy¢, Dy, E;) as

At Bt In Lt
Cy Dy E; Uy

0 0 In Ct

Example 3.7.5. Consider the linear dynamical system
Tyl = Ax; + Buy.

As we discussed, the input m-vector u; influences the dynamics of @;1, but what if u; is something that we
can control. In many linear dynamical systems, the input vector w, is a linear output of the state n-vector
x;, meaning there exists a m x n-matrix K such that

Uy = Kwt.

This situation is called state feedback control, and the matrix K is called the state-feedback gain
matrix. Therefore,
Tiy1 = A.’Bt + But = ACCt + B(Kmt) = (A + BK)a:f ||

Example 3.7.6. Consider a time-invariant linear dynamical system with equation x;y; = Ax;. Then

0 1 2
;= Iyxy = Ay, Tip1 = Azy = Az, Xypo = Axy = A(Axy) = A'xy,

Aziis = A(Aziyo) = Amyyq = A*(Azy) = Ay, g = Ay = A2xyig0 = ... = AFzy.
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Therefore, ;. = Arx;.
Imagine now the dynamical system has some input, say x;+1 = Ax; + Buy. Then

$t+2 = Awt+1 + But+1 = A(A:ct —+ B’U,t) —+ But+1 = Azil?t + AB’U,t —+ But+1,

Tt — Akmt + AkilBut + Akszut_H + ...+ AB'U,t_;,_k_Q + But+k_1
If we have state feedback control on u, that is, u; = Ka;, then ;41 = (A + BK)x; and
Ltk = (A + BK)kwt

This illustrates the power of having control over the input vector u;. [
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Exercises

the initial state xq, listed second.

1 3 1
1. ,

2 5 4
1 2 -3 —4 4
6 —1 3 2 —2

'S ,

—4 -2 -1 5 6

2 2 -5 3 9

[ 2

3
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(Go to Solutions)

For Exercises 1-6, compute the state vectors x1, €3, and a3 given the transition matrix A, listed first, and

4 2 6
3 -5 4
-2 )
4 2 3
3 -2 3
-1 2 -3
5 —4 3
-2 1 -2

—_

[\

w
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“Be dynamic, just like life. Innovate. Create. Explore. Never become stagnant.” — Akin Olokun

3.8 Applications of Linear Dynamical Systems

Understanding the dynamics of growth is crucial in various scientific fields, including ecology, epidemiology,
sociology, and economics, to mame a few. Linear dynamical systems provide a powerful framework for
modeling and analyzing such dynamic processes. In this section, we will explore a few eramples where a
linear dynamical system is employed to model the growth or decline of a “population.” We will see how
linear dynamical systems can be used for predictive modeling, allowing us to make informed predictions about
future population trends based on the current conditions.

3.8.1 Population Growth

Example 3.8.1. Let us consider a simple scenario involving population dynamics in two cities. City A has

a population of 800,000, and City B has a population of 500,000. The initial population vector would then be
800000

Ty = , where City A’s population is listed first, followed by City B’s population. Suppose further
500000

that every year, 20% of City A’s population moves to City B, and 10% of City B’s population moves to
City A. If these migration trends remain constant for 10 years, then the population changes can be modelled
using a linear dynamical system with population transition matrix given as

1-0.2 0.2 0.8 0.2
A= =

0.1 1-0.1 0.1 0.9

The following code is used to simulate this linear dynamical system for ten years:

import numpy as np

x_0 = np.array([800000,500000]) # Initial state vector [Population_A,Population_B]
A = np.array([[0.8,0.1], # Define the state transition matrix A
[0.2,0.911)

# Simulate the population dynamics for T years

T = 10 #number of years
x = np.zeros ((T+1,len(x_0))) #initialize linear dynamical system
x[0] = x_0

print (f"Year 0: Population A = {x[0,0]:.0f}, Population B = {x[0,1]:.0£f}")

> for t in range(T):

x[t+1] = A @ x[t] #the dynamic equation
print (f"Year {t + 1}: Population A = {x[t+1,0]:.0f}, Population B = {x[t+1,1]1:.0£f}")

which produces the output

Year O0: Population A = 800000, Population B = 500000
Year 1: Population A = 690000, Population B = 610000
Year 2: Population A = 613000, Population B = 687000
Year 3: Population A = 559100, Population B = 740900
Year 4: Population A = 521370, Population B = 778630
Year 5: Population A = 494959, Population B = 805041
Year 6: Population A = 476471, Population B = 823529
Year 7: Population A = 463530, Population B = 836470
Year 8: Population A = 454471, Population B = 845529
Year 9: Population A = 448130, Population B = 851870
Year 10: Population A = 443691, Population B = 856309 [

Example 3.8.2. Consider a dynamical system where x; is a 101-vector, where z;; denotes the number
of i-year-old people in a certain population, where x; = (4,0, T¢,1, Tt,2, - - - ,.’Et’997$t’100)—r (note that x¢ 100
encapsulates not just those people who are 100-years old but also all those over 100). Let ¢ then denote one


https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/taleoftwocities

40

3.8. APPLICATIONS OF LINEAR DYNAMICAL SYSTEMS 151

year of time. Thus, as ¢ transitions to t + 1, everyone who is i-years-old will then move into the (i + 1)-
years-old category. But, unfortunately, there might be some in this group who passed away in the previous
year. Therefore, some percentage is removed as it moves into the higher group. Also, some percentage of
the population will give birth to new members of the population, which will all be added into the newborn
group, that is, s = 0. With these considerations, the population dynamic would then be a linear dynamical
system with transition matrix

bo by by b3 ... bosg bgg b1oo
1—dy 0 0 0 0 0 0
0 1—d; 0 0 0 0 0
A= 0 0 1—dy 0 0 0 0
0 0 0 1—ds 0 0 0
0 0 0 0 .. 1 —dog 0 0
0 0 0 0 ... 0  l1—dg 1—do

where b; and d; are the birth and death rates, respectively, for i-year-olds in year t.

Let us consider the age distribution of the USA in 2010 using data from the US Census Bureau and
the US Center of Disease Control.! For simplicity, we will assume that the birth and death rates do not
change much year to year, which allows use to treat this as a time-invariant dynamical system. Therefore,
xo denotes the US population in 2010. Thus, x; is the US population in 2011, x5 is the US population
in 2012, etc. Using this dynamical system, we can estimate the US population for 2020 by computing 1.
Both the 2010 population and the predicted 2020 population are illustrated below.

/\\’_ — 2010
e 2020

qd49

Population {millions)
[ %)

AN

g -

0 20 40 £0 ] 100
Age

To find the total US population for ¢ years after 2010, we compute x; = Alxzy. To find the total popula-
tion, no longer stratified for age, we compute 1 - (A*xy) = (17 A¥)xy. Note that the US population in 2020
was 309 million and our projected 2020 population was 322 million. According to the US 2020 Census, the
2020 population is 330 million. !

The following code is used to solve this linear dynamical system:

import numpy as np

A= np.vstack((b, # Creates transition matrix A using the birth/death rates for each age
np.block ([np.diag(1-d[:99]) ,np.zeros ((99,2))1),
(1-d4[99]) *np.eye(1,101,99) + (1-d[100])*np.eye(1,101,100)))

i Another major contributor to the population dynamics that we choose to ignore in this model would be migration, that is,
some number of people moved into the population and some number moved out. This would be recorded in the u; part of the
dynamical equation as the rate of migration is not necessarily related to the current population vector x¢.

liSee https://www.cdc.gov/nchs/data/nvsr/nvsr61/nvsr61_01.pdf.

liiThe discrepancy mostly is due to our lack of consideration of immigration into the US.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/USpop
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year=2020 # The year on which to terminate the simulation

import matplotlib.pyplot as plt # See Appendix for explanation of plt

plt.plot(x) # Plots the values for 2010 (initial values)
5 for i in range (year-2010): # Using 2020, this loop will run 10 times.
x = A Q@ x
7 plt.plot(x,"--")

: plt.xlabel(’Age’)

plt.ylabel (’Population (millions)’)
plt.legend ([’2010°,str(year)])
plt.show ()

3 print ("2010 Population:",round(sum(P),1),"million")

print ("Predicted",year,"Population:",round(sum(x) ,1),"million")
print ("Actual 2020 Population: 329.5 million")

3.8.2 Infectious Spread

Example 3.8.3. The spread of an infestious disease can be modeled using a linear dynamical system.
Suppose that a disease is introduced into a population. After each period of time (maybe days or weeks), we
count the proportion of the total population that is infected, but we break it up into four infection states:

o Susceptible - These individuals are not currently infected but are capable of becoming infected by the
disease in the next state if they are exposed to the disease.

e Infected - These individuals are currently infected with the disease.

e Recovered - These individuals have had the disease, survived it, and now have immunity to the disease
and cannot infected again. This group also includes those who have been vaccinated against the disease
and thus also have immunity.

e Deceased - These individuals had the disease but did not survive it. They are removed from the pop-
ulation count because they passed away.

We will represent the current state x; as a 4-vector of percentages of the population in these four groups,
for example, x; = (0.75,0.1,0.1,0.05) " means that 75% of the population has not been infected but could
catch the disease, 10% currently have the disease, 10% have recovered and/or are immune to the disease,
and 5% have died from the disease.

We need to next consider how an individual migrated among these groups, which will lead to our tran-
sition matrix."”

e Assume 5% of the susceptible population acquires the disease each state.

e Assume 1% of the current infected populatoin dies from the disease by the next state. Likewise, 10% re-
cover and become immune, 4% recover but are still susceptible (that is, they did not acquire immunity).

¥In practice, a nonlinear dynamical system would be more accurate since it would be able to consider the infection rate
based upon the current percentage of infected individuals compared to the current percentage of susceptible individuals. Our
model also does not consider how the disease spreads and instead assumes that the susceptible will eventually become infected
at a constant rate.
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Under these assumptions, our linear dynamical system is time-invariant with the following transition matrix

095 004 0 O
0.05 08 0 O

0 010 1 O

0 001 0 1
Using the dynamic equation, ;1 = Ax; and the initial value o = (1,0,0,0) ", the diagram illustrates the

simulation for 200 days after the initial infection. We note that by day 100 the epidemic has essentially
stabilized toward 10% deceased and 90% immune.
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|
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\ L
D B 5 |II . . I,1-‘
\ . :
0.6 - '-.\ —— Susceptible
Yoo Infected
\ -+« Recoverad
0.4 A Deceased
07 F;fhh\\\\\
I'r - - - -"'\-u..__\_\_\_% .
ood © =

i) 25 50 75 100 125 150 175 200
Time £

The following code is used to solve this linear dynamical application:

I import numpy as np

N

3 T 200

np.array ([[0.95,0.04,0,0],

[0,0.1,1,0],
[0,0.01,0,111)

s x = np.zeros ((T,4))

» x[0] = np.array([1,0,0,0])

for t in range(T-1):

x[t+1] = A @ x[t]

3 plt.

import matplotlib.pyplot as plt
for i in range(len(x[0])):

plt.plot(np.arange(T) ,x[:,1i],styles[i],c=colors[i],linewidth=1nwth[i])
plt.xlabel(’Time t’)

legend ([’Susceptible’,’Infected’,’Recovered’,’Deceased’])
plt.show ()

3.8.3 Directed Graphs and Logisitics

Let I" be directed graph representing a network of stores selling a commodity. The vertices of I' are stores
1=1,2,3,...,n. Let the edges of T representing shipping lines between two stores (the direction of such an
edge is only referential, as in it does not matter which direction the arrow points). Let x; be the n-vector
recording the surplus each store has of the commodities, that is, x;; is the number of extra commodities
store ¢ has at time ¢. If a store needs some commodities, then z;; < 0. At each store, customers purchase
s+ amount of the commodity at time ¢, and s; denotes the sales vector for time ¢. Likewise, the amount


https://github.com/emisseldine/OpenLinear/blob/main/Chapter3/code/epidemic
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store 7 purchases more commodities from the wholesaler at time ¢ is p;;. Hence, p, denotes the purchase
vector for time t. We allow p;; or s;; to possibily be negative to account for possible returns. Certainly, as
x; transitions into x,y1, we add p, — s; to .

Definition 3.8.4. For a directed graph I with m verices and n edges, the incidence matrix¥ A is the
m x n matrix such that a;; = 1 when edge j points toward vertex ¢, a;; = —1 when edge j points from vertex
1, and a;; = 0 otherwise.

Example 3.8.5. Counsider the graph I'; illustrated below. Its incidence matrix is displayed below right.

Returning to the supply chain dynamic, let f, be the flow vector when f;; denotes the number of
commodities flowing along edge j. If f; ; > 0, then this indicates the flow is in the same direction as edge
j. If fi; <0, then this indicates the flow is in the opposite direction as edge j. If A denotes the incidence
matrix of the store network I', then

xTip1 =z + Afy + (P — 5¢)-

As stores have direct control on their purchases from the suppliers and shipping between the stores and have
no control on the amount the customers buys at time ¢, we actually treat —s; as the offset vector and the
block (m + n)-vector (f;,p;)" as the input vector. Then the dynamic equation becomes

I
v =hLze+ | A I, — St.

o

VThe incidence matriz introduced here should not be confused with the adjacency matriz introduced in Section ?7.
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Exercises (Go to Solutions)

For Exercises 1-1, compute the transition matrix A and initial state vector xq for the given linear dynamical
system.

& 1. The spread of a zombie infestation in the USA over a 12 month period, given that all humans in the
USA are at risk with an attrition rate of 10% each month. Assume everyone that dies, turns into
a zombie. Zombies do not ever become human again“' and humans manage to kill about 5% of the
zombies each month. The initial population of the USA is 330 million and there are initially 10 zombies.

2. In the decade 2010-2020, the US gained on average 1,063,000 immigrants per year. Assuming the
distribution of ages for immigrants entering the US was the same as those residents already living in
the US, estimate the 2020 US population using the same data from Example 3.8.2. How many 20
year-olds would the US have in 20207

ViNo warm bodies love story here.
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“Hypotheses are what we lack the least.” — Henri Poincare

4.1 The Least Squares Problem

4.1.1 Normal Equations

In the past, we have considered the matrix equation Az = b. We have learned how to determine if the
equation has a solution and how to calculate the solution set when it is consistent. But what about when
Ax = b is inconsistent? An inconsistent system has an empty solution set, but what if we really needed it
to have a solution? No amount of begging will change the fact that the matrix equation does not have a
solution. For example, what if we want to find a line that is incident to all of the below points. As these
points are not collinear, no such line exists. But is there a line that best fits the points, a so-called regression
line?

Regression Line

y=mx+Db

(zym + b=y
Tom + b= ys
x3m + b =y
lz,m + b=y,

d

\ 4
8

Instead of asking, “Is there a vector @ such that Ax = b,” we ask, “Is there a vector & such that Ax ~ b?”
By approximation, we mean to find a vector @ such that ||Ax — b|| is sufficiently small. This leads to the
least-squares problem.

Definition 4.1.1. If A is an m X n matrix and b € R™, a least-squares solution of Ax = b is a vector
Z € R™ such that
b — AZ| < |[b— Az|

for all x € R"

Note that if Az = b is consistent, then there exists a vector Z such that AZ = b and ||b— AZ|| = ||0]| = 0.
Thus, any solution is a least-square solution. On the other hand, if Ax = b is inconsistent, then the matrix
equation has no solution but must certainly still have a least-square solution. To find this least-squares
solution, let us change our focus. Why is the linear system inconsistent and who should be blamed for it?
Well, the vector b, sort of.

Let A be an m x n matrix and b € R™. Let & € R™ be a generic vector (treat « as a variable vector).
Then Az is a generic vector of the subspace Col A. Let b = projcg 4 b = bcooi(a)- Then

1b—bl| <[|b— Az|
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by the Best Approximation Theorem. Since be Col A, there exists some vector £ € R™ such that Az = E
Therefore, every linear system has a least-squares solution Z, which is a solution to the linear system Ax = b,
since for all  we have

16— Az|| < ||b — Az||.
Of course, we also have that the linear system Az = b is ALWAYS consistent.
Given any m x n matrix A, let projo, 4 : R™ — Col A be the orthogonal projection' onto the column
space of A, where b := projc. 4(b) for b. The orthogonal projection gets its name since Az = Az and

(b— 3) - Ax = 0 for all € R™ and b € R™. In other words, the orthogonal projection acts like the identity
to those vectors in the column space and the vector difference b — b is orthogonal to all vectors in_Col A.
This implies that AT(b —b) -z = 0 for all . As z is arbitrary, this can only happen if AT (b — b) = 0.
This further implies that ATb — ATb=0or ATb= ATb. Therefore, AT AZ = ATb. In particular, every
least-squares solution to Ax = b is a solution to the system of normal equations

ATAz = ATb. (4.1.1)

Theorem 4.1.2. The set of least-squares solutions of Ax = b coincides with the solution set of the normal
equations ATAZ = ATb.

Example 4.1.3. Find a least-squares solution of the inconsistent system Ax = b with

4 0 2

A=|0 2 |andb=| 0

1 1 11

We begin by constructing the normal equations:

4 0 2
4 0 1 17 1 4 0 1 19
ATA= 0 2|= ;. ATb= 0=
0 2 1 1 5 0 2 1 11
1 1 11
Thus, AT AZ = ATb becomes
17 1 19
xr =
1 5 11

Since AT A is invertible, we have

1
S AT N1 ATp _ _
r=(A"A) Ab——84 — . n

Example 4.1.4. Find a least-squares solution for

iSee Appendix E for more details on orthogonality.
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1100 -3
1100 -1
1010 0
A= and b=
1 0 1 0 2
1 0 0 1 5
10 0 1 1
6 2 2 2 4 6 2 2 2| 4 1 00 1 3
2 2 00 —4 2 2 0 0|—4 01 0 —-1|-5
ATA = . ATb= : ~
2 0 2 0 2 2 0 2 0] 2 0 01 —-1|-2
2 0 0 2 6 2 0 0 2| 6 000 0] O
Therefore, ) ) ) )
3 -1
N -5 1
€T = + x4 . L
-2 1
0 1

As illustrated in the last example, a least-squares solution need not be unique.

Theorem 4.1.5. Let A be an m x n matriz. Then the following are equivalent:
(i) The equation Ax = b has a unique least-squares solution for each b € R™.
(ii) The columns of A are linearly independent.

(iii) The matriz AT A is invertible.

In this situation, the unique least-squares solution has the form

z=(ATA)1ATb.

Corollary 4.1.6. Let A be an m X n matriz with linearly independent columns. Let A = QR be a QR
factorization. Let b € R™. Then the unique least-squares solution T € R™ has the form

Z=R1'Q"b.

4.1.2 Applications of Least-Squares

Let us consider some examples of least squares problems and their solutions. To analyze how good a least
squares solution is for AZ = b, we consider the residual vector » = b — Az. Specifically, we want
rms(r) = rms(b — AZ) to be small.

Example 4.1.7. Suppose a company is analyzing its advertisement strategy. Suppose the company ad-
vertises to m demographic groups or audiences. The company has a desired amount of views or impressions
that it wants members of those groups to experience. Say that vector t = (¢1,ta,...,t,,) is the target vector
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with regret to these impressions, where ¢; is the amount of views the company wants group 7 to see. To reach
these audiences, the company purchases advertisements in n different channels or media (maybe radio ads,
TV ads, web ads, print ads, etc). Let ¢ = (c1,¢2,. .., ¢y) be the cost vector for advertising in these different
channels, where ¢; is the amount the company pays to channel j for advertisement. Let V;; denote the
average number of views produces for group 7 in channel j, measured in views per dollar spent. These values

Vi; have been calculated by the company’s market research division. Let V = | v/ ; be the associated

m X n viewing matriz. For the company to acquire the targeted number of views ¢, they must solve the least
squares problem Ve = t. This is a least squares problem because this linear system may be inconsistent as
there may be no cost vector that perfectly produces the targeted average number of views in all audiences.
Of course, a least squares solution gives the company the best marketing strategy to meet its target.

For example, suppose the company wants to advertise to m = 5 audiences via n = 4 advertising channels.
Suppose that company want each of the audiences to have 600,000 views in the next advertising cycle, that
is, t = 6001. Finally, suppose

20 1.1 0.1 3.2
1.2 22 1.3 0.2
V=105 10 31 27 |,

3.1 04 24 12

1.1 1.1 22 23

where V;; is measured in 1000 views per $1, that is, the company expects to garner 2000 views in au-
dience 1 for each $1 spent for advertisting in channel 1. Solving the least squares problem using c =
np.linalg.lstsq(V, t, rcond = None) [0]. Then ¢ = ($95.02,$176.77,$65.20, $65.69). With this cost
vector, the views will be Ve = (601,601, 604,601,594), which gives a relative RMS error of 0.57% of the
target impressions. [
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Python Programming

Solving the least-squares problem Ax = b is similar to solving linear systems, in particular, we must solve the
normal equations AT Az = ATb. This would be easy to implement in Python, that is, np.1linalg.solve (A.T@A,
A.T@b), but easy than that is the command ¢ = np.linalg.lstsq(A, b, rcond = None) [0]. There are
multiple output to this function, but only the first output, the least-squares solution, is needed here.

Example 4.1.8. The code:

import numpy as np
V = np.array([[2.0,1.1,0.1,3.2],
[1.2,2.2,1.3,0.2],
[0.6,1.0,3.1,2.7],
[3.1,0.4,2.4,1.2],
[1.1,1.1,2.2,2.3]1])
t = 600*np.ones(5) #target impressions
= 375 #Budget
print ("Target Impressions in each Demographic Group =\n", t, "\n")

¢ = np.linalg.lstsq(V,t, rcond=None) [0]

print ("Expected Impressions in each Demographic Group =\n", [int(round(impress, 0)) for
impress in V@c], "\n")
; print ("Relative RMS Error = " + str(round(100*(np.linalg.norm(V@c - t)/mp.linalg.norm(t)) ,2)
) + "%\n\n")

c = lstsq_constraint(V, t, np.ones(4), B)
print ("Fixed Budget: Cost = $" + str(B) +"\n")

print ("Spending in each Channel = $", [round(cost,2) for cost in c], "\n")
print ("Expected Impressions in each Demographic Group =\n", [int(round(impress, 0)) for
impress in V@c]l, "\n")

solves the least-squares problem of Example 7?7 and produces the output:
Target Impressions in each Demographic Group =
[600. 600. 600. 600. 600.]
No Budget: Cost = $402.68
Spending in each Channel = $ [95.02, 176.77, 65.2, 65.69]

Expected Impressions in each Demographic Group =
[601, 601, 604, 601, 594]

Relative RMS Error = 0.57% u


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/advert_constraint
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Exercises (Go to Solutions)

For Exercises 1-9, compute the least square solutions for linear system.

3 0| 4] 1 0|3 1 12 1 12
L4 1]-1 A2 |0 1|4 312 1|6 411 2|2
| 8 3| -2 | 1 1)1 4 111 1 3|4
o 15 ] _o 1 3— [ o 0 2|2
511 =110 1 0] -2 1 -2 0 1
* 6.
|3 2|7 2 —1|-7 L 2 0 1] 0
1 0] -2 -1 1 2|-2
2 1 2|1
1 -2 —2] 6 _116_
8. 0O 2 —-8]|-8 9125
-4 6 2] 10 BRI
1 410

10. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear /blob/main/Chapter4/code/PythonHW /least.
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“Celebrate the idea that you don’t fit in. Find your own fit. Stay unique.” — Betsey Johnson

4.2 Data Fitting

Recall the problem of data fitting' (or interpolation), that is, given a mathematical model f(x) =
i, ¢ifi(x) where ¢; € R are scalars and f; are real-valued functions and given a set of m points (z1,y1), ..., (Zm, Ym),
can we find the missing coefficients cy, ..., ¢, so that the data fits into the model g. Substituting the points
in the formula of f(z) gives a linear equation in terms of the coefficients for each point (x;, y;) into the model
g:
cifi(wi) + cafo(zr) + .ot enfulz) = 01

cifi(we) + cafa(w2) + ..+ cnfulw2) = y2

lel(xm) + CQfQ(xm) + ...+ Cnfn(wm) = Ym
We previously considered the case where m = n. Of course, if m < n, then no unique function can be
determined, but often the case is that m > n, that is, we have more points than independent functions in
the model. If we imagine the set of points in a scatter plot, then there might not actually be a function that
perfectly fits the data. Of course, the least squares solution to this often inconsistent linear system offers
the best fit model.

In the case of a polynomial function, the general template would be f(z) = c,2"+...+ca2?+c1z+co. The
coefficient matrix for a polynomial interpolation takes on a special form, called a Vandermonde matrix:

3 2
zp - o2y oz a1 1
D - R |
V()= | a2 - 23 22 25 1
3 3 3 3
n 3 2
L xn xn .13” Ln 1 i

Example 4.2.1. Consider the following time se-

ries of the world’s annual petroleum consumption

from 1980 to 2013 measured in thousands of bar- eoooo
rels per day, as illustrated. While there is defi-
nitely some fluctuation illustrated here, the time
series very much resembles a line. Setting ¢ to de-
note the number of years since 1980, let p; denote
the average thousands of barrels per day for year 75000
t. Using the 34 x 2 Vandermonde matrix

BS000

E00O0

- - 0000
0 1
85000
1 1
0000
V=12 1/,
000 om0 1885 1580 1385 2000 205 2010
33 1

we solve the least squares problem Ve = p, giv-
ing ¢ = (1033, 56638). This means that the line of
best fit to this data would be y = 1033z + 56638,
which is also illustrated in the diagram.

iSee Section 2.4.1.
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The following Python code can be used to solve this example:

import numpy as np

#A 34-vector of the world annual petroleum consumption between

#1980 and 2013, in thousand barrels/day.

petroleum_data = np.array ([
63122, 60953, 59551, 58785, 59795, 60083, 61819, 63107, 64978, 66090,
66541, 67186, 67396, 67619, 69006, 70258, 71880, 73597, 74274, 75975,
76928, 77732, 78457, 80089, 83063, 84558, 85566, 86724, 86046, 84972,
88157, 89105, 90340, 91195 1)

n
A

len(petroleum_data)
np.array ([[k,1] for k in range(mn)]) #np.vander (range(n) ,2)

x np.linalg.lstsq(A,petroleum_data, rcond=None) [0]

import matplotlib.pyplot as plt

plt.scatter (np.arange (1980,2014), petroleum_data)

plt.plot(np.arange (1980,2014), A @ x, ’r’)

plt.show () =

Example 4.2.2. Consider the scatter plot of 100 points illustrated below.

06 - . @
LN ] .. - * * ¢
] .
AP
02 - e e
] o . °
or ol . .
001 o . -
. o, . ®
-0.2 * “. * “..
04 'ﬁ-o' “
L . .

-1.00 -0.75 -0.50 -0.25 000 025 050 O07F: 100

No line would fit the data very well, but a cubic polynomial, f(x) = c323 + c22% + c17 + g, might. To pursue
this, let « and y the set of x- and y-coordinates of this scatter plot, respectively. Let A be the 100 x 4%
Vandermonde matrix associated to . To find a cubic polynomial f(x) to fit this data, we solve the least
squares problem Ve = y, where ¢ is the coefficient vector ¢ = (c3, ¢2, ¢1, ¢p). Doing so, we get the polynomial

f(z) = 1.058122792% — 0.184691872% — 1.00704633x + 0.13590464.

The graph of y = f(z) is displayed below in the top left.

We can also use higher degree polynomials to attempt to fit the data better. After all, the higher the
degree of the polynomial the more turning points it can have. In the diagram, we compute the polynomial
interpolations using degrees 7, 13, and 23, respectively. In Python, the data fitting of a polynomial can
be streamlined using the command np.polyfit(x, y, n), where n is the degree of the polynomial to be
interpolated. This command will solve the associated least squares problem with coefficient matrix being the
associated Vandermonde matrix. Of course, the error is improved for higher polynomials, but not necessarily
by much. The RMS errors for each of these polynomial interpolations are, respectively, 0.1199, 0.1097,
0.1049, 0.1016, respectively.

liRecall that the degree of a polynomial c,z™ +. ..+ caz? +c1x+cp is the highest exponent of a term with nonzero coefficient.
When modeling polynomials of degree n, there are n + 1 coefficients to find, that is, ¢n,...,c2,c1,co. As such the number of
columns in the Vandemonde matrix will be n + 1.
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The following Python code can be used to solve this example:

1 import numpy as np
2
3 points = np.array([[ 0.6346537948227042, -0.250535626591850471],
103 x = points[:,0]
104y = points[:,1]
105
106 A = np.vander (x,3+1)
107 £ = np.linalg.lstsq(A,y, rcond=None) [0]
108
109 #Compute Polynomial Interpolates
110 degrees = [3,7,13,23]
111 polys = []
112 for n in degrees:
113 polys.append(np.polyfit(x,y,n))
114
115 #Compute RMS error
116 for g in polys:
117 print (np.sqrt(np.mean((y-np.polyval(g,x)) **2)))
118
119 #Graph Scatterplot
120 import matplotlib.pyplot as plt
121 plt.scatter(x,y)
122 plt.axis([-1,1,-0.7,0.7]1)
123 plt.show ()
124
125 #Graph Polynomials
126 t = np.linspace(-1,1,num = 100)
127
128 #f and polys[0] have the same graph
120 cubics = [f,polys[0]]
130 for i in range (2):

131 plt.subplot(1,2,i+1)

132 plt.axis([-1,1,-0.7,0.7])

133 plt.scatter(x,y)

134 plt.plot(t, np.polyld(cubics[i]) (t), ’r’)

135 plt.show ()

136

137 #Graph polys

138 for i in range(len(polys)):

139 plt.subplot(2,2,i+1)

140 plt.axis([-1,1,-0.7,0.7])

141 plt.scatter(x,y)

142 plt.plot(t, np.polyld(polys[il) (t), ’r’)

143 plt.show () n


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/cubicfit
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Example 4.2.3. Sometimes the correct model to use is a piecewise linear function.! Consider the scatter
plot of 100 points illustrated. There appears to be two turning points on the scatter plot, but otherwise the
function model appears to be very straight. This suggests that a piecewise linear model would be a better
fit than a polynomial model.
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Let ()4 = max(x,0). Let f be a piecewise linear function with cusps as = aj, as,...,a,. Then it can

be shown that f(z) € Span{l,z, (z — a1)+, (x — a2)4,...,(x — an)+}. Therefore, if x and y is the z- and
y-coordinates of the points in the scatter plot, then the piecewise linear fit of this data would be the least
squares solution to the linear system Ac =y where

1 21 (x1—a1)+ (v1—a2)y ... (z1—an)t
. 1 a2 (x2—a1)y+ (za—a2)y ... (z2—an)y
1 2y (m—a)+ (@m—a2)s+ . (Tm—an)+
For this scatter plot, there appears to be two cusps at a; = —1 and as = 1. We display below the piecewise

fit and the cubic fit of this scatter plot. The RMS errors of the piecewise and cubic regressions are 0.3213
and 0.3743, respectively. Thus, we see that the piecewise model was better for this set of data.
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The following Python code can be used to solve this example:

1 import numpy as np

2

3 points = np.array([[ -1.4683000758467482, -3.6948838397506325],

iWith our terminology, the more correct term would be piecewise affine.
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#rows of coefficient matrix associated to piecewise linear fit
piecewise_row = lambda x,

1)

#Solve least squares fit
cusps=[-1,1]

A =
SEA=

38 =

np.array ([piecewise_row(x[i],

cusps

np.concatenate (([1,x], [np.maximum(x-a, 0) for a in cusps

cusps) for i in range(len(x))1)

np.linalg.lstsq(A,y,rcond=None) [0]

np.polyfit(x,y,3)

#RMS Error
print (np.sqrt (np.mean ((y-AQf) *x*2)))
print (np.sqrt (np.mean((y-np.polyval (£3,x)) **2)))

#Graph Scatterplot
import matplotlib.pyplot as plt
ion ()
axis([-2.1, 2,
scatter (x,y)
show ()

plt.
plt.
plt.
plt.

_6’

-1.5])

#Graph piecewise linear and cubic fits

t =
yhat

np.linspace(-2,2,num

100)

np.array ([piecewise_row(x,cusps) for x in t])ef

functions = [yhat,np.polyld(£3)(t)]
for g in functions:

plt.
plt.
plt.
plt.

axis([-2.1,

2,

scatter (x,y)

plot(t, g,
show ()

Jr7)

-6,

-1.5])
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Exercises (Go to Solutions)
For Exercises 1-1, interpolate the function f(z) = a;a + a¢ through the given points.

a1l (0,1),(1,2),(2,4)

For Exercises 2-2, interpolate the function f(z) = a2 + a12 + ag through the given points.

A2 (-1,1), (0,0), (1,2), (2,5)

For Exercises 3-3, interpolate the function f(z) = asz® + agx* + aszd + agx® + a1 + ag through the given
points. A calculator or computer is recommended.

3. (=2,231), (—1,19), (0,5), (1,9), (2,19), (3,—169), (—1.5,100), (—0.5,20), (0.5,12), (2.5,0), (3.5, —25)

a2x2 + a1+ ag

For Exercises 4-4, interpolate the function f(x) = I —
2L 1T

through the given points. A calculator

or computer is recommended.

4. (-2,2), (-1,32), (0,2), (1,0), (2,0), (—1.5,12), (0.5, 22), (0.5, —22), (2.5,—4), (3.5,—2)


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/datafit2
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/datafit2
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“As long as men are free to ask what they must, free to say what they think, free to think what they will,
freedom can never be lost and science can never regress.” — Marcel Proust

4.3 Regression

4.3.1 Affine Regression

Of special importance is the affine function of the form 7" : R® — R. In this case, there exists a vector
a € R™ and a scalar b € R such that T(z) = a - « + b, a so-called affine functional. Of course, an affine
functional is just a linear functional with a possible translation by b. Note that b = T'(0) and a; = T'(e;) — b,
which demonstrates how to construct @ and b from 7.

In practice, mathematical functions are often used to approximate, estimate, predict, or forecast data
that perhaps is not already known. Among other applications, this can inform decision making in the
present to help plan for the future or help unravel mysteries of the past. This process of forming a function
to approximate data is called mathematical modeling. Naturally, linear and affine transformations are quite
common in modeling. The regression model is exactly that, a model of predicted data using an affine
transformation. Suppose that x is an n-vector of known data, called the regressors, and y is a quantitative
feature of this data which is unknown, called the outcome. Let § be our prediction (or estimate) of y.
Then the regression model of § with respect to & would be

y=a-x+b=axy+asxs+...+apx, +0b (4.3.1)

where a represents the weight vector (or coefficient vector) and b represents the offset (or intercept).
The entries of a then measure how strongly the entries of x affect the outcome y. When |a;| is large, then
x; has a large affect on y. When |a;] is small, feature z; has little affect on the outcome.

Example 4.3.1. The regression model is very interpretable when all of the features are Boolean. As a
simple example consider a regression model for the lifespan of a person in some group, with x; = 0 if the
person is female (z; = 1 if male), zo = 1 if the person has type II diabetes, and x5 = 1 if the person
smokes cigarettes. In this case, b is the regression model estimate for the lifespan of a female non-diabetic
nonsmoker; [ is the decrease in estimated lifespan if the person is male, 85 is the decrease in estimated
lifespan if the person is diabetic, and (3 is the increase in estimated lifespan if the person smokes cigarettes.
In this example, 5; < 0. Also, a more accurate model could be created by using more features than just the
three listed here. n

Example 4.3.2. As another example, let us consider the selling price of a house y, in thousands of dollars
(something that seller would really like to predict). The selling price of a home depends on lots of factors,
but for this example let us only consider two: x; is the area of the home (in hundreds of square feet), and
Zo is the number of bedrooms (number of bathrooms anyone?). A certain realtor, once upon a time, used
the following parameters to model the sales of home in Sacramento, CA:

a = (147.7251,—18.8534) ", b = 54.4017.

For example, a 1-bedroom 846 square feet 800
home sold for y = $115,000, and the model pre- 200
dicted the sale would be y = $161,000. For an-
other sale, a 2-bedroom 1324 square feet home
sold for y = $234,500, and the model predicted
the sale would be y = $212,000. The follow-
ing scatterplot shows the sales of 774 homes in
Sacramento, CA and compares them to the pre-
diction from this model. The diagonal line in- 200
dicates y = x, which would be the location of
any perfect prediction. Hence, the farther away a
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How does one find this regression model? To find this, we wish to solve the affine equation a-x + b=y,
which is equivalent to solving the linear equation (a1, as,b) - (x1,22,1) = y. As the data set produces an

overdetermined linear equation, we seek the least squares solution. Let X = | 2, x, 1 | bethe 774 x 3

matrix whose first column is the vector of all the areas of the sold homes and x5 is the vector of all the

aj

bedroom counts. Thus, we need to solve the least squares problem for X | 4, | = y, where y is the vector
b
of all the sales prices of these homes. Doing so, we discover the model mentioned above. [

Of course, multiple outcomes can be considered simultaneously with regression models. Suppose that
outcomes y1, Y2, ..., Ym are to be estimated using the n-vector . Then for each outcome y;, we seek a
prediction ¥;, which is determined by the regression model

Yi=a; z+b,

where a; € R™ and b; € R. If we stack these equations on top of each other, we can treat all estimates as a
single matrix regression model, namely

y=Axz+b,
where ¥ = (J1,¥2,-.-,9Um) ' is the prediction m-vector, A = [a; as---a,,]" is the m x n weight matrix
(or coefficient matrix), and b = (by,bs,...,b,) " is the offset m-vector. Therefore, the general affine

transformation T'(x) = Ax + b can be viewed as a system of regression models.

Let r = y — 7y be the residual vector (or error vector). This vector measures how good of a prediction
y was. Now, it is natural to adjust the regression mode T'(x) = Ax +b by replacing b with b+ avg(r)1. This
shifts the prediction by a factor of the average error between the prediction and actual data. This will have
the affect of de-meaning 7, and hence is a best practice. When avg(r) = 0, then necessarily rms(r) = std(r),
and hence standard deviation only is sufficient to measure the spread of r. Ideally, a better prediction would
be when the standard deviation is small. Another useful tool for measuring the efficacy of a regression model
is the correlation coefficient. Let

_ (y—avg(®)1) - (y — avg(y)1)
19— avg(@)1llly — ave(y)1]|’

where of course ¥ — avg(y)1l and y — avg(y)1 are the de-meaned versions of y and y, respectively. As good
prediction would find gy and y highly correlated (p close to 1). Note that adjusting the offset b will have no
bearing on std(r) nor p.

Example 4.3.3. Revisiting Example 4.3.2, we can compute statistics for the residual vector r. Namely,
avg(r) = $0, rms(r) = $74,845.72, std(r) = $74,845.72.

We next compute the Pearson correlation coefficient, namely, p = 0.7480599032761147, which arguably is an
indicator of a good (but not great) regression model.

The following Python code can be used to solve this example:

import numpy as np

#initialize data

D house_sales_data()

y D["price"]

X np.column_stack ((D["area"], D["beds"], np.ones(len(y))))

#preform least squares on the data
a_hat = np.linalg.lstsq(x,y,rcond=None) [0]
print (a_hat)

# parameters in regression model
a = a_hat[:-1] #np.array([148.7251, -18.8534])


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/homesale
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b = a_hat[-1] #54.4017
y_hat = lambda x: a @ x + b

#Evaluate regression model prediction

x1 = np.array([0.846, 1])

yl = 115

print ("y_hat = $" + str(int(round(y_hat(x1),0))*1000))
print("y = $" + str(int(y1%1000)), "\n")

# do it again, but with another sample house

x2 = np.array ([1.324, 2])

y2 = 234.50

print ("y_hat = $" + str(int(round(y_hat(x2),0))*1000))
print("y = $" + str(int(y1*1000)), "\n")

; predicted = a_hat @ x.T

r = D[’price’] - predicted # vector of predicted errors
print ("average = $" + str(round(np.average (r)*1000,2)))

print ("root mean square = $" + str(round(np.sqrt(sum(r**2)/len(r))*1000,2)))
print ("standard deviation = $" + str(round(mp.std(r)*1000,2)), "\n")

de_predicted = predicted-np.average (predicted)
de_y = D[’price’] - np.average(D[’price’])
print ("correlation = " + str(np.inner (de_predicted, de_y )

/np.linalg.norm(de_predicted)/np.linalg.norm(de_y)), "\n")

# Graphing

import matplotlib.pyplot as plt
plt.scatter(D[’price’], predicted, color=’b’)
plt.plot ((0,800),(0,800) ,ls=’--’, c = ’r’)
plt.ylim(0,800)

plt.x1im(0,800)

plt.xlabel (’Actual Price’)

plt.ylabel (’Predicted Price’)

plt.show ()

4.3.2 Auto-regressive Time Series
Definition 4.3.4. Let t = (¢1,12,...) be a time series. We say that ¢ is auto-regressive' if the next term
in the times series is approximated by the ¢ of its predecessors, that is,

tir1 = Cite + Coterr oo Coti—pi-

The number of terms £ is called the lag (or memory) of the time series.

An auto-regressive time series with lag ¢ can be computed using the least squares approach. Suppose we
have already collected the first T entries of &, that is, t1,%s,...,t7 is known, for T > ¢. Then for £ < i < T
we find the equation

tiv1 =c1t; +catio1 + ...+ coti—py1-

Then i i i i
7281 te ter te—2 - h
toto tet1 te te—r - b2 [ c1 |
toys tevo ter te 0 i3 C2
tw+1gqf: : = : : : . : C3
t; tici ti2 ticz oor tig
L ¢ |
| tr | | tr—1 tr—2 tr-3 -+ lry |

"'We note that an auto-regressive time series is a special type of linear dynamical system, where n = 1, that is, each vector
in the sequence is a scalar, and A; = ¢;.
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If T > 24, then we have enough equations to solve the least squares problem and find the coefficient of the
auto-regression.

Example 4.3.5. The following graph shows the hourly temperatures of the Los Angeles International
Airport on 1-31 May 2016 at 12:53 AM to 11:53PM, illustrated below left
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Temperature levels are generally auto-regressive, that is, the next hours temperature is computed using
the previous temperatures using a 24-hour lag. For this vector, there are 24(31) = 744 entries. Thus, £ = 24
and T = 744 > 48 = 2/, which implies that an auto-regressive model can be constructed using the least
squares method mentioned above. Doing so produces the auto-regression illustrated above right.

The following Python code can be used to solve this example:

import numpy as np

# Hourly temperature at LAX in May 2016 in a vector of length 31%24 = 744. Measurements are
hourly at 12:53 AM to 11:53PM.

np.array ([
len(t)

8 #lag

t[1l:] #first period removed, values to predict
np.array ([t[i:i+T-1] for i in reversed(range(1l))]).T
print (A)

coeffs = np.linalg.lstsq(A,y, rcond=None) [0]

y_hat = A @ coeffs

=< A
nowononn

#Graph Time Series

import matplotlib.pyplot as plt
plt.plot(range (24*31), t)
plt.xlabel (’Time (hrs)’)
plt.ylabel (’Temperature (F)’)
plt.show ()

plt.scatter (range (24%31), t)
plt.plot(range(1,24%31), y_hat[:24%31-11, ’r’)
plt.xlabel (’Time (hrs)’)

plt.ylabel (’Temperature (F)’)

plt.show ()

- plt.scatter (range (24*7), t[:24%7])

plt.plot(range(1,24%7), y_hat[:24%x7-1], °r’)

plt.xlabel (’Time (hrs)’)

plt.ylabel (’Temperature (F)?’)

plt.show () n

4.3.3 Periodic Regression

Definition 4.3.6. A function f : R — R is periodic if there exists some positive integer P such that
fl@+P) = f(z) for all z € R. The period p of f is the smallest positive integer p such that f(x+p) = f(x).
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Example 4.3.7. The functions y = sin(z) and y = cos(z) are both periodic with period p = 27. The

function y = tan(z) has a period of p = 7. m
Let us now consider a re- (10 0]
gression model on a time se-
ries t that deals with a peri- o1 0
odic behavior, that is, it re-
peats itself every p units of 0 0 1
time. Such a time series t is il- -
lustrated to the right. If P = 10 ...0 t
I, 01 0
ta
I.p ’ then ¢ — Ptlzp. If s is t= (tl,tg,...,tp,tl,tg,...,tp,...,tl,tz,...,tp) =
: 00 1
I, tp
a time series that is approxi- -
mately periodic, then a least Lo 0
squares solution to Px = s 0 1 0
provides an approximation to
the periodicity of s and can
be used to forecast the time series forward or backward. 10 0 ... 1]

Example 4.3.8. The following linear graph illustrates the number of miles driven by US drivers per month

from 2000-2014.1
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One can quickly determine a periodic behavior to the graph, that is, driving habits in summertime are
similar year-after-year. Similarly, wintertime driving is also very similar, although the amount of miles is
slowing progressing each year certainly due to an increased number of drivers year-after-year. The upward
progression suggests to us that there should be some linear component to the regression and the seasonal
behavior suggests a periodic times series. We are actually able to combine these two ideas.

Let t be the time series for the monthly mileage for US drivers from 2000-2014. Then t will be our
approximation of t. Note that ¢ = tinecar + tperiodic. Let ¢ be the coefficient vector associated to this
regression model. Then we must find the least squares solution to the system illustrated below right.

iJ.S. Department of Transportation, Bureau of Transportation Statistics, www.transtats.bts.gov.
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Of course, we can note that the first column
of this matrix is the sum of the last p columns ) }
and therefore is not necessary for solving the 1 1 10 ...0
problem (we prefer a matrix with linear indepen- 1 9 0 1 0
dent columns). Instead, we seek to find the least
squares solution to the system illustrated below
left. Solving this least squares problem, we ob- 1 p 00 ... 1]|r q
tain the following periodic regression to the vehi- . . . Co
cle mileage, as illustrated below right. P+ 0 .0
1 p+2 01 0 2
Co =1t.
1 2%p 00 1
Cp+1
1 N—1p+1 10 ... 0] P
I (N—1)p+2 0 1 ... 0
|1 Np 0 0 1]
- - 270000 - .
1 10 0 L] | h |
‘ [ ] ’ ‘ ' I [l j F ] 'l
2 0 1 0 260000 - L] i -
| |
2500001 | ‘ : rei |
p 00 1 H | .
i 7 240000 1 g l
p+1 1.0 ... 0 c1 ' ' | ‘
230000 1
p+2 0 1 ... 0 e o o | l ‘ '
=t. 220000 |
| . . ‘
24 00 .1 210000 .
Cp+1 [ L
L 2000001 » *
(N—Dp+1 1 0 ... 0 : , , , , . , ,
(N—Dp+2 0 1 ... 0 o 25 50 75 100 125 150 175
I Np 00 ... 1]

The following Python code can be used to solve this example:

import numpy as np

Vehicle Miles Traveled (VMT) (Millions)

US Dept of Transportation, Bureau of Transportation Statistics
www.transtats.bts.gov

15 x 12 matrix: monthly value for 15 years 2000-2014
np.array ([

H OH O ®

#Solve Regression Model

m = 15%12

A
b
X

np.
np.
np.

#Graph
import
plt.plot(range(m), b)
plt.show ()

column_stack ((range(m), np.vstack([np.identity(12) for i in range(15)1)))
concatenate (vmt)
linalg.1lstsq(A,b, rcond=None) [0]
Data

matplotlib.pyplot as plt

#Graph Periodic Regression
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36 plt.scatter (range(m), b)
37 plt.plot(range(m), A @ x, ’r’)
38 plt.show () n
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Exercises

177

(Go to Solutions)

For Exercises 1-1, use the data set below to construct the given regression model. Find the Pearson coefficient

between the predicted and actual data.

&1 (—1,1),(0,0), (1,2), (2,5); f(x) = azx® + a17 + ag

For Exercises 2-2, use the data set from Example 4.3.2 to construct a regression model as given. Find the
Pearson coefficient between the predicted and actual data. A calculator or computer is recommended.

2. y= alx% + (12.13% + ag3x1x9 + agxry + asxe + b

3. A golf coach is helping her player analyze how
clubhead speed at impact affects the distance
of the golf ball. The player hits several shots
and the coach records the following data (to
the right). The coach wants to create a linear
model y = aix + ag that can predict the ball’s
distance y (in yards) using the clubhead speed
2 (in mph). Compute this regression model
and use it to predict the distance of the ball
when the clubhead speed is 95 mph

Clubhead Speed (mph)

Golf Ball Distance (yards)

80 180
90 205
100 230
110 250
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“Before you look for validation in others, try and find it in yourself.” — Greg Behrendt

4.4 Validation

In the previous sections, we have seen examples of models being used to fit tightly to data and how these
models can be used to predict future data. The major problem we have is that while we can measure how
effectively the model fits the data in hand how can we measure how well the model predict new data? After
all, if we had the new data already we could measure the error between it and the prediction, but if we had
the new data why would we need a prediction? It is somewhat of a problem. The generalization of a
model is its ability to react properly to new data. When making a model, it is important that it has good
generalization. Surprisingly, a model with relatively small RMS error can have worse generalization than
another model with a worse RMS error. We will attempt to explain this phenomenon.

4.4.1 Out-of-Sample Validation

Validation is a strategy of using some of the observed data to build the model, called the training set,
and using the other data to verify the quality of the model, called the test set (or validation set). If the
prediction error on the test set is comparable to the training set then we can assume that the model has good
generalization. If the prediction error is worse on the test set than on the training set, then we can conclude
that the model’s generalization is poor. If new data is not significantly different from the already observed
data, then validation can be effective in predicting the generalization of the model. Of course, predictions
that depend of current trends that will evolve into new trends in the future indicate to us that even valida-
tion methods have their limitations. Even still, validation can be a valuable tool in data fitting computations.

n

When analyzing the prediction error of a model g(x) = Z ¢; fi(z), this error never worsens when another

i=1
function f,,11(x) is added to the spanning set of functions {fi, fa,..., fn}. After all, either the new function
fn+1 offers no new benefit to modeling the data, which would imply that ¢,4+1 = 0 and the extended model
of g is the same as if only the first n functions were used. More likely though, ¢,+1 # 0 and to some
degree f,+1(z) improves the prediction of data. Therefore, it is tempting to keep on adding more and more
functions into the spanning set of g to further improve the prediction error of g on the data. For example,
if one is modeling data using polynomial interpolation, then one can continue to increase of the degree of
the polynomial to reduce the prediction error and raise the correlation. We want to avoid this temptation
because of an anomaly known as over-fitting. Under-fitting is when too few functions are used to model
data causing the prediction error of the model to be very poor, that is, the model is too simple. Conversely,
over-fitting is when too many functions are used to model data causing generalization of the model to be
very poor, that is, the model is too complicated. Finding a balanced model requires minimizing prediction
error while still maximizing generalization. We describe two validation methods that do exactly this.

Out-of-Sample Validation is a validation method which places 80-90% of the data randomly into the
training set and the remaining 10-20% data into the test set. The regression model is made by using only
the training set. Then using the test set, which the model has “never seen,” we compute the prediction error
and compare it to the prediction error of the training set.

Example 4.4.1. Consider the 100-point data set that we considered in Example 4.2.2. This data is
illustrated below where now the training and test sets are indicated and were randomly selected. We
previously modeled this set using polynomial regression and we observed that the higher the degree of the
polynomial the better the fit to the data. Unfortunately, these higher polynomials over-fit the data. The
second diagram illustrates both the prediction error of the model on the training and test sets. We see that
the prediction error only goes down when higher powers are added to the model. On the other hand, the
prediction error on the test set dropped initially until n = 3 where it begins to raise. This indicates to us
that for this data set a cubic polynomial is probably the most generalizable model, that is, the cubic model
has the best chance of predicting new data. Those polynomials of degree less than 3 were under-fit to the
data while those polynomials of degree higher than 3 were over-fit. Thus, a cubic polynomial is really the
only balanced model, at least indicated by this test set.
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The following Python code can be used to solve this example:

import numpy as np
import matplotlib.pyplot as plt

np.array ([[ 0.6346537948227042, -0.25053562659185047],

1
3
4 training_set =
84 -0.4535170295993656] ,

test_set = np.array([[ 0.3751545125444873,
104 X = training_set[:,0]

105 y = training_set[:,1]

106 Xx_test = test_set[:,0]

107 y_test = test_set[:,1]

108

100 plt.ion()

110 plt.scatter(x,y, color=’b’, marker=’o’)
111 plt.scatter(x_test,y_test, color=’r’, marker=’x’)
112 plt.axis([-1,1,-0.7,0.71)

113 plt.show ()

114

115 d = 25

116 training_error = np.zeros(d)
117 test_error = np.zeros(d)
118 for n in range(1,d+1):

119 f = np.polyfit(x,y,n)
120 training_error [n-1] =
test_error[n-1] = np.linalg.norm(np.polyld(f) (x_test)

- y)/np.linalg.norm(y)
- y_test)/np.linalg.norm(y_test)

np.linalg.norm(np.polyld(£f) (x)

; print (test_error [2], "\n")

12

122

12:¢

124 plt.ion()

125 plt.plot(range(1,d+1), training_error, ’b-o’, label = ’Train’)

126 plt.plot(range(1,d+1), test_error, ’r-x’, label = ’Test’)

127 plt.xlabel (’Degree’)

128 plt.ylabel(’Relative RMS error’)

120 plt.legend ([’Training Set’, ’Test Set’])

130 plt.show() -

Example 4.4.2. Next, we generated a new set of 100 points that resembles the set from the previous
example, illustrated below with the training and test sets indicated. If we attempt to model this data via

polynomials like the previous one, we see a similar analysis. Having higher and higher degrees improves the
prediction error on the training set, but worsens the ability to generalize. For this data, there appears to
be a much larger range of balanced models, but the sextic polynomial (n = 6) appears to have the best
generalization as it has the lowest prediction error on the test set. We also note that the relative RMS error
of the sextic model on this data set is lower than the relative RMS error of the cubic polynomial from the
previous data set, approximately 43% versus 53%. Therefore, we have higher confidence that this sextic
model will generalize better than the previous cubic model.
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The linked Python code can be used to solve this example. Note that it is identical to the previous
example except for the data set. m

Example 4.4.3. Consider the 100-point data set that we considered in Example 4.2.3. This data is
illustrated below where now the training and test sets are indicated and where randomly selected. We
previously modeled this set using piecewise linear and cubic regressions, and we observed that the piecewise
regression appeared to have a better fit. Frankly, both of these models fit very well. The relative RMS error
for the piecewise linear regression is 8.5% and 8.2% on the training and test sets, respectively. The relative
RMS error for the cubic regression is 9.8% and 9.8% on the training and test sets, respectively. Therefore,
both models have great generalization, but the piecewise linear regression did fit the data better.

-2.0 i
25 o d
S
30 . .‘:.. . .:
o Ve, d
35 [ ] . .. ¥
g% e 334 e

4.0 * Feo ’..

. 2% g0 x D
> % e
S04 4 v ®
-55 . Lo

—2‘.0 —].I.S —].I.D —0‘.5 DICI DIS 1‘0 1‘5 2‘0
The following Python code can be used to solve this example:

import numpy as np
import matplotlib.pyplot as plt

training_set = np.array([[ -1.4683000758467482, -3.6948838397506325],
test_set = np.array([[ 0.16924755009871761, -3.837131660800567],

X = training_set[:,0]
y = training_set[:,1]
Xx_test = test_set[:,0]

y_test = test_setl[:,1]

plt.ion ()

plt.scatter(x,y, color=’b’, marker=’o0’)
plt.scatter(x_test,y_test, color=’r’, marker=’x’)
plt.show ()

#least square fitting

piecewise = lambda x, cusps : np.concatenate(([1,x], [np.maximum(x-a, 0) for a in cusps]))

cusps=[-1,1]

A = np.array([piecewise(x[i], cusps) for i in range(len(x))])

f = np.linalg.lstsq(A,y,rcond=None) [0]

print (£)

print ("relative training error (piecewise) =", np.linalg.norm(f[0] + f[1]*x + f[2]*np.
maximum (x+1,0) + f£[3]*np.maximum(x-1,0)-y)/np.linalg.norm(y))

print("relative test error (piecewise) =", np.linalg.norm(f[0] + f[1]l*x_test + f[2]*np.
maximum(x_test+1,0) + f[3]*np.maximum(x_test-1,0)-y_test)/np.linalg.norm(y_test), "\n")

£f3 = np.polyfit(x,y,3)

5 print("relative training error (cubic) =", np.linalg.norm(np.polyld(£3)(x)-y)/np.linalg.norm
(y))

; print("relative test error (cubic) =", np.linalg.norm(np.polyld(£f3)(x_test)-y_test)/np.
linalg.norm(y_test), "\n") =

While it is generally best to select a random subset of the data to form the test set, this can lead to
bias in the case of time series. Unlike an arbitrary data set, the elements of a time series are sequential and
must be considered in that correct order. If a random subset is selected from the time series to form the
training set, then likely elements will be chosen from all across the time period, including points near the
end of time series. New data added to the time series will necessarily be added at the end of the time series
(or potentially at the beginning of the time series). Therefore, building a model using data across the whole
series will give the model some sense of the future and improve its ability to predict values near the end of the
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N

40

7 print("relative training error (time series) =",
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series but artificially inflate any perception that it is generalizable. As such, when running an out-of-sample
validation on a time series model, it is best to select the end of the time series to be the test set. Removing
the end-of-series data will prevent the training set from “knowing” this simulated future. In this way, any
good prediction on the test set would suggest that the model generalizes well to actual, unknown data.

Example 4.4.4. Counsider again the hourly temperature (in Fahrenheit) measured as the Los Angeles
International Airport during May 2016, seen in Example 4.3.5. We originally used the least squares method
to compute an auto-regression of the time series with a lag of £ = 8 hours. Using the out-of-sample validation
method, we select the end portion of the time series for our test set. As the data covers a whole month, we
will select the last week of May as our test set, that is, 25-31 May. This leaves 1-24 May for the test set. The
auto-regression is computed the same as before but now only using the first three weeks, which obtains the
coefficients of the auto-regression. Using these coefficients, the last week of temperatures can be computed
recursively. The relative RMS error for the auto-regression on the training set is 1.66%, and the relative
RMS error on the test set is 1.57%. Therefore, a hourly temperature time series is effectively modeled using
an auto-regression.
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The following Python code can be used to solve this example:

import numpy as np
import matplotlib.pyplot as plt
744 .

# Hourly temperature at LAX in May 2016 in a vector of length 31%24 = Measurements are

hourly at 12:53 AM to 11:53PM.

t = np.array ([
1 = 8 #lag
end = 576 #= 24 days x 24 hours
y = t[l:end]
y_test = t[end:]
3 A = np.column_stack([t[i:i-1+end] for i in reversed(range(1l))])
coeffs = np.linalg.lstsq(A,y, rcond=Nomne) [0]
5 A_test = np.column_stack([t[end-1+i:i-1+len(t)] for i in reversed(range(l))])

np.linalg.norm(A @ coeffs -y)/mp.linalg.
norm (y))

print("relative test error (time series)
linalg.norm(y_test), "\n")

, np.linalg.norm(A_test @ coeffs-y_test)/np.

plt.
.plot(range(l,end), y,

plt

plt.
plt.
plt.
plt.

ion ()

plot (range (end, len(t)
xlabel (’Time (hrs)’)

color=’b’)
), y_test,

ylabel (’ Temperature (F)’)

show ()

color=’r’,

linestyle

=2--2)

4.4.2 Cross-Validation

The main drawback of out-of-sample validation is that with only one random sample we might get the false
assumption of generalization (or lack of it). Cross-validation is a stronger validation method that employs
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multiple randomization. First, a random partition is assigned to the data X with IV different groups, called
folds, of approximately the same size. Typically, N = 5 or 10. For each fold F, we run an out-of-sample
validation where F' is the test set and X ~ F' is the training set. Thus, there will be N models with N
prediction errors at the end of the process. Good generalization will occur when all the models created
are approximately the same and each of the prediction errors are likewise approximately the same. If the
model is determined accurate and generalizable, then one of the similar models is selected (likely the best
performer) or an average of all the models is used instead.

Example 4.4.5. Consider the regression model for home prices in San Francisco. We will run cross-
validation against the data set to verify the quality of our regression model. The data is randomly put
into 5 folds of approximately 154 points each. The following table shows the coefficients of the model
Y = a1x1 + asws + b constructed using fold & as the test set and its associated prediction errors.

k ay as b Training Error | Test Error
1 || 145.18603792 | -18.92044941 | 59.19140685 0.2995637 0.26981602
2 || 150.83141088 | -15.98823261 | 43.02502977 0.28923148 0.31347337
3 || 149.11722641 | -15.80113893 | 42.75642007 0.29043393 0.30586853
4 || 145.37314336 | -24.62709541 | 78.3829534 0.29109469 0.30672883
5 || 152.40344709 | -18.75549071 | 49.22418284 0.2948938 0.28810665

We see that each model is quite comparable to the first model we construct for this data. Likewise, the pre-
diction errors are each from 29%. The consistency we see from this cross-validation supports our assumption

that this model will remain with about 29% prediction error on any new housing data.
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The following Python code can be used to solve this example:

import numpy as np
import matplotlib.pyplot as plt

#cross validate the linear system Xc = y
def cross_validate(X,y,folds=5,display=False,label="Data",lower_x=0,upper_x=10,lower_y=0,

upper_y=10) :

plt.ion()
m,n =
partition

X.shape
np.array_split(np.random.permutation(m),folds)

800

#randomly splits the data

into (roughly) equal number of folds and represents this partition as a set of set of

indices.

The default number of folds is 5.

600

700

80O


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/cross_validate

4.4. VALIDATION 183

D

Y
X =

c,

¢ = np.zeros((folds,n)) #initialize the regression models. c[k] is the coefficient
vector for the model generated when partition[k] acts as test set
training_error = np.zeros(folds) #initialize the training errors. training_error[k] is
the training error for the model cl[k].
test_error = np.zeros(folds) #initialize the test errors. test_error[k] is the test
error for the model cl[k].
for k in range(folds):
test_index = partition [k] #set of indices for current test set
training_index = np.concatenate(partition[:k]+partition[k+1:]) #set of indices for
current training set
a = np.linalg.lstsq(X[training_index],y[training_index],rcond=None) [0]
c[k] = a #create model c[k] using least squares
training_error[k] = np.linalg.norm(X[training_index] @ a - y[training_index])/np.
linalg.norm(y[training_index]) #compute training error of c[k]
test_error[k] = np.linalg.norm(X[test_index] @ a - y[test_index])/np.linalg.norm(yl[
test_index]) #compute test error of cl[k]
if display: #display visualization of cross-validation if requested
plt.scatter (y[training_index], X[training_index] @ a, color=’b’, marker=’0’)
plt.scatter(y[test_index], X[test_index] @ a, color=’r’, marker=’x’)
plt.plot ((lower_x ,upper_x),(lower_y ,upper_y) ,ls=’--’, c = ’r’)
plt.ylim(lower_y ,upper_y)
plt.xlim(lower_x ,upper_x)
plt.xlabel (f"Actual {labell} (k= {str(k+1)})")
plt.ylabel (f"Predicted {labell}")
plt.show ()
return c,training_error,test_error
house_sales_data()
D[’price’]
np.column_stack ([D[’area’],D[’beds’],np.ones(len(y))])

train, test = cross_validate(X,y,display=True,label="Price",upper_x=800,upper_y=800)

print (C, "\n\n", np.column_stack((train, test))) -
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Exercises (Go to Solutions)

For Exercises 1-1, use the data set from Example 4.3.2 to cross-validate a regression model as given. Find
the average prediction error with 5 folds. A calculator or computer is recommended.

1. y= ala:% + agx% + as3x1x9 + agxry1 + asxe + b
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“One new feature or fresh take can change everything.” — Neil Young

4.5 Feature Engineering

4.5.1 Linear Features

Data is simply recorded observations, but not all the data recorded from an observation is necessarily mean-
ingful though. For example, facial recognition software will look at photos and these pictures may have lots
of attributes such as furniture, animals, floral patterns, just to name a few possibilities. But the only portion
of a picture that is of any relevence to the software is a human face. This meaningful, relevant attribute
in the data is called a feature. For facial recognition software to be effective, it has to be able to identify
this feature among all the attributes of the observation. The only pixels that matter, in this case, are those
pixels belonging to faces.

n
Features become meaningful to a mathematical model g(z1,...,z,) = Z fi(z1,...,z,) based upon the
j=1
functions f; in play. For a fixed list of attributes 1, 2, ..., &i—1, Tit1, ..., Tn, if fi(@1, ..., Tic1, i, Tig1, .., Tn)

remaining contants (or approximately constant) as x; varies, then the attribute z; is not a feature of f;.
Likewise, if x; is negligible to all the functions f;, then z; will negligible to g too. Thus, the functions f; we
choose to build the model g from are of the utmost importance. Adjusting the functions f; in the model g
to capture specific attributes from the data set is known as feature engineering.

The term “engineering” here suggests that the practice is as much an art form as it is a science (if not
more), as good engineering occurs when creativity and inspiration are coupled with sound scientific, logical,
and quantitative reasoning. Thus, there is no algorithm available to tell someone how to effectively engineer
features, but we can still list in this section some common best practices for feature engineering while also
alluding to some more advanced techniques.

Keep your model simple. Adding new functions to the model can lead to over-fitting. Often, fewer
features may be even better. If fewer features are adequate for the prediction, a simpler model is preferred.

Make your model be at least affine. It is a good practice to include in your list of functions
flx1,...,x,) = x;, that is, the function which reports attribute z;. Likewise, the constant function
flx1,...,2z,) = 1 is wise to include. If we do not include any other base functions in the model, then
g will be exactly the affine regression model we introduced before. This allows for each attribute x; to have
some potential to affect the prediction . Of course, in the least squares solution the coefficient of x; may be
zero (or approximately zero), which indicates that z; is a poor predictor of y. It should probably be omitted
from the basis of g in that case.

It is a good practice to compute the Pearson correlation coefficient p; between the dependent variable y
and the potential predictor z;. If p; is far from 0, then z; likely should be a feature of the model. If p; is
close to 0, then z; is likely an atrribute to be omitted. Be careful though. The Pearson coefficient measures
how closely there is a linear relationship between y and x;. If there is a nonlinear relationship between y and
x;, then p; may not measure this well. Of course, we need to consider the possibility of nonlinear features
too, but we will address this below.

Example 4.5.1. In Example 4.3.2, we considered the housing data from Sacramento of 774 home sales.
The original model used only the features x; measuring area and xo measuring the number of bedrooms.
The data set has other attributes too, such as x3 which is the number of bathrooms, x4 which is a boolean
characterizing if the home is a condo or not, and x5 which indicates the location of the home by ZIP code.
We calculate the Pearson correlation coefficient p; for each of these attributes, as illustrated below:

p1 = 0.7418072776132951, po = 0.45812908393973756, p3 = 0.5213758700245009,
pa = —0.18135729526643038, p5s = 0.1532960368118083
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We see that z; and y have a very strong correlation at 74.2%. Certainly, square footage contributes to
the price of a sale and x; should be part of the model. The number of bedrooms and the number of bath-
rooms appear to have a decent correlation on the sales prices, at 45.8% and 52.1%, respectively, although
the correlation is not as strong as x1. Lastly, x4 and x5 have very little correlation with y, at —18.1% and
15.3%, respectively. As such, we will omit 24 and x5 from out model.

We will update our model for predicting y to be
Y=a1x1 + asxs +azrs+b=a-x+b.

Running cross-validation on this updated model gives the following analysis:

k ay as as b Training Error | Test Error
1 || 149.14976263 | -20.06167042 | 3.52500147 | 49.98032155 0.29429803 0.29069453
2 || 146.79534495 | -18.17443456 | -3.75956933 | 61.25857165 0.28358244 0.32682492
3 || 148.13534402 | -18.58382705 | 0.28979069 | 54.84480212 0.30257374 0.25704957
4 || 150.25562178 | -20.08621302 | -1.09045356 | 57.94051249 0.29134644 0.30221601
5 || 151.04077182 | -16.78872085 | -2.37554322 | 49.97373785 0.29437691 0.28978581

We note that the coefficients a; and b made hardly no change, and the prediction error likewise has no
significant improvement. The coefficient of 3 is relatively small and appears to have been siphoned off from
as. Why was there no improvement by adding an attribute with 54% correlation?

It actually begs to reason that the number of bedrooms and bathrooms are correlated. After all, the more
people living in the same home will benefit from an extra bathroom. A quick check shows that p = 64.2%.
So it appears that the contribution of x3 on y was already felt from x5. Thus, for the sake of simplicity, we
elect to not incorporate x3 as a feature of our model.

Of course, it also seems quite reasonable that the number of bedrooms is also correlated to square footage.
After all, an extra room adds more area to the home. The correlation coefficient here is p = 70.9%. Thus, it
seems reasonable that the feature z; is already accounting for the contribution of x5 toward y (which might
account for the change negative coefficent attached to xs). Cross-validation gives the following analysis:

k aq b Training Error | Test Error
1 || 131.27174687 | 22.04230353 0.29705149 0.29453812
2 || 133.51133127 | 16.37652548 0.28217656 0.34462785
3 || 128.72205099 | 23.03196748 0.30274665 0.27459174
4 || 128.89742073 | 23.57078658 0.29973978 0.28409358
5 || 134.94442009 | 18.10311033 0.29958309 0.28302047

Thus, we see that the attribute z; alone can maintain the same level of accuracy and generalization as

including zo and x3. Therefore, z; is the only feature to predicting y found in our data set.

So far, we have only considered the raw data.
to discover features. This could involving standarding the data, using the function f(xq,..

x; —avg(x;)1
Std(ﬂ')i)

dardizing data into z-scores is often important to eliminate bias between two attributes that may exist in
very different ranges. Since z; € Span{1, z;}, standardization is not needed for a purely affine model. When

Sometimes it is important to transform the data

, where z; is the variable attribute and «; is the vector listing all the ith attributes. Stan-

.,CC”) = Z; =
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nonlinear features are used however, it might be necessary.

Another type of data transformation that may be appropriate is clipping or so-called winsorizing'. This
could involve restricting the data set down to a smaller, more feasible window or the removal of outliers and
other irregular points.

Lastly, even with a standardized and pruned data set, it might be appropriate to change the scale of
the data. For example, the magnitude of a single earthquake can easily be million of times larger than
another earthquake. Thus, the Ritcher scale employs logarithms to shrink the range of possible earthquake
intensities so that they differ by a more palatable amount. Decibels and pH work on a simlar logarithmic
scale, which are useful in measuring quantities that range by factors. On our typical scale, called a linear
scalar, the amount between two markers is a common difference'’. The amount between two markers on a
logarithmic scale is instead a constant ratio'l. By default, an attribute lies on a linear scale, but these should
be modified to a logarithmic scale or some other scale when appropriate.

4.5.2 Boolean Features

An attribute is quantitative if it is acquired by measuring or counting something in the observation, such
as length or mass. Conversely, an attribute is qualitative if it is not quantitative but instead represents
some category, such as color, location, or gender. Now qualitative data can sometimes be represented using
numbers, such as a ZIP code, home address, or identification numbers, but these are still categorical labels
with no arithmetical interpretations (it does not mean anything to add or multiply together ZIP codes).
A Boolean it a great example of a qualitative variable ( or ) often expressed numerically ( or

). Quantitative variables work well with mathematical modeling because arithmetic to them is meaningful.
Numerically represented qualitatives do not have this same characteristic, or at least not without some mod-
ification. A Boolean in a model can work well to add a fixed amount (if an affine model is used) when the
property is present but otherwise add nothing when the property is absent. By nature, qualitative variables
have to do with grouping. To treat general qualitative variables, it is useful to seperate the categories into

a sequence of Booleans, where the sequence is one shorter than the number of categories, where a for
one term in the sequence means the assignment belongs to that group and no other. Thus, only one
can appear for that qualitative variable. A full sequence of ’s means that the assignment is none of

the listed groups but instead the one group not listed (the so-called default group). This is called one-hot
encoding (or Boolean encoding).

There are also variables which can be both quantitative and qualitative. For example, the age of a patient
is a quantitative variable as one’s age does measure the passage of time and has (limited) arithmetic meaning,
but it is also qualitative as people of similar ages often have similar life styles and health problems. If age is
treated as a quantitative variable in an affine model, then increasing by one year from 10 to 11 would add
the same health risk as someone else ageing from 90 to 91, which seems a little absurd.

Example 4.5.2. Let us engineer the features of our housing model one more time. The attributes x4 and
x5 are qualitative and need to be treated as such. The fact that they are qualitative variables is proba-
bly why their correlation to y appeared weak. Attribute x4, about condo status, is already Boolean and
needs no further adjustment. Attribute x5 measures location using ZIP code and should not be treated
as a quantitative variable, as we did in Example 4.5.1. We will put the homes into four geographic re-
gions based upon their location in Sacramento. As such, we will introduce three Boolean features fi, fo,
and f3. Now, fi(xs5) measures if ZIP code x5 belongs to Region 2 or not, fa(x5) measures if x5 belongs
to Region 3, and f3(x5) measures if 25 belongs ot Region 4. If all f;(x5) are zero, then x5 belongs to Region 1.

Let us retry this problem using now the model

y=>b+airy +aswy +cyfi(xs) + cafo(ws) + c3fa(ws).

The table below shows that cross-validation:

INamed after the statistician Charles P. Winsor.
"The markers on a linear scale increase according to an arithmetic progression an = an—1 +d = ag + nd.
MThe markers on a logarithmic scale increase according to a geometric progression an = an—17 = agr™.
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Test Error

‘ k H b ay ay 1 Co c3 Training Error

1 || 120.05635254 | 132.45611038 | -17.82572442 | -107.55011792 | -112.16156981 | -20.38412996 0.26684814 0.29135667

2 || 158.97942651 | 129.94245959 | -11.15840699 | -140.48560006 | -154.90440744 | -66.34690236 0.26610289 0.29774069

3 || 123.41872796 | 127.94969393 | -8.84184287 | -102.76951829 | -110.26003395 | -27.67786271 0.28002255 0.23084926

4 || 119.54238656 | 124.47041402 | -13.45212348 | -95.41936397 | -103.28114617 | -16.44893687 0.27157587 0.26999142

5 || 122.13039391 | 122.76230931 | -11.44654728 | -96.78950007 | -102.9321835 | -12.16266847 0.26713546 0.28697731

Thus, this new model improves the prediction error from about 29.3% to 27%. [

4.5.3 Nonlinear Features

Next, we mention that often we have to create new features. This generally means enlisting nonlinear
functions on the attributes x1, ..., x,, but this can also include other creations, such as replacing a qualitative
feature of n groups into n — 1 Boolean features, as discussed above. While we do not have space to exhaus-
tively discuss all the reasons one might include certain nonlinear features, we can at least offer some intuition.
In the case of data fitting, the functions we used were often supported by the “shape” of the data. This is
easy to visualize for univariate data as it is 2-dimensional and can actually be seen. Higher dimensions are
much more difficult to visualize, but some analogous notion of shape can also be wrangled in these contexts,
although these geometric notions take us beyond linear algebra. But two notions we can briefly discuss here.
The graph of a linear (or affine) map is, by virtue, flat and has no curvature. Higher exponents, such as % or
x5, do have curvature. A piecewise linear functions, such as (r3—a), while still flat locally, may have turning
points, which allows it to fit data better than just a straight linear model. Thus, some allowance of curvature
may be better at prediction. For example, if a feature z; seems to affect the prediction differently beyond
a certain amount a, then it makes sense to add the nonlinear feature (x; —a)y to account for this benchmark.

Nonlinear features can also possibly capture the influence of interactions, for example the feature x;z;.
If x; and z; are both Boolean variables, then z;z; is only 1 when both attributes are present. Their combi-
nation then has an oppurtunity to influence the prediction.

Example 4.5.3. It is conjectured that the area of a home above 1500 has a different affect toward the
price than those below 1500 square feet. Thus, we add the feature (x; — 1.5)1 to our model and run cross-
validation, which produces a relative prediction error still around 27%. We see no benefit to the piecewise
function’s inclusions, and thus remove it. After experimenting with differen (x — a); for various a values,
we still see no benefit from the piecewise function in this model. [

One piece to feature engineering is stratifying your data. This is related to the qualitative variables
discussed above. Sometimes certain subsets behave very differently than the main group and must be treated
seperately. For example, for a medical diagnostic it may make sense to separate male and female patients
as male versus female biology may involve very distinct implications with regards to medicine. When a
stratification is necessary, it might be appropriate to use completely different models for the different strata,
e.g, a different diagnostic for male than for females. Clustering, such as the k-means algorithm, may be very
useful for this type of feature engineering.

Lastly, no one can expect any model to be perfect. After all, many quantities we wish to predict may
be subject to some element of randomness. Random variables can also be woven into the model to try to
incorporate this, but that is a subject that takes us beyond linear algebra.
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Python Programming

Example 4.5.4. The following code:

import numpy as np
from scipy.stats import pearsonr as pearson
import matplotlib.pyplot as plt

#cross validate the linear system Xc =y

def cross_validate(X,y,folds=5,display=False,label="Data",lower_x=0,upper_x=10,lower_y=0,

upper_y=10) :

plt.ion ()

m,n = X.shape

partition = np.array_split(np.random.permutation(m),folds)

¢ = np.zeros ((folds,n))

training_error = np.zeros(folds)

test_error = np.zeros(folds)

for k in range(folds):
test_index = partition [k]
training_index = np.concatenate(partition[:k]+partition[k+1:])
a = np.linalg.lstsq(X[training_index],y[training_index],rcond=None) [0]
clk,:] = a

training_error [k] = np.linalg.norm(X[training_index] @ a - y[training_index])/mnp.

linalg.norm(y[training_index])

189

test_error [k] = np.linalg.norm(X[test_index] @ a - y[test_index])/mnp.linalg.norm(yl[

test_index])
if display:
plt.scatter(y[training_index], X[training_index] @ a, color=’b’, marker=’0’)
plt.scatter(y[test_index], X[test_index] @ a, color=’r’, marker=’x’)
plt.plot ((lower_x ,upper_x),(lower_y,upper_y) ,ls=’--’, ¢ = ’r’)
plt.ylim(lower_y ,upper_y)
plt.xlim(lower_x ,upper_x)
plt.xlabel (f£"Actual {label} (k= {str(k+1)})")
plt.ylabel (f"Predicted {labell}")
plt.show ()
return c,training_error ,test_error

HHHAAHHERAHBEARFBAAAES Example #HH#H#HAAHHHAAHBHAAHBEAAHH

D = house_sales_data()
y = D[’price’]

m = len(y)

x = np.zeros ((5,m))

x[0] = D[’area’]
x[1] = D[’beds’]
x[2] = D[’baths’]
x[3] = D[’condo’]
x[4] = D[’location’]

#Pearson Correlation Coefficients of Attributes
for i in range(len(x)):
print (f"rho_{i} = {pearson(x[il,y) [0]1}")
print (f"\ncorrelation between x_2 and x_3 = {pearson(x[1],x[2])[0]} \n")
print (f"correlation between x_1 and x_2 = {pearson(x[0],x[1])[0]} \n")

#cross-validate affine models
ns = [2,3,1]
for n in ns:

X = np.concatenate ([x[:n],[np.ones(m)]]).T

coeff, train_error, test_error = cross_validate (X, y)

model = "+".join([str(round(np.mean(coeff[:,i]) ,4)) + "x_" + str(i+l) for i in range(n
+1)1)

print("y = " + modell[:-3])

print (f"train: {np.round (100*np.mean(train_error) ,2)}%")
print (f"test: {np.round(100*np.mean(test_error) ,2)}%\n")

#cross-validate with Booleans
X = np.column_stack((np.ones(m),x[0],x[3],

[int (x5 == 2) for x5 in x[4]],

[int (x5 == 3) for x5 in x[4]],

[int (x5 == 4) for x5 in x[4]1]1))
coeff, train_error, test_error = cross_validate (X, y)

¢ = [round(np.mean(coeff[:,i]) ,4) for i in range(len(coeff [0]))]


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/feature
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s model = f"{c[0]}+{c[1]1}x_1+{c[2]1}x_3\n"

model += "+" . join([f"{c[il}f_{i-2}(x_5)" for i in range(3,6)])
print("y = " + model)

print (f"train: {np.round (100*np.mean(train_error) ,2)}%")

print (f"test: {np.round(100*np.mean(test_error) ,2)}%\n")

#cross-validate with (x_1-a)_+

a = 1.5
X = np.column_stack((np.ones(m),x[0],x[3],
[int (x5 == 2) for x5 in x[4]1],
[int (x5 == 3) for x5 in x[4]11],
[int (x5 == 4) for x5 in x[4]1],
[np.maximum (0, x1-a) for x1 in x[0]]1))
coeff, train_error, test_error = cross_validate (X, y)

¢ = [round(np.mean(coeff[:,i]) ,4) for i in range(len(coeff [0]))]
model = f£f"{c[0]}+{c[1]1}x_1+{c[2]}x_3\n"

model += "+".join([f"{c[i]}f_{i-2}(x_5)" for i in range(3,6)]1)
model += f"\n+{c[6]1}(x_1-{a})_+"

print("y = " + model)

print (f"train: {np.round (100*np.mean(train_error) ,2)}%")

; print(f"test: {np.round (100*np.mean(test_error) ,2)}%\n")

solves the examples in Section 4.5.
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Exercises (Go to Solutions)

For Exercises 1-1, use the data set from Example 4.3.2 to cross-validate a regression model as given. Find
the average prediction error with 5 folds. How does it compare to Example 4.5.27 Interpret what this model
is measuring differently from Example 4.5.2. A calculator or computer is recommended.

Lo y=b+aizs + c1wafi(ws) + cawafo(ws) + cavafz(ws)
2. Using the data set from Example 4.5.1, consider the model

y = 67.01x124 — 12.34z924 + 149.352; — 22.8129 — 75.5224 + 67.86.

Using this model, calculate the correlation coefficient for the regression. Interpret the coefficient on
area. Does it make sense? Interpret the model in conext. Your interpretation should (generally)
explain what the regression model tells us about house prices and how trustworthy the model is.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/feature
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“The small part of ignorance that we arrange and classify we give the name of knowledge.”
— Ambrose Bierce

4.6 Classification
4.6.1 Classifiers

The regression models we have discussed so far provide us ways to predict quantitative variables using other
quantitatives and, with the use of feature engineering, qualitative variables. Can a model be created to
predict a qualitative variable? This question frame the famous Classification Problem. Let us start with the
simplest possibility, a boolean variable of or , naturally called binary classification (or boolean
classification). This type of classification serves to provide a diagnostic if a patient is sick or healthy, if an
email is spam or not spam, or if a song will be liked or not liked by the listener. We can quantify a boolean
using 1 and 0, respectively, although in this conservation about classification we will elect to use 1 and —1
instead. The set {1, —1} is typically denoted as Zs.

Definition 4.6.1. A (binary) classifier is a function f of the form f:R"™ — Zs.

As we saw with regression models, (relative) prediction error is an appropriate metric to measure how
good a classifier is. As there are only two possible output of a classifier, there are only two possible prediction
errors that can occur. Let us say we want to predict the boolean variable y with prediction y. If y =y =1,
then it is a true positive, and no prediction error occurred. Likewise, if y = 4 = 0, then it is called a true
negative, and again no error occured. A false positive is when y = 0 but y = 1. A false negative occurs
when y = 1 but y = 0.

Definition 4.6.2. Let y be a boolean n-vector predicted by y. With regard to y predicting y, let vy,
denote the number of true negatives, yy, denote the number of false positives, y,, denote the number of
false negatives, and y,,, denote the number of true positiives. Then the confusion matrix of y is the 2 x 2
matrix Cy such that

o Yin yfp

yfn ytp
Note that the sum of the first row of C, y,, := y,,, + Yy, is the number of actual negatives in y, the

sum of the second row of C, y,, := yy,, + Yy, is the number of actual positives in y, the sum of the first
column of C, ¥,, := Yy, + Yy, is the number of predicted negatives in g, and the sum of the first column
of C, Qp = Yyp T Yyp, is the number of predicted positives in y. Of course, the sum of all the entries in C
Yin TYpp T Ypn T Yy =N

The error rate of a prediction ¥ on y is . Conversely, the accuracy is

negative rate (or specificity) is Yin and tells us the proportion of negative cases correctly predicted. The

o+ +
Y¢ep T Yfn Yin ytp. The true
n n

n

Yip

Yn

false positive rate is and tells us the proportion of negative cases incorrectly predicted as positives.
The true positive rate (or recall or sensitivity) is Y and is the proportion of positive cases correctly
P
predicted. The false negative rate is Yin and tells us the proportion of positive cases incorrectly predicted
Yp
as negatives. Finally, precision is % and tells us the proportion of positive predictions that are correct.
Yp

Clearly, a good classifier will have accuracy, specificity, sensitivity, and precision all close to 100%. Con-
versely, their complements should be close ot 0%. Why are there so many measurements on the efficacy of
a classifer? Well, they measure slightly different things and these nuances are important in certain circum-
stances.
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For example, a false positive is not always the same level of a mistake as a false negative. Consider a
medical patient who might have cancer. If the diagnotic test tells the patient that she has cancer but really
does not (a false positive), she will seek further testing and begin treatment. Eventually, the doctors will
discover that she does not have cancer and the unnecessary treatements will likely have no long term conse-
quences. On the other hand, if the test says she does not have cancer but she really does (a false negative),
then the patient will forego potentially life-saving early treatments. This would be disastrous. Consider a
classifying algorithm to detect spam emails. If a spam email is not detected (a false negative), then it lands
in the user’s inbox only to the annoyance of the user because he is wise enough not to fall for even the most
eloborate phishing scams. On the other hand, if an important email is labeled as spam (a false positive),
the user may not ever read it and could miss out on an important business oppurtunity. Therefore, as the
severity of a false positive or false negative may be unbalanced, different importance may be placed upon
these metrics of efficacy.

4.6.2 Least Squares Classifiers

In this section, we discuss the method of least squares classification. We first motivate it using some
geometry. A hyperplane in R™ is given by an equation ai;xi + asxs + ...+ apxy, = b, or a - & = b. Every
hyperplane separates the vector space into two regions: above the hyperplane characterized by those vectors
x such that a -« > b and below the hyperplane characterized by those vectors @ such that a - < b. For
example, imagine how a line seperates the plane and how a plane separates 3-space into two regions. Let
T : R™ — R be the affine transformation T'(xz) = a - € — b. Then z is above the hyperplane if T(z) > 0 and
below the hyperplane when T'(xz) < 0. A classifier f : R™ — Zs is then obtained when f(x) is equal to the
sign of T'(x), denoted f(x) = sgn(T'(x)), that is, f(x) = +1 when T'(x) > 0 and x is above the hyperplane
and f(x) = —1 when T'(x) < 0 and x is below the hyperplane. If a set of points is given in the form (x, 1) or
(x,—1), then T can be computed by the least squares method to fit the data. Then the associated signage
function f on T gives us the least squares classifier.

In our above discussion, 1" was an affine function to model the separating hyperplane. There are of course
non-linear functions that can be used to separate R™. For example, a circle separates the plane into two
regions: inside and outside the circle. Thus, a non-linear model 7" : R® — R can be used when the boundary
between and is not well modeled by a flat hyperplane.

Example 4.6.3. A famous classification problem due to the statistician Ronald Fisher is the classification
of iris flowers into three types: Setosa, Versicolour, and Virginica. We will build a least squares classifier to
predict whether an iris is virginica. The classification will utilize four attributes: x; is the sepal length in
cm, x5 is the sepal width in cm, x3 is the petal length in cm, and x4 is the petal width in cm. Our classifier
will have then the form

f(x) = sgn(a1z1 + asxa + azxs + agxy + b).

Fisher’s data set contains 150 observations, where the three types are labeled 0, 1, and 2, respectively. Thus
our data points will have the form (x,1) if the iris is virginica and (@, —1) otherwise. Solving the least
squares problem to fit a hyperplane to this data set, we get the classifier

f(z) = sgn(—0.09342534x1 + 0.40854914x5 + 0.0057993x3 + 1.10845342x4 — 2.38876778).

Using cross-validation, this model has an average accuracy of 93.00% and 91.33%, an average specificity of
92.98% and 92.82%, an average sensitivity of 93.01% and 87.63%, and an average precision of 87.08% and
88.14% on the training set and test set, respectively, across a 5-fold cross-validaiton. Therefore, this model
is highly effective in predicting whether an iris is virginica or not.

The following code can be used to solve this example:

> from sklearn.datasets import load_iris

3 iris_types = load_iris () [’target’]
. iris_data = np.array(load_iris () [’data’])

len(iris_types)
np.column_stack ([iris_data, np.ones(n)])


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/cross_validate_boolean
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IsVirginica = np.array([boolean(iris == 2) for iris in iris_types])
coeff, training _matrix, test_matrix = cross_validate_boolean(X,IsVirginica)
model = "+".join([str(round(np.mean(coeff[:,i]) ,4)) + "x_" + str(i+1) for i in range(5)])
print("y = " + model[:-3] + "\n")
; print("Training Confusion Matrix\n", training _matrix)
print ("\nTest Confusion Matrix\n", test_matrix)
accuracy = np.array([[(training matrix[j,0,0]+training matrix[j,1,1])/sum(sum(

training_matrix[j])),(test_matrix[j,0,0]+test_matrix[j,1,1])/sum(sum(test_matrix[jl))]
for j in range(5)1])

print ("\nAccuracy = ( ( true pos + true neg ) / total ) [training, test]l\n",
accuracy, "\n\n", sum(accuracy)/5, "\n\n")
specificity = np.array([[training_matrix[j,0,0]/(training_matrix[j,0,0]+training_matrix[j

,0,1]1) ,test_matrix[j,0,0]/(test_matrix[j,0,0]+test_matrix[j,0,1]1)] for j in range(5)1])
print ("\nSpecificity = ( true neg / actual neg ) [training, test]\n",
specificity, "\n\n", sum(specificity)/5, "\n\n")

7 recall = np.array([[training_matrix[j,1,1]/(training _matrix[j,1,0]+training _matrix([j,1,1]),

test_matrix[j,1,1]1/(test_matrix[j,1,0]l+test_matrix[j,1,11)] for j in range(5)1)
print ("\nSensitivity/Recall = ( true pos / actual pos ) [training, test]\n",
recall, "\n\n", sum(recall)/5, "\n\n")

precision = np.array([[training matrix[j,1,1]/(training _matrix[j,0,1]+training matrix[j
,1,11) ,test_matrix[j,1,1]/(test_matrix[j,0,1]+test_matrix[j,1,1]1)] for j in range(5)])
print ("\nPrecision = ( true pos / predict pos ) [training, test]\n",
precision, "\n\n", sum(precision)/5, "\n\n") =

4.6.3 Multi-class Classifiers

Now that we have discussed the boolean case, what about a general qualiative variable with k£ possible bins.
For example, the Likert scale has surveyors rank statements with the labels Strongly Disagree, Disagree,
Neutral, Agree, or Strongly Agree. These labels are encoded using —2, —1, 0, 1, and 2. In this case, the
classfier would need to assign one of these five values to the input vector . Let Z; = {0,1,2,...,k — 1}.
Then we must now consider the problem of assigning a vector to one of the elements of Zj.

Definition 4.6.4. A k-class classifier is a function of the form f:R"™ — Zj;. When k is unspecified, f is
called a multi-class classifer.

Let y be a qualitative n-vector with k categories predicted by y. Let y,; denote the number of entries of
y where y = ¢ and § = j. Then the confusion matrix of y is the k x k matrix C, such that

o[

Please note that this generalizes the 2 x 2 confusion matrix defined above.

The diagonal entries of C, are those predictions which are correct, and the off-diagonal entries are
errors. Therefore, a multi-class classifier is accurate when its confusion matrix is approximately diagonal. In

tr(Cy)

particular, the accuracy of a multi-classifier is

Much like how we encoded qualitative variables as a sequence of boolean attributes for feature engineering
(hot-button encoding), we can encode a k-class classifier as a sequence of k binary classifiers. For each of
the categories i € Zy, define T; : R™ — R which measures how strongly « belongs to bin ¢ based upon T;(x).
The larger T;(x) is the more likely « belongs to bin i. The smaller T;(x) is the less likely @ belong to bin .
Then define f(x) to be the index j of the maximum among T;(x), Ta(x),. .., Tk(x), that is,

f(x) = argmax(T} (x), To(x), ..., Tk(x)).
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This is known as the one-versus-all multi-class classification method.

Example 4.6.5. Let us revisit the iris classification problem from Example 4.6.3, but this time let us try
to classify the flowers using all three types: Setosa, Versicolour, and Virginica. We use least squares to
construct three affine regressions with respect to these three types, listed below, and our classifier is then
given by the formula:

To(z) = 0.13386706z; + 0.4866564475 — 0.44882137x3 — 0.11857828z4 — 0.77450658
f(z) = argmax { Ty(z) = —0.0455743421 — 0.89097497x5 + 0.44399217z5 — 0.98747422x, + 2.17328698
Ty(z) = —0.08829271z; + 0.40431853x5 + 0.00482919z5 + 1.1060525z4 — 2.3987804

Using cross-validation, this model has an average accuracy of 85% and 84% on the training set and test set,
respectively, across a 5-fold cross-validation. Therefore, this model is reasonably effective in classifying an
iris into one of these three types.

The following code can be used to solve this example:

; from sklearn.datasets import load_iris

iris_names = load_iris()[’target_names’]
iris_types = load_iris () [’target’]

; iris_data = np.array(load_iris()[’data’])

print (iris_data)

n = len(iris_types)
X = np.column_stack([iris_data, np.ones(n)])
coeff, train_matrix, test_matrix = cross_validate_multiclass(X, iris_types, len(iris_names))

for j in range(len(iris_names)):
print (iris_names[j])
print (coeff[j]l, "\n")

model = "+".join([str(round(np.mean(coeff[j,:,i]) ,4)) + "x_" + str(i+l) for i in range
(5 1)
print("y = " + model[:-3] + "\n")

print ("Training Confusion Matrix\n", train_matrix, "\n")

) print ("Test Confusion Matrix\n", test_matrix)

accuracy = np.array([[np.trace(train_matrix[j])/sum(sum(train_matrix[j])) ,np.trace(
test_matrix[j])/sum(sum(test_matrix[j]1))] for j in range(5)])

print ("\nAccuracy = [training, test]\n",accuracy,"\n\n", sum(accuracy)/5, "\n\n")

5 v = np.array([4,3,2,1])
; print(np.argmax ([coeff[j] @ v for j in range(len(iris_names))])) =


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/cross_validate_multiclass
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Exercises (Go to Solutions)

For Exercises 1-2, use the data set from Example 4.6.5 to construct a multi-class classifier for the three types
of iris flowers. Use it to predict the type for the given vector. A calculator or computer is recommended.

1. [4,3,2,1] 2. [1,1,1,1]


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/cross_validate_multiclass
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“We all live with the objective of being happy; our lives are all different and yet the same.” — Anne Frank

4.7 Multi-Objective Least Squares

4.7.1 Multi-Objectives

Recall that the beauty of the least squares method is that it is a simple linear approach to solving an
optimization problem. Given a linear equation Az = b, then a least squares solutions Z optimizes the
objective ||Ax — b||, that is,

143 — b| < || Az — b

for all x € R™. For simplicity’s sake, this optimization problem is equivalent to minimizing the objective
|Az — b]|?. In many applications, it is important to consider multiple objectives simulatenously. Let
J1,Jo, ..., Ji be alist of objectives to minimize. We can then consider these multiple objectives together as
a single objective, called the multi-objective, by considering them as a linear combination, namely

J=M M1+ Aodo+ ..o+ AT,

for A; > 0. Increasing the magnitude of a coefficient \; increasing the need to minimize the objective
J; in order to minimize the multi-objective J, thus increasing the significance of objective J;. Conversely,
decreasing the magnitude of \;, say lowering close to 0, reduces the need to minimize J; individually and thus
reduces its overall importance in the multi-objective J. Typically, there is one objective that is considered
more important than all the rest, called the main objective, and is typically denoted as J;. As minimizing
the multi-objective aJ, for some a > 0, is equivalent to minimizing J, we may, without the loss of generality,
set \; = 1. Thus,
J=J1+ Xdo+ ...+ A\ Jg.

If A; < 1, then it will have less impact on the minimization on J than J; does. Conversely, if A; > 1, then J;
will have greater impact on the optimization of J than J; (while this second case is very unlikely because,
after all, J; is the main objective, we do allow this as an option for the sake of feature engineering).

Consider now the situation where each objective has the form J; = || A;x — b;||? for some m; x n matrix A;
and some m;-vector b;. Individually, we could optimize J; by finding a least squares solution Z; to A;x = b;.
To optimize J though, we need to find a vector Z which simultaneously makes ||A;x — b;||? small (relative
to its weight ;). Of course, if  was a simulatenous least squares solution to each of the equation A;x = b;,
then this would suffice. Of course, the existence of such a simulatenous least squares solution is unlikely in
practice. But this was the motivation behind the least squares problem in the first place, when no solution
is present use the best approximation. We can do this for multi-objectives too.

Let m = mqy +mo + ...+ myg, let A be an m X n matrix, and let b be an m-vector such that

A1 bl
VA2 42 VAzby
A - y b =

\/EA/C \/Ebk

Let & then be a least squares solution to the linear equation Az = b. Then Z minimizes the objective
J = ||Az — b||? = [[A1z — b1|]® + 2| Adex — bo|* + ... + M|l Axz — bi||>. Thus, for fixed weights \;, Z,
the least squares solution found by stacking the objectives, is the best solution to the objective J. More
specificly, there does not exists a vector z € R™ such that

[Aiz = by||* < || AT — by|?,

for all ¢ with at least one inequality being strict (note that in the presence of a district least squares solution,
equality would occur in all positions). If not, then z would minimize J better than Z, which would contradict
Z be a least squares solution to Az = b. Thus, & is not just an optimal solution to the multi-objective J,
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it is Pareto optimal, meaning that the improvement in any dimension could only happen s the worsening of
another dimension.

But “best” here is relative to the weights. As any coeflicient )\; is adjusted, it will consequentially change
the possible vector assignments to . Thus, we can view Z as the image of a function on k& — 1 variables
Ao, ..., A\p. Because of Pareto optimality, any adjustment to a A; is a trade-off, an optimal trade-off mind
you, but still a trade-off. Raising \; will raise the significance of J; thus leading to an improved J; objective
but at the worsening of at least one other objective. Lowering A; will worsen J; but improve at least one other
objective. Therefore, choosing the right weights is determined by feature engineering. This much we may
offer here. Even a small change of A; can cause a huge improvement or deteriment to J;, so experimentation
on these weights is very much worth the effort.

4.7.2 Applications of Multi-Objective Least Squares

Example 4.7.1. Consider two scalar quantities ¢;, s; such that f : R — R is an affine function such that
f(t;) = at;+b=s;. Let t and s then be time series which record these dynamic scalars. If we have a desired
target s, then clearly the main objective J; = | f(t) — s||? is present, where f(t) = (f(t1), f(t2),..., f(tn)) =
at + bl. As the vector £ is itself a time series, the transition from ¢; to ¢;11 may come at some kind of cost.
Therefore, it may be desirable to have ;11 &~ x;, that is, we want the difference |z;11 — ;| to be small for
each transition. Such a requirement would be a smooth transition. Then the second objective here would be
Jo = || Dt||* where D is the (n — 1) x n difference matrix

-1 1 0 0 0 0
0 -1 1 0o 0 0
D=
0o 0 0 -1 1 0
0 0 0 : 0 -1 1|
Therefore, we would seek a least squares solution 1 to the linear system “n t= s . [

VAD 0

Example 4.7.2. Continuing with the previous example, image that x is a smooth periodic time series
with period P. This means that t = (¢1.p,t1.p,...,t1.p), that is, the entries of ¢ repeat themselves every
P units of time, but also that |t;11 — ¢;| is small, that is, the transition from ¢; to ¢;4; is relatively small.
Now, suppose that s =t + & where € is some noise vector. What we mean by this is that ; represents some
amount of chaos in the system and distorts s from the perfect periodicity of ¢t. For example, the hourly
temperature over several days in a specific location is approximately periodic on a daily cyclic (P = 24).
The temperature at noon on Monday gives a great predictor of the temperature at noon on Tuesday, but
there are other meteorological affects that might change this, such as clouds or a cold front. Likewise, if we
look at the daily high temperature of this same region over the course of several years, we will see that daily
high temperatures are approximately periodic on an annual cycle (P = 365). The high temperature on 19
November 2021 is a strong prediction of the high temperature on 19 November 2022. But various weather
patterns can through noise into the time series. The shopping or dining habits of customers typically can
be modeled weekly. The number of customers buying pizza on Tuesday is comparable to any other Tuesday
and its typically the lowest shopping day of the week, especially compared to the high sales of Friday or
Saturday (hence why so many businesses offer specials exclusive to Tuesday).

Suppose then that s is an observed time series that is approximately periodic on P units. Then our main
objective will be to find a P-vector x so that ¢t = (x,x,...,x) ~ s. This implies that J; = ||Az — s||*> where
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Ip
A= . But the time series ¢t (and hence x) should also be smooth. As tpy1 = 21 and tp = xp, we
Ip
will this time use the P x P cyclic difference matriz matrix D given as
i -1 1 0 0 0 0 ]
0o -1 1 0 0 0
D =
0 0 0 -1 1 0
0 0 0 : 0 -1 1
1 00 : 0 0 -1

Note that this difference matrix is identical to the difference matrix from Example 4.7.1 but with one ex-
tra row which insures that the transition from the end of a cycle to the start of a new cycle is likewise
smooth. Thus, Jo = A||Dz|?>. Therefore, we would seek a least squares solution Z to the linear system

A s
VD 0

The time series AZ is called the extracted seasonal component, and s — AZ is called the seasonally
adjusted time series. n

Example 4.7.3. As a specific example, consider the hourly ozone level (ppm) at Azusa, California, during
the 14 days of July 2014 (California Environmental Protection Agency, Air Resources Board, www.arb.ca.gov).
Measurements start at 12AM on July 1st, and end at 11PM on July 14. Note the large number of missing
measurements. In particular, all 4AM measurements are missing. We desire to construct a periodic time
series to model the ozone level logarithmically transformed measurements, like we did in Example 4.3.8.
Given a period of p = 24 hours, let © = (¢1,...,t24) and let ¢ = (x, @, ..., x), where x is repeated in t 14
times for the 14 days we are studying. Then our primary objective is J; = ||Az — t||?, that is, we want to
solve the linear system Ax = t:

_1 0o ... O_ 10-1
01 ...0 I
00 ... 1
10 ... 0 t
01 ... 0 1072 A
to E
R =t
00 ... 1 ’
R tp
1 0 O T T T T T T T
o 50 100 150 200 250 300 350
0 1 0
[0 0 1
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via least squares. Note that the 24 x 24 identity matrix will be stacked in A 14 times. If we solve the least
squares problem Ax = t, we discover some wild behavior at the bottom of the regression curve, as illustrated
below left. To better control this behavior, we can require smooth transitions on the time series, via a 24 x 24
cyclic difference matrix D. More specificially, we attach to our main objective the secondary objective of
smoothness .Jo = \||Dz||?. Upon experimentation, even a small value of A removes the wild behavior of the
least squares solution. On the other hand, a large value of A causes the solution to be too smooth, that is,
the regression cannot deviate much from the previous value. This causes the amplitude of the oscillation to
be dampened. Thus, A = 1 appears to create a great fit to the periodic data, as illustrated below right.

1071 ;
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-

1071 ;
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v._ =
-y
-
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ol =
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) plt.

104

50 100

300

T T
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lambda = 0.0

350 0 50

The following code can be used to solve this example:

import numpy as np

def multi_lstsq(As, bs, lambdas):
from scipy.linalg import circulant
cyc_diff = lambda n circulant (np.concatenate (([-1,1], np.zeros(n-2)))).T

HHEHAHHBARAHBAR AR AARFRAARH#AE Example H#H##AHBARABAARFRAARHBAAHBHAHHH

3 def ozone_data():

ozone = ozone_data() # a vector of length 14%24 = 336
k = 14
N k*x24

lamb = 1

#graph data

import matplotlib.pyplot as plt
plt.ion ()
plt.plot(np.arange(N),
plt.yscale(’log’)

y1lim (10**(-2.8) ,10%x*(-0.8))
. show ()

ozone[:N], ’o0-7)

plt

3 #stack of k many 24x24 identity matrices

A = np.concatenate([np.identity(24) for i in range(k)])

#24x24 cyclic difference matrix

D = cyc_diff (24)

#Identifies where there is complete data, as opposed to missing data "NaN"
ind = [k for k in range(N) if “np.isnan(ozonel[k])]

#solve multi-objective least squares problem

x = multi_lstsq([A[ind],D],[ozone[ind] ,np.zeros(24)], [1,lamb])

#graph solution

plt.plot(np.arange(N), np.concatenate([x for i in range(k)]), ’r’)
plt.plot(np.arange(N), ozonel[:N], ’o0’)
plt.yscale(’log’)

plt.ylim (10%%(-2.8) ,10%*(-0.8))

350


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/ozone
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170 plt.xlabel(’lambda = > + str(lamb))
150 plt.show () ]
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Python Programming

Example 4.7.4. The following code:

import numpy as np
import matplotlib.pyplot as plt

N

def multi_lstsq(As, bs, lambdas):

5 k = len(lambdas)

6 A = np.concatenate([np.sqrt(lambdas[i])*As[i] for i in range(k)])
7 b = np.concatenate ([np.sqrt(lambdas[i])*bs[i] for i in range(k)])

s return np.linalg.lstsq(A,b, rcond=None) [0]
9

10 As = np.array([np.random.normal (size = (10,5)),
11 np.random.normal (size = (10,5))])

12 bs = np.vstack([np.random.normal (size = 10),

13 np.random.normal (size = 10)])

14+ N = 200

15 lambdas = np.power (10, np.linspace(-4, 4, 200))
16 x = np.zeros ((5,N))

17 J1 = np.zeros (N)

18 J2 = np.zeros(N)

19 for k in range(N):

0 x[:,k] = multi_lstsq(As, bs, [1, lambdas([k]])

1 J1[k] = np.linalg.norm(As[0]@x[:,k] - bs[0])*x*2
2 J2[k] = np.linalg.norm(As[1]@x[:,k] - bs[1])**2
5 plt.ion()

6 # plot solution versus lambda

7 plt.plot(lambdas, x.T)

s plt.xscale(’log?’)

9 plt.xlabel(’lambda’)

30 plt.xlim((le-4, 1le+4))

31 plt.legend([’y_1’, ’y_2’, ’y_3°, ’y_4’, ’y_5’], loc= ’upper right’)
32 plt.show ()

34 # plot two objectives versus lambda
35 plt.plot(lambdas, J1)

36 plt.plot(lambdas, J2)

37 plt.xscale(’log’)

35 plt.xlabel(’lambda’)

30 plt.xlim((le-4, 1le+4))

0 plt.legend([’J_1°,°J_2"])

11 plt.show()

13 # plot tradeoff curve
412 plt.plot (J1,J2)

5 plt.xlabel(’J_1)

16 plt.ylabel(’J_2")

18 # add (single objective) end points to trade-off curve
1o x1 = np.linalg.lstsq(As[0], bs[0], rcond=None) [0]

50 x2 = np.linalg.lstsq(As[1], bs[1], rcond=None) [0]

51 J1 = [np.linalg.norm(As[0]@x1 - bs[0])*x*2,

52 np.linalg.norm(As [0]@x2 - bs[0]) **2]

53 J2 = [np.linalg.norm(As[1]@x1 - bs[1]) **2,

54 np.linalg.norm(As[1]@x2 - bs[1]) *xx2]

55 plt.scatter (J1, J2)

56 plt.show ()

illustrates how different A affect the solution of a multi-objective least squares problem. [


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/multiobj
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Exercises (Go to Solutions)

For Exercises 1-1, compute the multi-objective least squares solutions for linear systems, expressed as aug-
mented matrices, with the given weights.

19
3

For Exercises 2-2, for the given objectives J;, solve the multi-objective least squares problem

2 3| 5 1
[ ;4,{1 13
4 9|11

J=MJ1+ Ao+ ..o+ AT,

where J; = || A;x — b;||?. A calculator or computer is recommended.
6 10 5
6 50 z
2. 4=112 8 |[bi=] 11 |, =LA = by = ;A2 = 36
2 15 5

14 11 4


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/multileast
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“[Regular] is the wrong name often used for average.” — Henry S. Haskins

4.8 Regularization

Even in the case where no secondary objective is present, beyond the main objective, of course, the use
of multi-objective least squares has many applications that we explore here. The additional objectives
Aoda + ...+ A Ji are called the regularization of the main objective J;. In this situation, the weights \;
will be very small, thus to not distract too much from J;, but large enough to have a significant impact on
the secondary objectives Js, ..., JJi. We illustrate this with the following examples.

Example 4.8.1. Consider the affine transformation T : R® — R™ given as T'(x) = Az + b. Suppose that
y € R™ is some target value. Then our main objective would be to find a vector & € R™ so that T'(x) is
close to y, that is, J; = ||T(z) — y||? is minimal. For operational reasons, there may be a vector z € R"
for which = ought to be close to, that is, Jo = ||& — z||> = ||[I,x — z||? is minimal. It could be that z is the
current value of our direct variable  and adjusting from z to some new x comes with a cost.

An important special case when z = 0 should be considered. Then our objective simplifies to J, =
| — 0]|?> = ||=||?, which means we want & to have small norm. This could be resemble to expect. After all,
if each entry of & comes with a cost, then a shorter vector would be much cheaper for the operation with
perhaps only a small decrease in quality.

For example, consider a cooling/heating system of a large complex. The temperature of m locations in
the complex is recorded in a vector. Suppose the desired temperature is 72 F°1. Let « be the control we
have over the cooling system from electricty and let T'(x) the resulting temperature in the m locations based
upon this power usage and the resulting operation of the cooling equipment. Then the main objective is
certainly to remain room temperature J; = ||T(x) — y||?. As electricity comes with a cost, keeping & small
is also important. Therefore, the multi-objective becomes J = || T(x) — y||* + A||z||?, where ) is selected to
strike the right balance between maintaining comfort and minimizing cost. If T'(x) = Ax + b, then we would

A y—2>b
seek the least squares solutions to the linear system x

VI, 0

We have seen that choosing too complicated models when trying to fit a model into data can lead to
overfitting. This has the consequence that the model fits the training set very well but performing poorly
on any new data set, such as the test set. Validation was a method to help avoid overfitting. Regularization
can also be an effective tool to help avoid overfitting by placing more control on the model. Suppose we have
considering the following regression model to fit to data:

g(x) = cafi(x) + cafo(x) + ... + cr fr(x).

Assuming the features f; are chosen well, we could still overfit the data without regularization. Consider
the following. If ¢; is a very large coefficient, then even a small change in f;(x) would have a large affect
to the product ¢; f;(x) and thus have a large affect to the model. But if f; is fixed as a function we will
use in the model, then the fluxation of f;(x) comes from the variable x itself. Thus, for a large coefficient,
even a small change of « could distort g(x) because of . Therefore, g is better protected from this type of
variation when the coeflicients of ¢ are small. This is how regularization aides with data fitting.

For reqularized data fitting, our primary goal is still to minimize J; = ||g(x) — y||?, but we also have the
secondary objective of keeping the coefficients ¢; small. This means, collectively, that we want to minimize
Jo = Al|c||?>. As one of the features of g is often the constant function, say the first one, fi(z) = 1, there is
no need to keep its coefficient small. A change of & will have no affect on f; (), so there is no need to keep
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c1. Therefore, we replace Jo with the simpler objective Jo = Al|ca.x||?.! Then our multi-objective is
_ 2 2
J=llg(x) —ylI” + Allea.e "

Example 4.8.2. Recall in Example 4.2.2 we interpolated a cubic polynomial f(x) = a3z +az2?+a1z+aop
through a scatterplot of 100 points. This boiled down to solve the least squares problem Ve = y, where V is
the 100 x 4 Vandermonde matrix constructed from the z-coordinates x, y is the 100-vector of y-coordinates,
and c is the 4-vector of coefficients to be solved for. We will attempt this exercise again using regularization.

4 y
For some A > 0, we solve the multi-least squares problem c

VAL 0

The following code can be used to solve this example:

import numpy as np
import matplotlib.pyplot as plt

def data_fit_regular(X, y, lamb):

m,n = X.shape
A = np.concatenate ((np.array(X),np.sqrt(lamb)*np.identity(n)))
b = np.concatenate ((np.array(y) ,np.zeros(n)))

return np.linalg.lstsq(A,b, rcond=Nomne) [0]

points = np.array([[ 0.6346537948227042, -0.25053562659185047],
x = points[:,0]
y = points[:,1]

A = np.vander(x,3+1)
f = data_fit_regular(A,y,0.25)
g = np.linalg.1lstsq(A,y, rcond=None) [0]

#Compute RMS error
cubics = [f,g]
for h in cubics:
print (h, £"RMS error = {round (100*np.sqrt(np.mean((y-np.polyval(h,x))**2))/np.linalg.
norm(y) ,2)}%,",
f"coeff norm = {np.linalg.norm(h)}\n")

#Graph Polynoials

t = np.linspace(-1,1,num = 100)

for i in range(2):
plt.subplot(1,2,i+1)
plt.axis([-1,1,-0.7,0.71)
plt.scatter(x,y)
plt.plot(t,np.polyld(cubics[i]l) (t), ’r’)

plt.show ()

1Of course, just like the constant function fi(x) = 1, it could be that a small change in « affects f;(x) and f;j(x) differently.
So, it might be more advantageous to separate some coefficients from each other. The worst case scenario would be Jy =
Az2lc2|? 4+ ... Aglex|?. As this level of care may be more complicated than necessary, we will resolve ourselves with Ja = A||c||
for regularization purposes.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/cubicfit_regular
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Exercises (Go to Solutions)

For Exercises 1-1, interpolate the function f(z) = asz® + agx* + aszd + agx® + a1 + ag through the given
points with a regularization coefficient A. A calculator or computer is recommended.

1. A =0.1; (=2,231), (—1,19), (0,5), (1,9), (2,19), (3,—169), (—1.5,100), (—0.5,20), (0.5,12), (2.5,0),
(3.5, —25)

2
. . . 22" + a1 + ag
For E 2-2, interpolate the funct = —
or Exercises interpolate the function f(x) bor? 1 bz i 1

ization coefficient X\. A calculator or computer is recommended.

through the given points with a regular-

2. A= 025’ (_2’ %)7 (_17 %)7 (0?2)7 (1?0)7 (2,0), (_155 ?)7 (_057 %)7 (O a_%)a (257 _1371)7 (3 ;_2775)


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/datafit_regular
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/datafit_regular
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“The shallow consider liberty a release from all law, from every constraint. The wise man sees in it, on the
contrary, the potent Law of Laws.” — Walt Whitman

4.9 Constrained Least Squares Problem

Up until now, we have gotten pretty good at setting up and solving least squares problems, and we have seen
how these solve important optimization problems with the objective of minimizing || Az — b||?. In practice,
optimization problems ALWAYS, ALWAYS! come with a constraint, that is, some relation that restricts the
possibilities. This is typically a consequence of a restriction on natural resources. Imagine then we have
to consider the problem of minimizing | Az — b||? such that Cz = d for some constraining matrix C' and
constraining vector d.

Now we kind of considered this problem before. Consider the multi-objective problem J = ||Az — b||*> +
A||Cz — d||?. As have seen that the bigger and bigger A\ becomes, the multi-objective J tended to stabilize

A b
toward some value. For each value A, let Z(\) be the least squares solution to x =

VAC Vd

Let Alim Z(\) = Z, assuming this limit exists. In that case, if A = oo, then ||CZ — d||? would have to be zero
— 00

so that J < oo.! This happens only if CZ = d, that is, Z is an actual solution to Cx = d as opposed to
just an approximation. Then \||CZ — d||? = 0, hence the multi-objective simplifies just to J = ||AZ — b||*.

This honestly sounds like a lot of Calculus (it is), and there are many places where imprecise calculus
assumptions can lead us astray (be warned). Fortunately, solving this constrained least squares problem can
be encapsulated in a broader constrained optimization problem typically covered in multivariate calculus
settings. In such settings, our problem would be solved using a technique known as Lagrange multipliers.
Using the technique of Lagrange multipliers, one can deduce the exact formulas that we will see below.
Fortunately, we can verify our solution technique without any calculus, and thus leave the derivation of the
KKT matrix within the fog of multivariate calculus.

Theorem 4.9.1. For m x n matriz A, b € R™, p x n matriz C, and d € R?, if (T, X) s a solution to the
linear system

2ATA CO7 T 2ATD
= , (4.9.1)
C 0 A d
then T is a solution to the constrained least squares problem:
minimize ||Az — b|?,
subject to Cx = d.
24TA CT
The (n 4+ p) X (n + p) matrix is called the Karush-Kuhn-Tucker (KKT) matrix
C 0

associated to this constrained least squares problem. The KKT equations are the generalization of the
normal equations for a least squares problem without a constraint.

Proof. Let (&, X) be a linear solution to (4.9.1). So, 24T A#+CTX = 24T band CZ = d. Thus, the constraint
aspect of this least squares problem is satisfied. We also see that CTA=24Tb—24T Az = 2AT (b — AZ)
Suppose that x is some other vector such that Cx = d. Then C(Z —x) = CzZ — Cx = d — d = 0. Next,
consider

TALWAYS
i Assuming the linear system has a unique least squares solution. Even if there are multiple least squares solution, the
function Z(\) can still be constructed to be continuous.
Here we are banking the assumption that co - 0 = 0, although, in general, this indeterminant could be anything.
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2Ax—AZ)-(b—AZ) = 2(A(x—7))-(b—AZ) = 2(x—%)-AT (b—AZ) = (x—%)-C' XA = (C(z—Z)) A =0A=0,
that is, Az — Az and b — A% are orthogonal. Consider then the objective
|Az —b|* = ||(Az — AZ) + (AZ - b)||* = [|[Az — AZ|* + ||AZ — b||* > [|AZ — b||>.

Therefore, Z minimizes the objective among linear solutions to Cx = d. O

In the presence of multiple constraints:

minimize || Az — b||?,

subject to Cix = d;,

ng = d2,
Ckél: = dk,
C1 d;
Co ds
we can consolidate all the constraints into one linear equation: Cx = d, where C' = andd =
Ck dy,

A special constrained least squares problem is when we seek to find the smallest linear solution to
Az = b. This linear equation becomes our constraint, and we need to minimize that objective ||z||?. For
this least-norm problem, our KKT equations become

2 AT x 0

A 0 A b

PN . . ~ N ~ 1 1< S .
If (2, A) is a solution to the KKT equations, then 22+ ATA=0or z = —§AT/\. Multiplying both sides on

1 1
the left by A gives Az = fiAAT)\ orb= fiAAT)\. If A is right-invertible, then A = —2(AAT)~1b and

z=A"(AAT)'b = A'b. (4.9.2)

Example 4.9.2. Suppose a company is analyzing its advertisement strategy. Suppose the company adver-
tises to m demographic groups or audiences. The company has a desired amount of views or impressions that
it wants members of those groups to experience. Say that vector t = (t1,ta,...,ty,) is the target vector with
regret to these impressions To reach these audiences, the company purchases advertisements in n different
channels or media (maybe radio ads, TV ads, web ads, print ads, etc). Let ¢ = (¢1,¢q,...,¢,) be the cost
vector for advertising in these different channels, where c; is the amount the company pays to channel j for
advertisement. Let V;; denote the average number of views produces for group ¢ in channel j, measured in
views per dollar spent. These values V;; have been calculated by the company’s market research division.

Let V = [ Vi } be the associated m x n viewing matriz. For the company to acquire the targeted number

of views ¢, they must solve the least squares problem Ve = t. This is a least squares problem because
this linear system may be inconsistent as there may be no cost vector that perfectly produces the targeted
average number of views in all audiences. Of course, a least squares solution gives the company the best
marketing strategy to meet its target. Furthermore, if the company has an advertising budget, then there
would be a constraint on this least squares problem of 1"¢ = B.
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Recall Example 4.1.7 where a company wants to advertise to m = 5 audiences via n = 4 advertising
channels. Suppose

20 1.1 0.1 32
1.2 22 1.3 0.2
V=105 10 31 27 |,
31 04 24 12

1.1 1.1 22 23

where V;; is measured in 1000 views per dollar (on average). Suppose that the company wants each of the
audiences to have 600,000 views in the next advertising cycle, that is, the target vector is ¢ = 6001, where
t; is the amount of views the company wants group 7 to see. Let ¢ = (¢1,c¢a,...,¢,) be the cost vector for
advertising in these different channels, where ¢; is the amount the company pays to channel j for advertise-
ment. Solving the least squares problem using, we find that ¢ = ($95.02,$176.77,$65.20, $65.69). With this
cost vector, the views will be Ve = (601,601,604, 601,594), which gives a relative RMS error of 0.57% of
the target impressions (near perfect). This will cost the company 1 - ¢ = $402.68 in advertisement.

Suppose that the company has a budget on advertisement costs, say B = $375 per cycle. While we still
want to minimize ||V e — ¢]|?, we must do this within the constraint that 1 -¢ = B. Solving this constrained
least squares problem gives instead ¢ = ($90.13, $148.11, $67.77, $68.99). With this cost vector, the views will
be Ve = (571,536,590, 584, 570), which gives a relative RMS error of 5.89% of the target impressions. A bit
worst than the unconstrained least squares solution, but still very close to the target views and within budget.

The following code can be used to solve this example:

import numpy as np

V = np.array([[2.0,1.1,0.1,3.2],
[1.2,2.2,1.3,0.2],
[0.5,1.0,3.1,2.7],
[3.1,0.4,2.4,1.2],
[1.1,1.1,2.2,2.3]1])

t = 600*np.ones(5) #target impressions

= 375 #Budget
print ("Target Impressions in each Demographic Group =\n", t, "\n")

¢ = np.linalg.1lstsq(V,t, rcond=None) [0]
print ("No Budget: Cost = $" + str(round(sum(c),2))+"\n")

print ("Spending in each Channel = $", [round(cost,2) for cost in c], "\n")
print ("Expected Impressions in each Demographic Group =\n", [int(round(impress, 0)) for
impress in V@c], "\n")
5 print ("Relative RMS Error = " + str(round(100*(np.linalg.norm(V@c - t)/np.linalg.norm(t)) ,2)
) + "%\n\n")

¢ = 1lstsq_constraint(V, t, np.ones(4), B)
print ("Fixed Budget: Cost = $" + str(B) +"\n")

print ("Spending in each Channel = $", [round(cost,2) for cost in c], "\n")

print ("Expected Impressions in each Demographic Group =\n", [int(round(impress, 0)) for
impress in V@c], "\n")

print ("Relative RMS Error = " + str(round(100*(np.linalg.norm(V@c - t)/np.linalg.norm(t)) ,2)
) + llo/oﬂ) .

Example 4.9.3. We previously have used the Vandermonde matrix to solve data fitting applications
involving polynomials. We have also considered data fitting problems involving piecewise linear functions.
We now will combine these techniques. Suppose we wish to model a scatterplot {(z1,y1),..., (zrm,yam)}
using the function g : R — R given by

(@) a0+a1x+a2x2+...+anx", <t
xTr) =
g by + bz +box? + ...+ bnpa™, x>t


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/advert_constraint
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for some switching number z = ¢. Call the first and second pieces of our model f; and fo, respectively. Let

= (21, TN, TN+1,---,Zpn) and y = (y1,...,yn ), where x; < ¢ if and only if ¢ < N. If
1 @ 22 ... 2¢ 0 0 0 0
1 @z 23 ... 2% 0 0 0 0
- 1y % v 0 0 0 0 ,
0 O 0 ... 0 1 zn+1 Jc?wrl 33}{}+1
0 O 0 ... 0 1 2xn42 x?\[“ s X0
0 O o ... 0 1 zm x?w oy

where the top left corner of the matrix is an N x n Vandermonde, the bottom right corner is an (M —N) xm
Vandermonde matrix, and the other two corners are zero matrices, then data fitting requires we solve the
least square objective X¢ = y, where ¢ = (ag,...,an,bo,...,bn). To improve our model, we first require
that there is no jump discontinuity at the switching number x = ¢, that is, when the function transitions
between the two pieces we will not allow for a jump. We then require that f1(t) = fa(t), or

ao+a1t+a2t2+...+antn7b07b1t7b2t27...7bmtm:0.

Second, we require that there is a smooth transition, that is, when the function transitions between the two
pieces we will not allow for a cusp. We then require that f{(¢) = fi(¢), or

ap + 2ast + ... + nat" = by — 2ot — ... — mbyt™ L = 0.

We can require agreement on higher derivatives too, if desired, but a smooth transition is often suffiicient in
practice. If
1t ¢ ..t -1 =t =2 . =
D =
01 2t ... "t 0 -1 =2t ... —mt™!

then g will be a smooth, continuous function only if ¢ satisfies the contraint De = 0. Solving this constrained
least squares problem provides a smooth, continuous piecewise polynomial function to model the data. This
method can be generalized to involve more than two pieces.
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The following code can be used to solve this example:

import numpy as np

025

np.power(x,3) - x + 0.4/(1+26*np.power(x,2)) + 0.05*np.random.normal (size =

[np.zeros ((M,n+1)), np.vander(xright,n+1)]11)

n = 3 #degree of polyonmial

M = 100 #number of data points per half

xleft = np.random.random(M) - 1

xright = np.random.random (M)

x = np.hstack([xleft, xright])

y =

A = np.block([[np.vander(xleft ,n+1), np.zeros((M,n+1))],
D = np.block([[np.zeros(n), 1,

np.zeros(n), -11,

[np.zeros(n-1), 1, 0, np.zeros(n-1),
coeffs = lstsq_constraint(A,y,D,np.zeros(2))

# Graphing
import matplotlib.pyplot as plt
left = np.linspace(-1, 0,
left = np.vander(xpl_left, n+1) @ coeffs[:n+1]
right = np.linspace(0, 1,
right = np.vander (xpl_right, n+1) @ coeffs[n+1:]

xpl_
ypl_
xpl_
ypl_

plt.
plt.
plt.
plt.

scatter (x, y)
plot (xpl_left,
plot (xpl_right,
show ()

ypl_left, ’
ypl_right,

2*M)

2*M)

red’)
’green’)

-1,

011>

2xM)
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Python Programming

The following code can be used to solve a constrained least squares problem:

import numpy as np

def 1lstsq_constraint(A, b, C, d):
ATA = A.T @ A
CT = (C.T).reshape((len(ATA), -1))
n = len(CT[0])
KKT = np.block ([[2*ATA, CT], [CT.T, np.zeros((n, n))l]l)
KKTb = np.hstack((2xA.T @ b, d))
return np.linalg.lstsq(KKT, KKTb, rcond=None) [0][:-n]


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/datafit_constraint
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Exercises (Go to Solutions)

For Exercises 1-2, solve the constrained least squares problem Ax = b subject to Cx = d

1 -1 1
a1l A= , b= ,C:[g _1},d:0
2 0 -2
4 1 1
2. A= , b= 70:{1 _3}d:O
2 =2 1
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“You cannot control what happens to you, but you can control your attitude toward what happens to you,
and in that, you will be mastering change rather than allowing it to master you.” — Brian Tracy

4.10 Control of Linear Dynamical Systems

4.10.1 Linear Quadratic Control

Consider a linear dynamical system
i1 = Ay + Brug,

with state n-vectors x;, control m-vectors u;, and transition matrices A; and B;. The term control vector
suggests these are quantites that we can directly manipulate or choose. As such, we can choose u; in the
Markov chain to move x;y; toward some desired state. Likewise, consider the situation where the p-vector
y, is given by

Y = Ct.’Et.

Thus, u; is the input vector for ;1 and y, is the output vector for x;. In practice, y; is a deviation between
the actual output and desired ones, such as the path of a air- or space-craft. Thus, x; needs to be controls
in order to keep vy, small. Likewise, u; is a deviation between the current input and desired ones which
would control x; properly. Hence, we shrink u; to reduce y,,; indirectly via the state vector s, 1. Linear
Quadratic (Optimal) Control' is exactly this process, choosing the input vector u; in order to control
the output vector y,,; thus minimizing the deviations between y, and some desired output vector respective
to the dynamical system. In a linear quadratic control (LQ) problem, we choose xg, 1, x2,. ..,z in order
to minimize the two objectives:

Ju=Nyoll® +llya I+ + llyl* = [Cozol* + |Craa||* + ... + [|[Crar |,

Jy = |luol® + llual® + ... + [Jur—1 >

Then the multi-objective J = J; + pJ is the goal to be minimized. The state vectors x; are subject to the
constraints
11 = Ay + Bruy

for all ¢, as well as the constraints o = a and &7 = b, for some initial state vector a and for some terminal

desired target vector b.

Solving a linear quadratic control problem comes down to reformulating the problem as a constrained
least squares problem. We seek to find an (n(T + 1) + mT')-vector z:

z = ($07w17‘"awT,u07u1a"'aqul)

which minimizes the objective J = ||Az||? where A is an (p(T + 1) +mT) x (n(T + 1) + mT) block diagonal
matrix of the form

Co
Ch

iThe term control is obvious in its meaning in this context. The term linear is describing the linear dynamical system.
Finally, the term quadratic here is referring to the objective we wish to minimize, which is a sum of squares.
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Of course, J = ||Az||> = J; + pJa, that is, the new objective agrees with the objective for linear quadratic
control. The dynamic constraints will then reformulate as Cz = d, where C'is an n(T'+2) x (n(T'+1)+mT)
matrix and d is an n(T + 2)-vector of the form

i Ay -1, By ] [ 0 ]
A -1, B 0
C= ; d=
Ar—y -1, Br_; i
1, a
I, b

Example 4.10.1. We consider the time-invariant linear dynamical system with

0.855 1.161 0.667 —0.076
A= 0.015 1.073 0.053 |, B=| -0.139 |,
—0.084 0.059 1.022 0.342

C=1]0218 —3597 —1.683 |, a=1(0496,-0.745,1.394), b=0, T =100.

Then y, = Cx; is a scalar. If simulate the dynamical system with no control, that is, o = a, x;y1 = Az,
and y, = C'xy, then we can plot the trajectory of y, as a variable of time on the graph illustrated to the right.
While generally decreasing over time, it does not end with yp = C0 = 0, nor is the oscillating behavior
desirable.

04

a3

a1

Qo

a 20 40 an 0 100

t
Wo Contral

If we apply linear quadratic control, we need to solve the constrained least squares problem Az = 0 subject
to the constraint Cz = d, as above. In this case, n = 3, m = p = 1, which implies that (p(T'+ 1) + mT) =
1(100 + 1) + 1(100) = 201, n(T + 1) + mT = 3(100 + 1) + 1(100) = 403, and n(T + 2) = 3(100 + 2) = 306.
Hence, z is a 403-vector, A is a 201 x 403 matrix, C' is a 306 x 403 matrix, and d is a 306-vector. Clearly,
this calculation will be conducted on Python. See the end of the section for the implementation of the
1qr(A,B,C,a,b,T,rho) function. The calculation does depend on the weight p. For the sake of this example,
we include the calculations for p = 1,0.2,0.05 below.
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06 0s
04 04
02 03
o o0z
7 oo =
o1
0.2
oo
-0.4
01
a 20 40 a0 B 10 a 20 40 a0 B0
t
rho = rho =
06 05
04 04
02 03
o o0z
7 oo =
LI
0.2
oo
-0.4
01
a 20 40 a0 B 10 a 20 40 a0 B0
t t
rho=02 rho =02
06 05
04 04
a2 03
o o0z
7 oo =
o1
0.2
oo
0.4
01
a 20 40 a0 B 10 a 20 40 a0 B0
t t
rho = 0.0% rho = 0.05

Validation methods similar to those discussed in this chapter can be used to determine an optimal choice
for p, but we will not discuss them in detail here.

The following code can be used to solve this example:

import matplotlib.pyplot as plt
## No Control ##

Xno = np.zeros((T+1, len(a))) #initialize Xno
Xno [0] = a
for k in range(T): #simulation without control

Xno[k+1] = A @ Xno [k]


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/lqr
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# plot output vector y_t (there is no control vector u_t)
Yno = C @ Xno.T

plt.plot(np.arange(T+1),Yno)

plt.xlabel("t\n No Control")

plt.ylabel("y_t")

plt.ylim(-0.1,0.5)

plt.show ()

## Linear Quadratic Control ##
rhos = [1, 0.2, 0.05]
#initialize sequences X (states), U (input/control), Y (output)
X,U,Y = np.zeros((len(rhos),T+1,3)) ,np.zeros((len(rhos),T,1)) ,np.zeros ((len(rhos),T+1))
for k in range(len(rhos)):
X[kx],U[k],Y[kx] = 1qr(A,B,C,a,b,T,rhos[k])
# plot input vectors u_t
plt.plot(np.arange(T),U[k])
plt.xlabel (’t\n rho = ’ + str(rhos[k]))
plt.ylabel (’u_t’)
plt.ylim(-0.5,0.6)
plt.show ()
# plot output vectors y_t
plt.plot(np.arange(T+1),Y[k])
plt.xlabel(’t\n rho = > + str(rhosl[k]))
plt.ylabel (’y_t’)
plt.ylim(-0.1,0.5)
plt.show () =

4.10.2 State Feedback Control

We have seen previously, in Section 3.7.3, that the simplifest model for control is linear state feedback control,
that is,
ur = Kiay,

that is, the control vector u; is a linear function of the current state vector. Then the dynamic equation
simplifies toward
LTiy1 = Atwt + Btut = At:ct =+ Bth-’.Ct = (At =+ Bth)$t.

Thus, obtaining the state feedback gain matrices K; is highly desirable. Now solving a linear quadratic
control problem actually provides a way to contruct the state feedback gain matrices. After all, given a
solution vector

Z=(Toy. @ty T UQy ey Upy e o, UT—1),

this vector induces a function assigning to each x; some input vector u;. If this function is linear, then it
must be represented by a matrix, namely K;. If it is not linear, then we are still offered a linear approximation.

Let us consider the time-invariant case, u; = Kax;. In this case, we have ug = Kxy. As the linear
quadratic problem treats ¢y = a as a constraint, if we treat the other constraint & = 0 as a constant and
allow a to vary, then we can easily extract the function relationship on xy — wug. To construct the state
feedback gain matrix K, we solve the linear quadratic problem repeatedly using the new constraint &g = e;
for 1 <i<n. Let uéz) denote the input vector produced by the constraint g = e;. Then

— 1 2
A

Example 4.10.2. Continuing Example 4.10.1, using p = 1, we solve the linear quadratic control problem
using &y = ey, €2, e3 to produce u(()l) = O.308,u(()2) = —2.659,11,83) = —1.446, respectively. Hence, the state

feedback matrix K is given by
K= { 0.308 —2.659 —1.446 ] .

We re-run the simulation using K (the state feedback control simulation) this time and compare it to the
linear quadratic simulation for p = 1. See below.
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The following code can be used to solve this example:
near State Feedback Control
np.zeros (3) #initialize/compute state-feedback gain matrix
i in range(3):
X,U,Y = 1qr(A,B,C,np.eye(1,3,i)[0],b,T,1)
K[i] = U[o]
nt (K)
= A + np.outer (B,K) #form matrix A + BK, outer product used to avoid having to
reshape vectors as matrices
= np.zeros ((T+1, 3)) #initialize Xst
[0] = a
k in range(T): #simulation with state-feedback control

Xst[k+1] = ABK @ Xst[k]

= C @ Xst.T

lot input vectors u_t

plot (np.arange(T), [K @ x for x in Xst[:-111)
xlabel ("t\n State Feedback Control")
ylabel (Pu_t’)

ylim(-0.5,0.6)

show ()

plot output vectors y_t

plot (np.arange(T+1), yst)

xlabel ("t\n State Feedback Control")
ylabel ("y_t")

ylim(-0.1,0.5)

show ()
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Python Programming

The following code can be used to solve a linear quadratic control problem:

import numpy as np

def 1lstsq_constraint(A, b, C, d): #|Ax-b|"2 is the objective to minimize
ATA = A.T @ A #subject to the constraint Cx=d
CT = (C.T).reshape((len(ATA), -1))
p = len(CT[0])
KKT = np.block ([[2*ATA, CT], [CT.T, np.zeros((p, p))11)
KKTb = np.hstack((2xA.T @ b, d))
return np.linalg.solve (KKT, KKTb) [:-pl]

#Linear Quadratic Regulator
def 1lqr(A, B, C, a, b, T, rho):
n = len(A)
Bmtx ,Cmtx = B.reshape((n,-1)),C.reshape((-1,n))
m,p = len(Bmtx[0]),len(Cmtx)
Ablock = np.block ([
[np.kron(np.eye(T+1) ,Cmtx) ,np.zeros ((p*(T+1) ,m*T))],
[np.zeros ((m*T,n*(T+1))) ,np.sqrt (rho) *np.eye (m*T)]1])
Cblock = np.block ([
[np.kron(np.eye(T,T+1) ,A) - np.kron(np.eye(T,T+1,1) ,np.eye(n)),
np.kron(np.eye(T),Bmtx)],
[np.kron(np.vstack ([np.eye(1,T+1,0) ,np.eye(1,T+1,T)]) ,np.eye(n)),
np.zeros ((2*n,m*T))]11)
dblock = np.concatenate ((np.zeros(n*T),a,b))
z = lstsq_constraint (Ablock,np.zeros(len(Ablock)),Cblock,dblock)

x = np.array ([z[i*n:(i+1)*n] for i in range(T+1)])

u = np.array ([z[n*(T+1)+(i)*m: n*x(T+1)+(i+1)*m] for i in range(T)])
y = np.array([C @ xt for xt in x])

return x, u, y
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Exercises (Go to Solutions)

1. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear/blob/main/Chapter4 /code/PythonHW /lqr.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter4/code/PythonHW/lqr

Chapter 5

Eigenvalues

The German word eigen translates into English as characteristic. We will see this German adjective through-
out this chapter. As the translated name suggests, the eigenvalues of a matrix are those scalar which charac-
terize the matrix. Together with its eigenvectors, we can do exactly that. The eigenvalues and eigenvectors
characterize their matrices. If we analyze these then we analyze the matrix itself. With the right coor-
dinate system, the eigenvalues show us that the matrix is just a collection of scalar multiplications, and
scalar multiplication is so much easier than generic matrix multiplication. These eigenvalues represent the
intrinsic properties of a linear transformation or a matrix. They reveal how much a vector is scaled when
multiplied by the matrix. Eigenvectors are the directions along which the transformation only stretches or
compresses, without changing direction. Applications of eigenvalues are everywhere in mathematics and
science, including stability analysis, quantum mechanics, and vibration modes.

221
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“Try not to become a man of success, but rather try to become a man of value.” — Albert Einstein

5.1 Eigenvalues and Eigenvectors

While a linear transformation can act on all vectors in its domain, not all vectors are created equal here.
Certain vectors optimize the image of the transformation. More specificially, the eigenvectors are those
vectors in the domain whose norms are changed the most by the transformation, for good or for ill. While
other vectors can be distorted and tilted by the transformations, its eigenvectors are those which are moved
at all by the function. As such, the full force of the linear transformation is placed into forming a scalar
product of the original vector.

5.1.1 Eigenvalues

3 -2 -1 2
Example 5.1.1. Let A= , U= ,and v = . Then
1 0 1 1
3 =2 -1 =5 3 -2 2 4
Au = = and Av = = = 2
1 0 1 -1 1 0 1 2

Notice that while multiplication by A sends u off to who-knows-where, multiplication by A only stretches
the vector v. This chapter will explore more deeply this type of phenomenon. [

Definition 5.1.2. Let A be an n X n matrix. Then a nonzero vector x is an eigenvector of A if there is a
scalar A such that
Ax = Ax.

In this case, A is called an eigenvalue of A corresponding to x.

It is straight forward to check if a vector is an eigenvector.

1 6 6 3
Example 5.1.3. Let A = ,u = ,and v = . Then
5 2 -5 -2
1 6 6 —24 6
Au = = =—4 = —4du
5 2 -5 20 -5
On the other hand, )
1 6 3 -9 3
Av = = #* A ,
5 2 -2 11 -2
since
-9\ = 3
11N = -2
has no solution. Therefore, u is an eigenvector of A with eigenvalue A = —4. The vector v is not an

eigenvector of A. n
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5.1.2 Eigenvectors

It can also be checked whether a scalar is an eigenvalue of a matrix, although this requires row reduction.

Example 5.1.4. Let A be the same matrix as the previous example. Is 7 an eigenvalue of A7

Now, suppose that A is an eigenvalue of A with eigenvector . Then

Ax = Jdx
Az — Xz = 0
Ax —Alx = 0
(A=X)x = 0

Therefore, A = 7 is an eigenvalue if and only if A — 71 has a nontrivial solution to the homogeneous system
(A—"7I)x = 0. Now,

1 6 70 -6 6
A-TI= — =
5 2 0 7 5 =5
But,
-6 6|0 1 —-110 1 =-11]0
5 =50 5 =510 0 010
1
Therefore, x = is a nontrivial solution to this homogeneous system and hence an eigenvector of A.
1
Note that
1 6 1 7 1
Aw = = = 7 == 7w.
5 2 1 7 1
1
Therefore, 7 is an eigenvalue of A with eigenvector . n
1
1
Notice in the last example, that = was an eigenvector for A with eigenvalue 7. Now, this is not
1
2 14
the only eigenvector for 7. In fact, y = is also an eigenvector. Note that Ay = = Ty. Now,
2 14

y = 2z. In fact, any nonzero multiple of & is an eigenvector of A since
A(cx) = c(Ax) = c(Ax) = Mcx).

Furthermore, any nontrivial solution to the homogeneous system (A — AI)x = 0 is an eigenvector. But this
is the null space of (A — AI), a subspace of R™. This leads to the next definition.

Definition 5.1.5. Let A be an n x n matrix with eigenvalue A. Then the null space of (A — AI) is called the
eigenspace of A corresponding to A, denoted Eigen(A, A\) = Nul(A — Al,,). The dimension of the eigenspace
is called the geometric multiplicity of the eigenvalue A and corresponds to the nullity of the matrix A— 1.

Since eigenspaces are null spaces of a matrix, they are always subspaces of R".
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4 -1 6
Example 5.1.6. Let A= | 2 1 6 |- An eigenvalue of A is A = 2. Find a basis for the eigenspace
2 -1 8
Eigen(A4,2).
We form
4 -1 6 2 00 2 -1 6
A=2I=12 16|02 0]|=]|2 -1 6
2 -1 8 0 0 2 2 -1 6
Thus,
2 -1 6 2 -1 6
2 -1 6~]10 00
2 -1 6 0 00

This implies that the null space! of A — 2I are the solutions to the equation
21 — x9 + 623 = 0.

In other words,

1/2 -3 1 -3
Eigen(A,2) = Nul(A — 2I) = Span 11, 0 = Span 21, 0
0 1 0 1
1 -3
In fact, the eigenspace is 2-dimensional with basis 21, 0 . [
0 1

5.1.3 Eigenvalues of Triangular Matrices

Theorem 5.1.7. The eigenvalues of a triangular matriz are the entries on its main diagonal.

3 6 -8 4 0 0

Example 5.1.8. Let A= | o 0 6 | and B=| —2 1 0 |. Since both matrices are triangular,
00 2 5 3 4

the eigenvalues of A are A = 3,0,2 and the eigenvalues of B are A\ = 4, 1. [

Notice from the previous example that 4 appeared twice along the diagonal of B. This is a repeated
eigenvalue of multiplicity two. This idea of multiplicity will also return later in this chapter.

IPlease review Section 2.8.1 for further study of finding a basis for the null space of a matrix, if necessary. This is a
calculation we use heavily in this chapter to find eigenvectors of a matrix.
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5.1.4 The Characteristic Polynomial

This is an optional subsection, as no other materials from this subsection will be used in the remainder of
this chapter. Our reason to include it is to give some idea behind the blackbox of computing eigenvalues
of an m x n matrix A. In a traditional linear algebra textbook, the notion of the determinant of a square
matrix A is introduced (we have only alluded to it in this text) and this provides an effective tool for finding
eigenvalues when n is small, much more effective than the strategy described below. But for large n, both of
these methods, finding eigenvalues via determinants or via row reductions as illustrated below, prove to be
very ineffective. To discuss algorithms for finding, or approximating, eigenvalues for large matrices requires
computational linear algebra which goes beyond the scope of this textbook.

As observed previously, for an n x n matrix A, a scalar X is an eigenvalue if and only if (A—AI)x = 0 has
a nontrivial solution if and only if A — A is singular. As we are considering a square matrix, it is singular
if and only if every echelon form of the matrix has a row of zeros. This is a strategy we can pursue.

-6 -2 =2 A+6 2 2
Example 5.1.9. Let A= 17 6 5 |. Then \I[s—A=| —-17 XN—6 —5 |. Then
7T 2 3 -7 -2 A-=3
A+6 2 2 -7 -2 -3

Mz—A~ | 17 X=—6 =5 ~ | —17 AX—=6 -5

7 —2 A-3 A+6 2 9
2 2—)\ 2 2—\
1 7 7 1 7 =
~ ~ 8 17241
17 A—-6 -5 0 A-% — 1AL

A+6 2 2 0 -

=N

A=1) fA-1)A+49)

Note that at this moment, if A = 1, then —2(A — 1) =0 and (A — 1)(A +4) = 0. This is a row of zeros.

Hence, A = 1 is an eigenvalue. If A # 1, then we may divide by —%()\ — 1) and we proceed in row reduction.

2 2—) 2 2—) 2 2=

T = 17 = 1z =
Mz — A ~ |0 A-8 1l ~ 1o 1 “ix+4 | ~ [0 1 —-iA+4)
0 1 —i+4 0 A-3% 1l 0 0 2(A\2-2))

Thus, if %()\2 —2)\) = 0, then the third row is again a row of zeros. Solving, we have A\?> — 2\ = 0, that is,

A(A—2) = 0. Hence, A = 0,2. Combining with what we saw previously, the eigenvalues of this matrix are
A=0,1,2. L]

Combining the two polynomials we saw in the previous example we have A(A—1)(A —2) = A3 —3\2 4 2.
Note that the roots of this polynomial is exactly the eigenvalues of A. Mimicking the technique of the
previous example will always produce a polynomial such as this whose roots are the eigenvalues of the
matrix. This polynomial is called the characterisitic polynomial of the matrix. The number of times a
root is repeated in the characteristic polynomial is called the algebraic multiplicity of that eigenvalue.
Because of the shear complexity of finding the characteristic polynomial for even such a small example, in
practice an numerical approximation of eigenvalues is satisificatory as they can be found much easier.
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Python Programming

The function np.eigvals(A) computes the eigenvalues of A.

—-15 29 -13 23
Example 5.1.10. The code can be used to find the eigenvalues of A =

-30 44 -19 34

import numpy as np

3 A = np.array([[-2,4,-2,1], # Define the matrix A

[-156,29,-13,23],

[-30,44,-19,34],

] [0,-4,2,-311)

7 print(np.linalg.eigvals(A)) # Return the eigenvalues, each repeated according to its
multiplicity.

namely: [-2. 3. 3. 1.] n


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/eigen
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Exercises (Go to Solutions)
For Exercises 1-3, determine if the vector is an eigenvector for A = . If so, what is the eigenvalue?
3 -1
6 1 1
1 2. 3
3 2 1
For Exercises 4-6, determine if the vector is an eigenvector for A = . If so, what is the eigenvalue?
4 -1
-1 4 2
4 5. 6
3 7 2
-6 —21 -16
For Exercises 7-9, determine if the vector is an eigenvector for A = 6 17 12 |. If so, what is the
-5 —-12 -8
eigenvalue?
-2 2 1
a7 0 a8 | —1 N9 | 1
1 -1 1
2 =5 =2
For Exercises 10-12, determine if the vector is an eigenvector for A = 2 —7 —3 |. If so, what is the
-4 14 6
eigenvalue?
-1 -1 0
N 10 -1 11 _92 12 0
2 4 0

3 6 3 1 1 3 -2 -1
13. , A 14 , N 15 , N 16. ,
0 1 0 -2 -1 5 1 —4
A=3 A=3 A=2 A=-3
3 5 7
1711 5 9 |,
4 5 6

>
I
o
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For Exercises 18-20, find a basis for the eigenspace for the matrix and each eigenvalue A listed. Answers may
vary. Also, determine the geometric multiplicities of each listed eigenvalue.

0 2 -7 2 32 -8 -5 5
18. ,
2 3 a9 | 8 1 0], 620 | 20 12 —10 |-
A=-ld —2 1 13 10 5 -3
A=5-3 A=-3,2

21. Complete all of the Python-based exercises found at:
https://github.com/emisseldine/OpenLinear /blob/main/Chapter6 /code /pythonHW /eigen.


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/pythonHW/eigen
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“The line of life is a Tagged diagonal between duty and desire.” — William R. Alger

5.2 Diagonalization

Similar matrices always result in a matriz factorization. When a matriz A is similar to a diagonal matriz D,
we obtain a very important factorization called its diagonalization. This factorization is obtained by analyzing
the eigenvalues and eigenvectors of the matriz A. If used correctly, it simplifies matriz exponentiation,
powers, and solving linear systems.

5.2.1 Similar Matrices

Definition 5.2.1. Let A and B be n X n matrices. We say that two matrices are similar if there exists a
nonsingular n x n matrix P such that PAP~! = B.

1 0 —7 15 —18 -2
Example 5.2.2. The matrices A = 5 1 2 | and B=| 17 —17 —4 | are similar since P =
-4 2 0 7T =22 4
1 -2 -1 [ 2 0 -1
1 -1 0 | is nonsingular with P~! = 2 -1 —1 | and
1 -4 -2 -3 2 1
1 -2 -1 10 77_ 2 0 -1 1 -2 -1 23 —-14 -8
PAP™'=11 -1 0 5 1 2 2 -1 -1 |=]1 -1 0 6 3 -4
1 -4 =2 -4 2 0] -3 2 1 1 -4 -2 -4 -2 2
15 —18 -2
=117 —-17 -4 | =8B =
7T =22 4

5.2.2 Diagonalizable Matrices

Definition 5.2.3. Let A be an n x n matrix. We say that A is diagonalizable if A is similar to a diagonal
matrix D, that is, A = PDP~! for some invertible matrix P.

7T 2 1 1
Example 5.2.4. Let A = . Then A is a diagonalizable matrix. Let P = and
—4 1 -1 -2
5 0 2 1
D= . Then P! = and
0 3 -1 -1
1 1 5 0 2 1 1 1 10 5 7T 2
A=PDp ! = = =
-1 -2 0 3 -1 -1 -1 -2 -3 -3 —4 1

Next, observe that
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A%? = (PDP Y (PDP')=PD(P'P)DP!

1 520 2 1
= PD?*pP~ 1 =
-1 =2 0 32 -1 -1
1 1 2.52 52 2.52 — 32 52 — 32
-1 =2 —32 _32 —2.52492.32 _52492.32
41 16 12 12 1 1
= # =
-32 -7 (-1)2 (—2)? 1 4

This might seem, at first, overkill for squaring a 2 x 2 matrix, but this pattern continues for power. In fact,
it follows by induction that

. i 11 580 2 1 2.5F — 3k 5k — 3k
AF = pDFpPT! = —
-1 -2 0 3k -1 -1 —2.5F+2.3% 5k 2.3
Among other reasons, diagonalization provides an effective method to compute powers of matrices. [

From the previous example, note that

1 7 2 1 5 1
A = = = 5
-1 —4 1 -1 -5 -1
and
1 7 2 1 3 1
A = = = 3
-2 —4 1 -2 —6 -2

Thus, the column vectors of P are eigenvectors of A! Furthermore, the diagonal entries of D are the
eigenvalues of A!

5.2.3 Eigenbases

Theorem 5.2.5. Ifxy,...,x, are eigenvectors of an nxn matrix A which correspond to distinct eigenvalues
A1y ooy Ay, Tespectively, then {xy, ... @} is linearly independent.

Theorem 5.2.6 (The Diagonalization Theorem). An n x n matriz A is diagonalizable if and only if A
has n linearly independent eigenvectors. In this case, there is a basis of R™ consisting of eigenvectors of
A, called an eigenvector basis (or eigenbasis). If A = PDP~!, then the diagonal entries of D are the
eigenvalues of A with multiplicity, the columns of P are eigenvectors, and the eigenvectors in P correspond
to the eigenvalues in the same column in D .

Theorem 5.2.7. An n x n matriz with n distinct eigenvalues is diagonalizable.

1 3 3
Example 5.2.8. If possible, diagonalize the matrix A= | —3 —5 _3
3 3 1

A quick calculation in Python:



1
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import numpy as np

3 print (np.linalg.eigvals(

1

np.array([[1,3,3],
[-3,-5,-3],
[3,3,111)))

gives the eigenvalues as [ 1. -2.

-2.].

Next, we compute the eigenvectors of A. We begin with A = 1.

0 3 3 0
A-I=| -3 -6 -3 |~| -3
3 3 0 0

3 3
-6 -3
0 0

3 3
-3
3 3

Therefore, Eigen(A4, —2) = Nul(A4 4 27) = Span

1 -1
A is diagonalizable. Let P = | _1 1
1 0

To finish, we need to compute P!,

1 -1 -1/1 0 O
—1 1 0j{0 1 0 ~
1 0 110 0 1

231
0 1 1 2 1 1 0 -1
~11 2 1|~ 1 1 |~(0 1 1
0 0 0 0 0 0 0 O
1
-1 . Next, we use A = —2.
1
3 3 3 1
~10 0 0]~ 0
0 0 O 0
-1 -1
1|, 0 . Since A has a basis of eigenvectors,
0 1
-1 100 -1 -1 1 00
-1 1 1 0|~ 1 21-1 0 1
21-1 0 1 0 -1 1 1 0
-1 1 0 0 -1 0| 0 -1 0
2|1 -1 0 1 1 0 1 2 1
11]-1 -1 0 0 1|-1 -1 0
1 0 0 1 1 1
1
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1 11
Therefore, P~ = 1 2 1 | and
~1 -1 0
1 -1 -1 1 0 0 1 11
A=PDP'=| 1 1 0 0 -2 0 1 21 .
1 0 1 0 0 -2 -1 -1 0

Note that a matrix is diagonalizable if and only if each geometric multiplicity is equal to its algebraic
multiplicity.

5.2.4 Stable Solutions

As we have studied linear dynamical systems previously, given by the dynamic equation ;41 = Ax; with
transition matrix A. What do the eigenvalues of A illustrate about this linear dynamical system? Imagine
v is an eigenvalue of the transition matrix A with eigenvalue A, that is, Av = Av. If ever a state vector
x¢ were equal to v, then x4 = Axy = Av = \v = Az, that is, the next state vector is just a multiple
of the previous. Similarly after T states, ;47 = ATx;. The future state of an eigenvector is within the
same linear span, the multiple being some power of A\. As T — oo, we see three possibilities. First, if
[A| > 1, then Th_{nOo |A] = oo, that is, the norm of the state vector ||x:4r]|| explodes. Second, if |A| < 1, then

lim |A| = 0, that is, the norm of the state vector ||z¢1r| collapses. Third, if |A\| = 1, then lim |\ = 1,
T—o0 T— 00

that is, the norm of the state vector ||| stabilizes. An eigenvector v with eigenvalue A = 1 is called
a stable solution or steady state to the linear dynamical system. The eigenvectors of A represent the
optimal directions of growth, collapse, or stability. No state vector explodes as quickly as an eigenvector with
large A; likewise, no vector stabilizes as well as an eigenvector with A = 1. Generally speaking, state vectors
which are not eigenvectors will converge toward “nearby” eigenvectors, often the eigenvectors with largest |A|.

Example 5.2.9. With the litany of streaming services and new content being regularly released, these
companies are constantly competing for customers. Consider to popular streaming services, PyFlix and
LinearMax. Every month, PyFlix retains only 70% of its subscribers and 30% drop their PyFlix subscription
and sign up for LinearMax (PyFlix’s chief competitor in the math-related K-drama genre). Similarly, each
month LinearMax retains 80% of its subscribers, with 20% migrating to PyFlix. If we consider a dynamical

pfi

system x; = , where pf; and Im; are the numbers of subscribers to PyFlix and LinearMax on month
lmt

t (measured in thousands of subscribers), and ignore any new subscribers to these services, then

0.70 0.20
0.30 0.80

is the transition matrix for this Markov chain.

Suppose that when LinearMax first opened, PyFlix had 1 million subscribers and these trends existed.
The graph below demonstrates how the two companies grow over the next 2 years. We see that the number
of subscribers for each company converges very quickly toward their steady states, approximately 400,000

for PyFlix and 600,000 for LinearMax. Note that the eigenvalues for A are A =1, 3 and

400 2
€ Eigen(A, 1) = Span
600 3
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400 1000
Hence, lim;_, o ¢; = , the stable solution to @1 = Ax; with the same sum as ¢ =

600 0

Part A - Market Share Stability: Birth of LinearMax

1000 1 —&— PyFlix
—=— LinearMax

800 -
ol
g The lines flatten out {Steady State)
= because one eigenvalue is A=1.
i
B 600
=
5
o
=]
(%51
2 100
I
A
=
o
=
'_

200 4

I] -
T T T T T T
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Months

The following code simulates this dynamical system:

import numpy as np
import matplotlib.pyplot as plt

# PART A: Birth of LinearMax

**

The Transition Matrix A

Column O: Transitions FROM PyFlix
Column 1: Transitions FROM LinearMax
= np.array ([

11 [0.70, 0.20], # TO PyFlix

12 [0.30, 0.80] # TO LinearMax

13 1

= H H

15 # Initial State vector x_0 (Start of first year)
16 # 1000K subscribers for PyFlix, O for LinearMax
17 x = np.array ([1000, 0])

19 # Calculate eigenvalues to predict behavior before running simulation
20 print (’Birth of LinearMax - Eigenvalues of Transition Matrix:’, np.linalg.eigvals(A), ’\n’,
‘= % 30)

1
2 # Run simulation
3 T = 24

+ pft = [x[0]]

25 1m [x[1]1]

27 for t in range(T):
28 x = A Q@ x

29 pf . append (x[0])
30 lm.append(x[1])

32 # Plot 1: Stabilization (Convergence to Steady State)


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/stable
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; plt.figure(figsize=(10, 6))

plt.plot(range(T + 1), pf, label=’PyFlix’, marker=’o’, linewidth=2, color=’tab:blue’)
plt.plot(range(T + 1), 1lm, label=’LinearMax’, marker=’x’, linewidth=2, color=’tab:orange’)

7 plt.title(’Part A - Market Share Stability: Birth of LinearMax’, fontsize=14,fontweight="’

bold’)
plt.xlabel (’Months’, fontsize=12)
plt.ylabel (’Thousands of Subscribers’, fontsize=12)
plt.grid(True, linestyle=’--’, alpha=0.7)
plt.legend ()
plt.text(T/2, 650,
>The lines flatten out (Steady State)\nbecause one eigenvalue is ’ + r’$\lambda=1.$

>
s

bbox=dict (facecolor=’yellow’, alpha=0.2))

5 plt.show()

Why does x; converge toward the stable solution? The second eigenspace of A is given as Eigen(A4,0.5) =

Span . As it is not feasible for a state vector to have negative entries, no state vector x; could
1
2 -1
ever be “near” this eigenspace. If x( is a generic initial state vector, since , forms an
3 1

eigenbasis for R? associated to A, there exists coordinates 7, s € R such that

2 -1
Tog =T + s
3 1
. Then
2 -1 2 -1 2 -1
Ty =Axg=A|r +s =r|A +s| A =r + 5(0.5)
3 1 3 1 3 1
Repeating this process t times, we see that
2 -1
xi=r + 5(0.5)"
3 1
2
Since 75lim (0.5)" = 0, we have tlim Ty =7 , that is, every initial vector will cause the dynamical system
—00 —0o0
3

to converge toward the stable solution.

Continuing with the above competition, suppose now that PyFlix offers a generous customer referral
program, which causes 20% of their current subscribers to add a new customer not currently using either
streaming service. Also, controversy has hit LinearMax since releasing a documentary advocating that
the high school math sequence Secondary Math I, Secondary Math II, and Secondary Math III is more
beneficial for high school students than the traditional Algebra I, Geometry, Algebra II sequence. This
causes LinearMax to only retain 70% of its subscribers, and while 25% of LinearMax’s subscribers move over
to PyFlix, 5% do not subscribe with LinearMax nor PyFlix. Therefore, the transition matrix A is modified
to

0.90 0.25

0.30 0.70

If we simulate the next 24 months with this new transition matrix, continuing where the last 2 years left
off, we see the trend illustrated to the below left. This trend is an explosion of customers for both services.
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While LinearMax is losing more subscribers, because PyFlix is adding several customers, many of these
PyFlix customers later decide to move over to LinearMax. Overall, both companies explode in the market.
Note that the eigenvalues of this new transition matrix are A = 1.09154759, 0.50845241.

Part B - Market Explosion: Customer Referrals

—e— PyFlix
== LinearMax
4000 4

3500 1

3000 A

2500 1

2000 4

1500 4

Thousands of Subscribers

1000 4

500

0 5 10 15 20 5
Months

The following code simulates this dynamical system:

: # PART B: Customer Referrals

H*

The Transition Matrix A_ref
Column O0: Transitions FROM PyFlix
Column 1: Transitions FROM LinearMax
ref = np.array ([

[0.9, 0.25], # TO PyFlix

[0.30, 0.70] # TO LinearMax

= H B H

Thousands of Subscribers

Part C - Market Collapse: Death of QL

4000 1

=]
=
=

2000 4

5]
=
=

—e— PyFlix
== LinearMax

ip)

# Calculate eigenvalues to predict behavior before running simulation

print (’Customer Referrals - Eigenvalues of Transition Matrix:’, np.linalg.eigvals(A_ref), °’\
n’, ’-> % 30)

# Run simulation
# Initial State vector x_25 (start of 3rd year)
#

approximately 400K subscribers for PyFlix, 600K for LinearMax

T_ref = 24
pf_ref = [x[0]]
Im_ref = [x[1]]

for t in range(T_ref):
x = A_ref Q@ x
pf_ref.append(x[0])
lm_ref.append(x[1])
Run simulation
Initial State vector x_25 (start of 3rd year)

H H ®

T_ql = 24
pf_ql = [x[0]]
lm_ql [x[1]1]

for t in range(T_ql):
x = A_ql @ x
pf_ql.append(x[0])
1m_ql.append(x[1])

# --- Visualize Parts B and C ---
fig, (axl, ax2) = plt.subplots(l, 2, figsize=(14,

6))

approximately 400K subscribers for PyFlix, 600K for LinearMax


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/stable
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# Plot 2: Growth (Divergence)

axl.plot(range(T_ref + 1), pf_ref, label=’PyFlix’, marker=’o’, linewidth=2, color=’tab:blue’
)

axl.plot(range(T_ref + 1), lm_ref, label=’LinearMax’, marker=’x’, linewidth=2, color=’tab:
orange’)

axl.set_title(’Part B - Market Explosion: Customer Referrals’, fontsize=14, fontweight=’bold

”)
axl.set_xlabel (’Months’, fontsize=12)
axl.set_ylabel (’Thousands of Subscribers’, fontsize=12)

axl.grid(True, alpha=0.3)
axl.legend ()

Controversy continues, but now the government changes education policies that high school graduates
now only need one year of math, instead of three. As such, many subscribers drop their service with PyFlex
and LinearMax. This new trend is given by a new transition matrix

0.75 0.05

0.10 0.65

If we simulate the next 24 months with this new transition matrix, continuing where the last 2 years left
off, we see the trend illustrated to the above right. This trend is a collapse of customers for both services.
Note that the eigenvalues of this new transition matrix are A = 0.78660254,0.61339746. The following code
simulates this dynamical system:

# PART C: Death of Quantitative Literacy

**

The Transition Matrix A_ql
Column O: Transitions FROM PyFlix
Column 1: Transitions FROM LinearMax
_ql = np.array ([
[0.75, 0.05], # TO PyFlix
[0.10, 0.65] # TO LinearMax
D

= H O ®

# Calculate eigenvalues to predict behavior before running simulation
print (’Death of QL - Eigenvalues of Transition Matrix:’, np.linalg.eigvals(A_ql), ’\n’, ’-’
* 30)

Run simulation

Initial State vector x_25 (start of 3rd year)

approximately 400K subscribers for PyFlix, 600K for LinearMax
T_ql = 24

pf_ql = [x[0]]

lm_ql [x[1]]

H H B

for t in range(T_ql):
x = A_ql @ x
pf_ql.append(x[0])
lm_ql.append(x[1])

# --- Visualize Parts B and C ---
fig, (axl, ax2) = plt.subplots(l, 2, figsize=(14, 6))

# Plot 2: Growth (Divergence)

axl.plot(range(T_ref + 1), pf_ref, label=’PyFlix’, marker=’o0’, linewidth=2, color=’tab:blue’
)

axl.plot(range(T_ref + 1), lm_ref, label=’LinearMax’, marker=’x’, linewidth=2, color=’tab:
orange’)

axl.set_title(’Part B - Market Explosion: Customer Referrals’, fontsize=14, fontweight=’bold

?)
axl.set_xlabel (’Months’, fontsize=12)
axl.set_ylabel (’Thousands of Subscribers’, fontsize=12)

axl.grid(True, alpha=0.3)
axl.legend ()

# Plot 3: Decay (Convergence to Zero)
ax2.plot(range(T_ql + 1), pf_ql, label=’PyFlix’, marker=’o’, linewidth=2, color=’tab:blue’)


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/stable
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ax2.

ax2.
.set_xlabel (’Months’, fontsize=12)

.set_ylabel(’Thousands of Subscribers’,
ax2.
ax2.

ax2
ax?2

plt.
.show ()

plt
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plot (range(T_ql + 1), 1lm_ql, label=’LinearMax’,

orange’)

set_title(’Part C - Market Collapse: Death of QL’,

grid (True, alpha=0.3)
legend ()

tight_layout ()

# Plot 3: Decay (Convergence to Zero)

ax?2

ax2.

ax2.
ax2.
ax2.

ax2
ax?2

plt.
plt.

.plot(range(T_ql + 1), pf_ql, label=’PyFlix’,
plot(range(T_ql + 1), 1lm_ql, label=’LinearMax’,

orange’)

fontsize=12)

set_title(’Part C - Market Collapse: Death of QL’,

set_xlabel (’Months’, fontsize=12)
set_ylabel (’Thousands of Subscribers?’,

.grid (True, alpha=0.3)
.legend ()

tight_layout ()
show ()

fontsize=12)

marker=’x’,

marker=’o0’,
marker=’x’,

fontsize=14,

fontsize=14,

237

linewidth=2, color=’tab:

fontweight=’"bold’)

linewidth=2, color=’tab:blue’)
linewidth=2, color=’tab:

fontweight=’bold’)
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Python Programming

The function np.linalg.eig(A) computes the eigenvalues of a matrix A as well as its eigenvectors, sort of.
The first output eigenvalues is a ld-array of eigenvalues, repeated according to their multiplicities. The
second output eigenvectors is as a 2d-array of “eigenvectors” for A, but the columns of eigenvectors,
not the rows, are the eigenvectors of A, listed in the same order as the eigenvalues in eigenvalues. Thus,
the 2d-array eigenvectors is the matrix P in the diagonalization of A, although this command will always
normalize the columns of eigenvectors. While eigenvalues is only a list of the eigenvalues, it can be
easily converted into the diagonal matrix D with the command np.diag(eigenvalues). Lastly, the matrix
P! is also easily found with the command np.linalg.inv(eigenvectors). Thus, we can compute the
diagonalization of a matrix by combining these NumPy commands. Be warned though, this method will
only work (and can only be trusted) for diagonalizable matrices.

What is the command np.eig() doing then? If A is not diagonalizable, then np.1linalg.eig(A) will still
find the correct eigenvalues, but the matrix eigenvectors will not exactly be a set of eigenvectors. While
the eigenvectors of A will be among the columns of eigenvectors, some of the columns will be generalized
eigenvectors. For each eigenvalue of a matrix, there is always at least one associated eigenvector. The alge-
braic multiplicity, which comes from the characteristic polynomial, tells us the upper bound on the number
of linearly independent eigenvectors for that eigenvalue, but the algebraic multiplicity is not always obtained.
On the other hand, the geometric multiplicity, which is the dimenion of the eigenspace Eigen(A, ), is the
number of linearly independent eigenvectors that actually occur. A matrix is diagonalizable if and only if
these multiplicities agree for all eigenvalues. If A is not diagonalizable, then it can be almost diagonalized,
that is, it is similar to what would otherwise be a diagonal matrix except for a few 1’s along the subdiagonal,

3 00
eg. A= | 0 2 1 |. This matrix cannot be diagonalized, which means it does not have an eigenbasis.
0 0 2

This is because the matrix A — A\I,, does not have a large enough null space. But taking powers of this
matrix, that is, (A — AI,,)*, the null space can enlarge, enough to include more vectors that sort of act like
eigenvectors, so called generalized eigenvectors . Adding these generalized eigenvectors to the authentic
eigenvectors allows for a generalized eigenbasis, which will convert the matrix into an almost diagonal
matrix, called its Jordan canonical form. This topic of generalized eigenvectors and Jordan forms goes
beyond the scope of this text, but it is important for the reader to know what these “extra” eigenvectors are
in the case a matrix is not diagonalizable. In particular, the NumPy software can be fouled into believing a
defective matrix is diagonalizable when it is not because of rounding errors from the imprecision of floating
points.

1 3 3

Example 5.2.10. The code computes the diagonalization of the matrix A= | —_3 _5 _—3 | asseenin

3 3 1
Example 5.2.8.

import numpy as np

A = np.array([[1,3,3], # Define matrix A
[=8,=B,=81 ;
[3,3,111)
s D, P = np.linalg.eig(A) # Calculate eigenvalues (D) and eigenvectors (P) of matrix A
7 Pinv = np.linalg.inv(P) # Calculate the inverse of matrix P
print (P,"\n", # Print the results
np.diag(D),"\n",
Pinv,"\n=",
P @ np.diag(D) @ Pinv,"\n")

3 B = np.array([[3,0,0], # Define matrix B

(0,2,17,
[0,0,2]11)
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16 D, P = np.linalg.eig(B) # Calculate eigenvalues (D) and eigenvectors (P) of matrix B
17 Pinv = np.linalg.inv(P) # Calculate the inverse of matrix P
18 print (P,"\n", # Print the results

np.diag(D),"\n",

Pinv,"\n=",

P @ np.diag(D) @ Pinv,"\n!=",
B)

namely:

[[-0.57735027 -0.28310993 -0.39631702] [[ 1. 0. 0.] [[-1.73205081 -1.73205081 -1.73205081]
[ 0.57735027 0.80479442 -0.42006444] * [ 0. -2. 0.] * [ 0.90508519 2.76948852 1.86440333]
]

[-0.57735027 -0.52168449 0.81638146]1]1 [ 0. 0. -2.] [-0.64654958 0.54484238 1.19139196]]
[1. 3. 3.]

[
= [-3. -5. -3.]
[ 3. 3. 1.]1]
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(Go to Solutions)

For Exercises 1-12, diagonalize the matrix A. Answers may vary.

-3 —4
1.
5 6
A=1,2
410
510 2 0
00 3
A=4,2,3
6 10 0
3 5 0
X2
12 24 -1
15 30 0
A=1,-1,-1,0
23 —22 20
11. | 30 —30 30
15 —16 18
A=2,3 -8

3 -2 19 -8 4 1
a2 3. 4.
1 0 40 —17 2 3
A=21 A=3,—1 A=5,2
8 —20 10 1 2 1
NG |5 —12 5 7. 6 -1 0
5 —10 3 -1 -2 -1
A=-2-23 A=—-4,0,3
—4 8 20 10 -4 0 -4
-2 9. |5 —-12 5 10. 3 -4 3
-8 5 10 3 2 0 2
=18, —17, -2 =0,-2,—4
11 A 8a 7a )‘ ’ )
—4 -3 =2
12. 0 —4 0
4 -3 2
A=0,-2,—4

QUICK! For Exercises 13-13, given a diagonalization of matrix A, find a distinct diagonalization of A in
LESS THAN 30 SECONDS! Answers may vary.

0 -2 -1 6

1371 -1 01]0
0 1 1110

0 0 -1 1 -1

2 0 -1 0 -1

0 -2 10 2

For Exercises 14-14, determine whether the two matrices, A and B, are similar or not. Justify your answer.

14. 2

-4 -3 =2
) 0 —4 0
4 =3 2
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“It’s always good to take an orthogonal view of something. It develops ideas.” — Ken Thompson

5.3 Orthogonal Diagonalization

Symmetric matrices are extremely simple to describe but come with extremely powerful matriz properties.
Their analysis lies at the intersection of the eigenvalues of this chapter and the orthogonality of previous.
Specializing the techniques of Section 5.2, the eigenbasis of a symmetric matriz can be always made orthonor-
mal. We can also expect the eigenvalues of a symmetric matriz to always be real. These properties, as well
as others, empower symmetric matrices to become important tools in linear algebra and its applications, such
as the singular value decomposition which is an orthogonal decomposition of the Gram matriz.

5.3.1 Orthogonally Diagonalizable Matrices

Symmetric matrices interestingly bring together the theory of eigenvectors and inner products. Recall a real
square matrix U is called orthogonal if UTU = I, that is, UT = U~1.

Theorem 5.3.1. If A is a symmetric matriz, then any two eigenvectors with distinct eigenvalues are or-
thogonal.

6 —2 -1
Example 5.3.2. We note that A= | _—9 6 —1 | is symmetric. It can also be checked that
-1 -1 5
-1 -1 1
A =8:v; = 1 |; A=6:v2=1| -1 |; A3=3:v3= |1
0 2 1

are all eigenvectors of A. Furthermore, vy - v9 = vy - v3 = vo - v3 = 0. Normalizing these vectors:

—1/V2 -1/V6 1/vV3
u; = 1/\/§ ) U2 = *1/\/6 ) Uz = 1/\/§ )
0 2//6 1/V3

we get a diagonalization of A:

—1/vV2 —1/V/6 1/v3 8 0 0 —1/vV2 1/V2 0
A=PDP'=1| 1/y2 —1/V6 1/V3 || 0 6 0 —1/V6 —1/vV6 2/6
0 2/vV/6  1/V3 0 0 3 1/vV3  1/V/3 1/V3

using an orthogonal matrix P. [

Definition 5.3.3. We say a real matrix A is orthogonally diagonalizable if there exists an orthogonal
matrix P and diagonal matrix D such that A= PDPT = PDP~!.

The matrix in the previous example is orthogonally diagonalizable. In fact, if A is orthogonally diago-
nalizable, then A = PDPT and A" = (PDPT)T = (PT)TD"PT = PDTP"T = PDPT | that is, AT = A.
Thus, A is symmetric. The converse is also true.
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Theorem 5.3.4. A matriz A is orthogonally diagonalizable if and only if A is symmetric.

The method of computing an orthogonal diagonalization is the same as any other diagonalization except
we require that our basis of eigenvectors be orthonormal. Normalizing the eigenvectors is simple enough.
On the other hand, we cannot simply apply the Gram-Schmidt procedure to an eigenbasis, because the end
result may not be an eigenbasis. Instead, we must apply the Gram-Schmidt procedure to a basis for each
distinct eigenspace. Since different eigenspaces are mutually orthogonal, the union of these orthogonal bases
gives an orthogonal eigenbasis.

3 -2 4
Example 5.3.5. Let A= | _9 6 2 |. It can be shown that A =7, —2 are the eigenvalues of A and
4 2 3
1 ~1/2 ~1
Nul(A — 7I) = Span o, 1 , Nul(A + 2I) = Span —-1/2
1 0 1

are the eigenspaces. Applying Gram-Schmidt to the eigenspace of A = 7, we get the orthogonal basis

1 —1/4
Nul(A — 7I) = Span 0|, 1
1 1/4
Therefore,
1 ~1/4 ~1
0|, 1|, —1/2
1 1/4 1

is an orthogonal eigenbasis. After normalizing, the set
1/v2 —1/V/18 -2/3

0 .| 4/Vi8 || —1/3
1/V2 1/V/18 2/3

is an orthonormal eigenbasis. Therefore,
1/vV2 —1/V18 —2/3 70 0 1/v2 0 1/V2
A= 0 4/V/18  —1/3 07 0 —1/V/18 4//18 1/4/18
1/vV2 1/V/18  2/3 00 -2 -2/3  —=1/3  2/3
is an orthogonal diagonalization of A. m

5.3.2 The Spectral Theorem

The set of eigenvalues of a matrix A is called the spectrum of A.
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Theorem 5.3.6 (The Spectral Theorem for Symmetric Matrices). An n x n symmetric matriz A has the
following properties:

(i) A has n real eigenvalues, counting multiplicities;

(i) The geometric and algebraic multiplicities of each eigenvalue of A are equal;
(iii) The eigenspaces of A are mutually orthogonal;

(iv) A is orthogonally diagonalizable.

5.3.3 Spectral Decomposition

Let A be a symmetric matrix. Then it has an orthogonal diagonalization given as:

A 0 u Au{
A = PDPT[ul u"} [ul un}
0 An uI Anu
= A1u1u1T+...+)\nunuI:Al(ul®u1)+...+)\n(un®un).

This last line is called a spectral decomposition of A. Each of matrices B; = 'u,z'ulzT = u; ® u;, the

outer product of w,; with itself, is an n X n symmetric matrix with rank 1. The range of B; is Span{w;}.

Furthermore, B;B; = 0 if ¢ # j and B2 = B;, since {uy,...,u,} is a orthonormal set.
7 2

Example 5.3.7. The matrix A = is symmetric and has an orthogonal diagonalization given by
2 4

2/vV5 —1/v/5 8 0 2/v/5  1/V/5
1/v5  2/V5 0 3 —1/v/5 2/V5

LetP[ul uQ} 2/V5 —1/V5 . Then

1/vV5  2/V5

[ 2/V5 | T 4/5 2/5
u @up = wu] = / 2/V5 1/V/5 } _| ;
i 1/v5 |t 2/5 1/5
[ —1/V5 ] /5 -2/5
Us @ U = UUy = / { ~1/v5 2/V5 ] = / /
2/\V/5 —2/5 4/5
SwaT + 5w - 8 4/5 2/5 L 1/5 —2/5 702 .

2/5 1/5 —2/5  4/5 2 4
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Python Programming

The function np.linalg.eigh(A) computes the eigenvalues of a symmetric matrix A as well as its eigenvec-
tors. It works similar to np.linalg.eig(A), as the first output is the list of eigenvalues (eigenvalues) and
the second output is a matrix whose columns are normalized eigenvectors (eigenvectors). Unless the defect
of np.linalg.eig() discussed in Section 5.2, np.linalg.eigh(A) will always find the correct eigenvectors
of A, since symmetric matrices always have an eigenbasis (no generalized eigenvectors needed here). Also,
eigenvectors this time will be an orthogonal matrix, useful in orthogonal diagonalization. The reason for
the h is that the complex analog of a (real) symmetric matrix is called a Hermitian matrix.

3 -2 4
Example 5.3.8. The code computes the orthogonal diagonalization of the matrix A = | —9 6 2
4 2 3
as seen in Example 5.3.5.
import numpy as np
A = np.array([[3,-2,4], # Define matrix A
[-2,6,2],
[4,2,311)
D, P = np.linalg.eigh(A) # Calculate eigenvalues (D) and eigenvectors (P) of matrix A
print (P,"\n", # Print the results
np.diag(D),"\n",
P.T,"\n=",
P @ np.diag(D) @ P.T,"\n")
namely:
[[ 0.66666667 -0.74535599 0. ] [[ -2. 0. o0.] [[ 0.66666667 0.33333333 -0.66666667]

[
[ 0.33333333 0.2981424 0.89442719 1 [ 0. 7. 0.1 % [-0.74535599 0.2981424 -0.59628479]
[-0.66666667 -0.59628479 0.4472136 1] [0. 0. 7. 11 [ 0. 0.89442719 0.4472136 11

[ 3. -2. 4.]

-2. 6. 2.]

4, 2. 3.1] n

L B e B §


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/orthodiagonable
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Exercises (Go to Solutions)

For Exercises 1-6, compute an orthogonal diagonalization for the matrix A.

2 1 17 5 4 3 4 2 10
1 2.
1 2 5 -7 313 4 0 4. 11 2 1
A=31 A =18,-8 10 4 01 9
A=94,-1 A=224+2
5 17 8 5 3 -3 3
d5 | 17 5 8 3 5 3 -3
6.
8§ 8 14 -3 3 5 3
=30,-12
A\ =30,-12,6 s 3 3 5
A= —4,88,8

For Exercises 7-12, compute a spectral decomposition for the matrix A, whose orthogonal diagonalization
was computed in Exercises 1-6.

7. Exercise 1 8. Exercise 2 9. Exercise 3 10. Exercise 4

& 11. Exercise 5 & 12. Exercise 6
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“The ultimate value of life depends upon awareness and the power of contemplation rather than upon mere
survival.” — Aristotle

5.4 Singular Value Decomposition

Diagonalization, especially of symmetric matrices, is a powerful tool to study and work with matrices but
comes with a serious restriction. A matriz is diagonalizable if and only if it has an eigenbasis, for which
it is mecessary the matriz be square. The singular value decomposition, or SVD, allows us to retain most
of the benefit of a diagonalization without the matriz having an eigenbasis or even being square by instead
finding the orthogonal diagonalization of the Gram matriz, which is always symmetric. The SVD is one of
the most important linear algebraic tools of a data scientist, particularly because SVD has several applications
in data analysis. For example, we can use SVD to analyze large data sets and find in those data sets. SVD
is fundamental in machine learning tasks, data compression, image processing, and collaborative filtering.
These are only a few possible applications. Some others will be discussed in Section 5.5.

5.4.1 Singular Values

Let A be an m x n matrix, that is, A might not be necessarily square. Can it be diagonalized like its square
compatriots? Even if A cannot be diagonalized, its Gram matrix AT A can be diagonalized. After all, AT A
is symmetric, meaning its diagonalization is the coolest. It is orthogonally diagonalizable! This orthogonal
diagonalization of AT A can modified into a pseudo-orthogonal diagonalization for A.

Let {vy,...,v,} be an orthonormal basis of eigenvectors of AT A with corresponding eigenvalues A1, ..., \,.
Note that

||14’Ui||2 = (A’Ui)T(A’Ui) = (’UIAT)(A’I)Z) = ’UiT(ATA’Ui) = /\1(’[)?’01) = )\,‘('U,‘ "I)i) = /\1

Since || Av;||? > 0, each eigenvalue of AT A is a nonnegative real number. Reordering them if necessary, we
may assume that A\; > Xo > ... > A\, > 0. Let 0; = v/A;. The singular values of A are these values
01,02, ...,0,. Thus, ||Av;| = o;.

Theorem 5.4.1. Let A be an m x n matriz. Suppose {vi,...,v,} is an orthonormal eigenbasis of AT A
such that AT Av; = \jv; and \y > ... > X\, > 0. Then o; = 0 implies that v; € Nul(A).

1 1
Suppose 1 of these eigenvalues are nonzero. Then {Avl,...,Avr} is an orthonormal basis of
01 r

Col A. In particular, rank A = r.
Proof. If o; = 0, then ||Av;|| = 0, which implies that Av; = 0. Thus, v; € Nul(A), which proves the first

result.
Let o, be the last nonzero singular value. Then Col A = Span{Avy,...,Av,} = Span{Awv,..., Av,}.

Since v; - v; = 0 for i # j, we have

(Avi) - (Avj) = (Av;) T (Av;) = (v AT)(Avy) = v (AT Avj) = v] (Ajv;) = Aj(v; - v;) = 0.

Thus, {Avy,..., Av,} is orthogonal, which implies it is also linearly independent. We have then constructed
1 1

a basis for Col A. Lastly, as observed above ||Av;|| = o;, we conclude that {Avl, cee Avr} is an
g1 T

orthonormal basis for Col A. =

Theorem 5.4.2. Let A be an m x n matriz. If v is an eigenvector for AT A, then Av is an eigenvector for
AAT.

Proof. Let uw = Av, and let AT Av = \v. Then
AATu = (AAT)(Av) = A(AT Av) = A(M\w) = \(Av) = \u.

Therefore, u is an eigenvector of AAT. O
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Theorem 5.4.3 (The Singular Value Theorem). Let A be an m X n matriz with rank r. Let ¥ be the m X n
matrixz whose diagonal entries are the singular values oy,...,0. of A, in descending order, and all other

entries are zero, let U = | w; ws ... unm } be the m x m orthogonal matriz where {wy, ... , Uy} is an
orthonormal eigenbasis of AAT, and let V = { v, vy ... v, | bethen xmn orthogonal matriz where

1
{vy,...,v,} is an orthonormal eigenbasis of AT A. Furthermore, assume that w; = — Av; for 1 <i < r.

Then '
A=UXVT.

This factorization of A is called a singular value decomposition (or SVD).

Proof. Note
g1 0
0
UYX=1| w wus ... up = | oqu; o9us ... oyu, 0 ... O]
0 o
0 0
=| Avy Avy ... Av, Av,.y; ... Av, ] = AV.
Therefore, A =UXV ! =UZVT. O
11
9 9
Example 5.4.4. Let A = | 2 9 |. Then ATA = , which has eigenvalues 18 > 0, with
9 9
2 2
1/V2 “1/v2 NG 13
corresponding eigenvectors v, = , Vg = .Set V =
1/v/2 1/v/2 1/vV2 1/V2
32 0
We have that o7 = v/18 = 3v/2 and o5 = 0 are the singular values of A. Set ¥ = 0 0
0 0
2//2 0 1/3
1
Finally, Avy = | 4/y/2 |, Ava = | 0 |. Let ug = 3—\/§Av1 = | 2/3 | . We next will extend {u1} to
4/V2 0 2/3
2/3
an orthonormal basis of R?. The remaining eigenvectors of AAT can be found to be us = | —9 /3 | and

1/3
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2/3 /3 2/3  2/3
U3 = 1/3 |- SetU=| 2/3 —2/3 1/3 . Therefore,
-2/3 2/3 1/3 —2/3
11 /3 2/3 2/3 3v2 0
1/vV2 1/V2 .
A=|2 2 |=12/3 -2/3 1/3 0 0 =UxV
—1/vV2 1/V2
2 2 2/3 1/3 —2/3 0

is a singular value decomposition of A. [
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Python Programming

The function np.linalg.svd(A) computes the singular value decomposition of A. It has three output,
namely U, sigma, and VT. The 2d-array U is the matrix U. The 2d-array VT is the matrix V' '. Note that it
does not output V directly. The 1d-array sigma is the list of singular values in descending order, including
the correct number of zero values. To construct the matrix ¥, use the command np.diag(sigma), although
you may need to stack on some extra rows or columns of zeros to match the shape of A.

-9 18 54
Example 5.4.5. The code computes the singular value decomposition of the matrix A =

—-38 —49 -22
import numpy as np

A = np.array([[-9,18,54], # Define matrix A
[-38,-49,-22]11)

s U,sigma ,VT = np.linalg.svd(A) # Perform Singular Value Decomposition (SVD)

7 print (U,"\n", # Print the results
np.diag(sigma),"\n",
VT.T,"\n")
namely:
[[ 0.6 0.8] [[75. 0.] [[ 0.33333333 -0.66666667 0.66666667]

[-0.8 0.6]]1 = [ 0. 45.]1 =* [ 0.66666667 -0.33333333 -0.66666667]
[ 0.66666667 0.66666667 0.33333333]] u


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/svd
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For Exercises 1-6, compute a singular value decomposition for the matrix A.

L1113 5 8

g1 = 10
3 4
o4 | 0 3
-4 0

QQ-{I 2 24}

0'1:5

g1 :\/37,0'2 =+v13
1 01

0 1 2
0-1:\/6702:1

A3

(Go to Solutions)

1 11

g1 :3,0'220,0'320
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“Manifest plainness, embrace simplicity, reduce selfishness, have few desires.” — Lao Tzu

5.5 Dimension Reduction

Data sets are often filled with extra “noise.” Dimension reduction, techniques like principal component
analysis or PCA, reduce high-dimensional data to a lower-dimensional space. This reduction is meant to
reduce the complexity and retain essential information while minimizing noise and redundancy.

5.5.1 Singular Reduction

Let A be a m x n matrix of rank r. We saw previously how to compute the eigenvectors of AAT using the
1

eigenvectors of AT A, namely u = —Av when v ¢ Nul(A). This gets you the first r eigenvectors of AAT.
o

Because the remaining eigenvectors of AAT correspond to zero eigenvalues, the product between eigenvalue
and eigenvector will be 0. Since the product of any vector with 0 is likewise 0, instead of searching for the

remaining eigenvectors of AAT one could extend the orthonormal set {u, ..., u,} into any basis of R™, such
as {1, ..., Up, Tr41,...,Tm}. Applying the Gram-Schmidt process to this latter set produces the orthonor-
mal basis {1, ..., Ur, Urs1, ..., Uy} for R™, which can be used to form the columns of U alternatively for

no consequence on the SVD.

This analysis actually suggests that the eigenvectors of AAT associated to zero singular values are ir-
relevant. These latter columns of U correspond to zero rows of ¥. We can remove these zero rows in X as
well as these latter columns of U with no effect on the product as they are contributing nothing as it is.
Likewise, the zero columns of ¥ contribution nothing to the final product, and we could prune these zero
columns from ¥ by likewise pruning the latter rows of V', or the latter columns of V. Let 0 < k < r. Then
we define the m x k matrix U as the submatrix of U consisting of only the first k& columns of U, the k x k
diagonal matrix Y; consisting of the first k£ singular values of A, and the n X k matrix V}, consisting of only
the first £ columns of V. Then

o 0 0 vlT

0 oo 0 v;
A = Urzr‘/r—r:[ul U2 Uy .

0 0 o, v

T T T T
g OiU;V; = 01UV + O2U2Vy + ...+ 0pUV,. .
i=1

This is known as the reduced singular value decomposition. Note that the matrix A is unaltered. It is
the factors U, ¥, and V which are reduced in this formula.

Example 5.5.1. In Example 5.4.4, we saw

11 1/3 2/3 2/3 3v2 0 VG 1/vE :
A=12 2 |=12/3 -2/3 1/3 0 0 =UXV .
—1/V2 1/V2

2 2 2/3 1/3 —2/3 0 0
As rank(A) = 1, we can instead us the reduced SVD, namely

11 1/3
A=]2 2| =23 [3\/5“1/\/5 1/\@}=U121V1T~ =

2 2 2/3
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If zero singular values contribute nothing to the matrix, then it begs to reason that small singular values
only contribute a little to the matrix itself. It is for this reason that we arrange the singular values in
descending order 1 > ... > o,. If 1 <k <7, then let

o 0 0 v]
0 oo 0 vd
T 2
Ak = UkaVk :{ul U2 ... Ui .
0 0 Ok vl
k

T T T T
= E O;UV; = 01U1V] + 02U2V5 + ... + OpURV
i=1

be the rank-k singular reduction of A. When the omitted singular values are small then A, ~ A. More
precisely, ||A — Ag|| ~ 0.

This singular reduction has an application toward data storage. Imagine a data file, such as an image,
can be represented as an m x n matrix A. To store all of A would require storing the mn entries of A. On
the the other hand, Ay = U kaVkT could be stored instead by storing Uy, X, and Vi, separately. Storing all
the entries of Uy and V}, would be mk and nk values, respectively. As ¥ is a diagonal matrix, we need only
store the k diagonal entries. Thus, storing A would require mk+nk+k = k(m+n-+1) values. If k is chosen
close to m or n, then k(m + n+ 1) > mn, which represents a poor storage scheme. In other words, choosing

mn+ o) then k(m +n+ 1) < mn and

it would be cheaper to store Ay compared to A. Of course, if &k is too small than the loss of data between
Ay and A might be too much. Thus, a balance could be made between storage and data integrity.

k too large provides to storage benefit. On the other hand, if k <

Example 5.5.2. Consider the following image of the Bell Tower located on Southern Utah University’s
campus, below left. This image monochromatically can be expressed as a 3366 x 2598 matrix. This image
then has mn = 3366(2598) = 8,744,868 pixels, or about 8.74 megapixels. The SVD of this image determines
the rank of the matrix is (unsurprisingly) 2598. Note that

mn  3366(2598)

= ~ 1466.029841.
m+n+1 3366+ 2598 + 1

Thus, a singular reduction of rank less than 1466 would lead to data storage savings. Examining a few
different singular reductions below, we see that k = 1000 produces a high quality alternative to the original
image but only used k(m + n + 1) = 1000(3366 + 2598 + 1) = 5,965,000 pixels, or about 5.97 megapixels.
This is about a 31.8% reduction.

G e
Linear Algebra
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A

The following code can be used to produce the images in this example:

import numpy as np

import matplotlib.pyplot as plt

from matplotlib.image import imread as img
import urllib.request

#import image

url = r’https://raw.githubusercontent.com/emisseldine/0Openlinear/main/Chapter6/images/
Bell_Tower. jpg’
: bell = np.asarray(img(urllib.request.urlopen(url),’jpg’))[:,:,0] #change ’jpg’ based upon
the file type of image
color = ’gist_heat’ #select a color map

# processing image

plt.figure(figsize=(9,6))

plt.imshow(bell, cmap=color)

plt.axis (’off’)

plt.show ()

; print (bell.shape,np.linalg.matrix_rank(bell))

 #%%

; U,sigma ,VT = np.linalg.svd(bell) # Perform Singular Value Decomposition (SVD) on the image

# Define a function for image reconstruction using reduced SVD components
reduced_svd = lambda U,sigma,VT,k : U[:,:k] @ np.diag(sigmal[:k]) @ VT[:k,:]
#%%
# Loop through different ranks k and display the reconstructed images
num_vals = np.concatenate((np.arange(1,5),

np.arange (5,50,5),

np.arange (50,525,25) ,

np.arange (1000,3000,500) ,

[len(sigma)l))
for k in num_vals:


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/svd_bell
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bell_blur = reduced_svd(U,sigma,VT, k)

plt.figure(figsize=(9,6))

plt.imshow(bell_blur,cmap=color)

plt.title(f"k = {k}")

plt.axis(’off’)

plt.show () -

5.5.2 Principal Component Analysis

Regression models grow exponentially more complex the more features a data set contains. Consider just a
multivariate polynomial model. If the data set has n features x1, x2, ..., Z,, then a quadratic polynomial of
this many variables:

2 2 2
01,277 + G1,1T1 + G22%5 + a2,1%2 + b1 221T2 + 43225 + a3,123 + b1 32173 + b2 37223

2
+ a42%] + @412 + b1 ax1Ta + boaToxs + b3 42324 + ...+ ag

would have 2n + n +1= coefficients, which grows by a factor of roughly n?. Similar

reasoning shows that a multivariate polynomial of degree d would require rough n? coefficients. This is
already out of hand and we have not even considered non-polynomial features. More complicated models
tend toward overfitting. Likewise, simpler models and smaller data sets make for faster calculations. But
what can be done? Use less data?

(n—1) (n+2)(n+1)
2 2

Principal Component Analysis, or PCA, is a statistical method designed to reduce the dimension of a
data set to avoid the complexities of a high-dimensional data set as discussed above, among other motives.
This method relies on the linear algebra of the covariance matrix.

Definition 5.5.3. Let x,y € R™. Then the covariance of x,y is defined as

cov(x,y) = ry
m

The variance of x is then defined as

||
var(x) = cov(x, ) = gt
Given a set of vectors X = {@,x,...,x,} CR™, the covariance matrix of X is the n X n matrix

cov(X) = { cov(z;, x;) ] :

Note that var(x) = std(x)?. As such, variance is a measure of the spread of a variable. Similarly, covari-
ance is a measure of how two quantities vary with respect to each other. Inner products are linear algebra’s
way of measuring spread, as the inner product is directly correlated to the angle between two vectors. As
such, if two vectors are parallel, then their inner product is exactly the product of their norms (ignoring
signs), which is the maximum value of an inner product. If the vectors are normalized, this product is £1.
Demeaning the vectors helps remove the bias that comes from vector norms in such products. Conversely, if
two vectors are orthogonal, then their inner product is zero and they could not be any “farther apart” from
each other.

When working with covariance, it is important to standardize the data, as hinted above. Let T': R® — R"
be the map

T(wz) =z = m7

its z-score. Standardization removes the bias of comparing different quantities that have wildly different
centers and spreads. It allows us to compare apples to apples, which is essential for covariance considerations.
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We may identify the set of data vectors X = {x1,®2,..., T} as an m x n matrix, whose columns are
the vectors x; themselves. Each column X would represent an attribute of the data and each row would

represent a profile. Let the m x n matrix Z = | 2, 2, ... z,, | be X’s standardization. Then

1
cov(Z)=—2Z"2,
m

that is, cov(Z) is a scalar multiple of the Gram matrix of Z. Frankly, this scalar could be dropped with no
signficant loss as scalar multiples only affect the eigenvalues of a matrix, not their eigenvectors. The latter
of which will be our goal. Let then Z = UXV " be an SVD of Z. Then the eigenvectors of cov(Z) represent
the directions of the vector space of greatest spread with respect to X, and the largest singular values of
Z would represent the most powerful spread. The rank-k singular reduction of Z, namely Zj, is then an
approximation of the data set which forgets the least valuable directions of the data spread. Furthermore,
ZVj, is a lower-dimensional projection of Z that maintains the same less of approximation as Zy. While Z
is an m X n matrix, ZV; is an m x k, that is, the same number of profiles are retained but k& new coor-
dinate features are created (the first k columns of V') to reduce the shape of Z while maintaining most of
the diversity of Z. The column vectors of V' are the eigenvectors of cov(Z) and are called the principal
components of Z. These are the newly created features by PCA, hence the name.

We summarize the method of Principal Component Analysis:
(i) Standardize the data set X, forming Z;

(ii) Compute an SVD of Z = ULV T, which is equivalent to finding the eigenvectors of cov(Z);

)
)
(iii) Determine the appropriate level of reduction k;
(iv) Compute the projection ZVy;

)

(v) Build a regression model on ZV,.

Example 5.5.4. Consider the Iris data set of 150 flowers with 4 features x1, 2, x3, x4. Let X be this data
set, and let Z be its standardization. Computing the singular values of Z gives

[2.26723243e+01 9.19449451e+00 1.19456361e+00 4.27451210e-15].

The four singular value is essentially 0 and will be discarded. The first two singular values are approximately
23 and 9 versus the third value which is approximately 1. Thus, nearly all the spread is accounted in the
first two principal components. Thus, Z is reduced to (ZV3) ", which is an 150 x 2 matrix, a data set of half
the size but with nearly all the same diversity.

The following code can be used to run PCA on this data set:

import numpy as np

from sklearn.datasets import load_iris

X = iris_data

5 Z = np.array ([(x-np.mean(x))/np.std(x) for x in X]) #standardize the iris data

_,sigma,VT = np.linalg.svd(Z) #PCA of X is found by computing SVD of Z
. print (sigma)
o #%%
k =2 #rank-2 singular reduction is selected
PCA = Z @ VT[:kl] #projection onto rank-2 principal components

print (PCA) n


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/pca
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Recall that the function np.linalg.svd(A) computes the singular value decomposition of A, with three out-
put U, sigma, VT.The ld-array sigma is only the list of singular values, not the matrix ¥. To construct the
matrix ¥, we may use the command np.diag(sigma), although you may need to stack on some extra rows
or columns of zeros to match the shape of A. Because of this shaping issue and to more readily obtain the
reduced SVD, use instead the command U[:,:r] @ np.diag(sigmal:r]) @ VT[:r,:] where r = rank(A).
For the purposes of singular reduction, the parameter r may be lowered to whichever rank chosen.

-9 18 54
Example 5.5.5. The code computes the singular value decomposition of the matrix A =

—-38 —49 -22
As rank(A) = 2, we also compute its singular reductions Ay, A, and Ay = A:
import numpy as np
# computes the rank-k singular reduction of the matrix A, namely A_k, given the SVD of A,

parameters U, sigma (list of singular values), VT, and the desired rank k
reduced_svd = lambda U,sigma,VT,k : U[:,:k] @ np.diag(sigmal[:k]) @ VT[:k,:]

s A = np.array([[-9,18,54], # Define matrix A

[-38,-49,-22]1)

U,sigma ,VT = np.linalg.svd(A) # Perform Singular Value Decomposition (SVD)
print (U,"\n", # Print the results

np.diag(sigma),"\n",

VI.T,"\n")

3 for k in range(mnp.linalg.matrix_rank (A)+1):

print (k, reduced_svd(U,sigma,VT,k),"\n")

namely:

[[ 0.6 0.8] [[75. 0.] [[ 0.33333333 -0.66666667 0.66666667]

[-0.8 0.6]] = [ 0. 45.]]1 =* [ 0.66666667 -0.33333333 -0.66666667]
[ 0.66666667 0.66666667 0.33333333]]

0 [[0. 0. 0.]
[0. 0. 0.]1]

1 [[ 15. 30. 30.]
[-20. -40. -40.]1]

2 [[ -9. 18. b54.]
[-38. -49. -22.]] [


https://github.com/emisseldine/OpenLinear/blob/main/Chapter6/code/dimreduce
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(Go to Solutions)

For Exercises 1-6, compute a rank-k singular value decomposition for the matrix A. Note these same matrices
appeared in Exercises 1-6 in Section 5.4. Please use the SVD computed there to assist here.

ML |1 135 8

E=1
3 4
L XS 0 3
—4 0

k/’:

¢2.{1 2 2 4}
k=1
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Appendix A

Python Primer

This chapter provides a short introduction to Python programming.! While Python is a general-purpose
programming language, we will focus on the essential features needed to follow the examples and computa-
tions in this book. Our main numerical tool is NumPy', a library for fast array and matrix operations. To
include the NumPy package, include the following line as your first line of code (or at least before using in
NumPy based objects or functions):

import numpy as np

The import command includes the named library to be used when executing code. The as command gives
the library a nickname to make future calls shorter. Be aware that in Python the label np is used by virtually
all programmers for NumPy.

A.1 Variables

Python is an interpreted language, meaning you can type commands into a Python prompt (or Jupyter
notebook cell) and execute them immediately. Unlike other programming languages that use punctuation,
such as semicolons or braces, to represent end of lines, Python uses indentation to define code blocks.
Indentation must be consistent. In other programming languages, indentation is a best practice to make
code more readible, such as indenting within a procedure or loop, but in Python it is required. If you misalign
indentation, such as from a copy-and-paste that carries over text but not whitespace, Python will raise an
erTor.

Example A.1.1. The code:

for i in range(3):
print ("Hello World", i) # command is inside for loop
print ("End of Loop") # command is outside for loop

produces the output:
Hello World O
Hello World 1
Hello World 2

End of Loop

Note that because the first print is indented, it is included within the for loop and is executed three
times. Conversely, the second print is without indentation, which tells the compiler to not execute that line
until after the for loop is completed. Lastly, the pound/sharp sign # starts a comment. All text after #
will be ignored by the compiler and is an effectively way to communicate with other programmers (including
yourself) to explain code. [

iAnaconda is a free distribution of Python that comes with scientific libraries (NumPy, pandas, matplotlib, etc.) and
tools (Jupyter Notebook, Spyder) already included. It is the easiest way to get started with Python for data science. Go to
https://www.anaconda.com/download to download Anaconda.

iPronounced “Numb-Pie.”

259


https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/HellowWorld
https://www.anaconda.com/download

260 APPENDIX A. PYTHON PRIMER

Commonly, Python commands are computing various quantities, which when stored are called variables.
Variables in Python are created by assignment or declaration, using an equal sign =. Multiple variables can
be declared in the same line. To do so, separate the variable names on the left-hand side by commas and do
the same separation of their assignments on the right-hand side.

There are many variable types in Python, but we mention four that will be commonly used. First, there
is an int or integer, which represents a quantity that must be a whole number: positive, negative, or zero
(think elements of Z).

Second, a float or floating point number is a quantity in Python which represents a real number
written in decimal form (think elements of R). Floats are stored in computer memory using a fixed number
of binary digits (according to the IEEE 754 standard), which means they can represent very large or very
small numbers but only approximately. Python will automatically cast numerical variables as a float if there
is a decimal or if in scientific notation, e.g. 1.23e4 is cast as 12300.0.

Because floats are stored in binary with limited precision, some decimal numbers cannot be represented
exactly. This can lead to small rounding errors in calculations. For example, the boolean 0.1 + 0.2 ==
0.3 may surprisingly result as False since Python computes 0.1+0.2 to equal 0.30000000000000004. This
does not mean Python is “wrong,” but that floating point arithmetic is approximate. In practice, compar-
isons of floats should allow for a tolerance, e.g. using abs(x - y) < le-9 or with NumPy’s built-in function,
np.isclose(<floatl>, <float2>).

Arithmetic for int’s or float’s can be computed using the standard operational symbols, namely, +, -,
and * for addition, subtraction, and multiplication, respectively. The symbol ** is used for exponents, as
“does a very different operation that we will not consider here. Python uses two different division operators
for float and int division. The symbol / always performs float division, returning a decimal result (even
if the numbers divide evenly). Conversely, the symbol // performs integer division, returning the quotient
rounded down to the nearest whole number.

Example A.1.2. Note that 7 / 2 is float division and will compute as 3.5. Conversely, 7 // 2 is integer
division and will compute as 3, since 3.5 rounds down to 3. Note that given any integers a,b € Z such
that a > 0,!, there exists unique integers ¢,r € Z such that b = ag +r and 0 < r < a. The existence of ¢
(quotient) and r (remainder) are guaranteed by the (long) division algorithm. Note that in Python, b // a
= q. For example, since 7 = 2(3) + 1, the integer quotient of 7 by 2 is 3.

How about -7//27 Since —7 = 2(—4) + 1, the integer quotien of —7 by 2 is —4. Note that —4 is rounded
down from —3.5. Hence, Python computes -7//2 as -4, not -3. [

To obtain the integer remainder, use the symbol %. Hence, 7%2 is equal to 1.

Third, a bool or boolean is a data type with only two possible values: True or False. Booleans are
typically the result of comparisons or logical operations, and they are fundamental in controlling program
flow with if statements and loops, e.g. 3 < 5 (meaning the statement three is less than five) results in True
and 7 >= 10 (meaning seven is greater than or equal to ten) results in False. Note, that since the equal
sign = is used for declaring variables, a double equal sign == is necessary to check for equality, e.g. 10==2%5
(meaning ten is equal to two times five) results in True.

Python supports the standard logical operators: and which is True only if all conditions are True, or
which True if at least one condition is True, and not which negates the boolean value. The symbol != gives
not equal.

Fourth, a str or string in Python is a sequence of characters (letters, digits, symbols, or spaces) enclosed
in either single quotes ‘..." or double quotes “...”." Strings are used to represent textual data. Note that

the string “\n” creates a linebreak. Note that the command print displays to screen the string-cast of the

IIf a < 0, then we can run the division algorithm for —a and —b and multiply the final equation by —1.
" There is no effectual difference between single or double quotes in Python.
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variable.

If is often useful to build strings using variables, which gives rise to an f-string.i! An f-string is formated
similarly to a standard string, but we begin with f“ instead of just “ (both types of string will end with 7).
The new feature of an f-string is that inside of the quotes one can place {<variable>}. At this location of

the string, <variable> will be printed.

Example A.1.3. The code:

x,y = 3,2
print (£"{x} + {y} = {x+y}")

produces the output:
3+2=5 [

There is no need to declare a variable type explicitly when the variable is assigned as Python automatically
infers types, but you can cast or convert variable types from one type to another.

Example A.1.4. The code:

x =5 # integer
y = 3.14 # float
z = True # boolean

print(x,y,z)

x = int (3.7) # 3
y = float (2) # 2.0
z = bool (0) # False

print(x,y,2)

produces the output:
5 3.14 True
3 2.0 False

Note that in the first declaration of variables, the compiler interpreted the quantities as an integer, floating
point, and boolean, respectively. In the second declaration, we explicitly cast each quantity. For x, since we
cast it as an int, the decimal portion was dropped (note that it was not rounded). Conversely, for y, since
we cast it as a float, a .0 decimal portion was concatenated onto the quantity. Finally, while Python reads
boolean quantites as True or False, the integers 11V and 0 can be cast as a bool.

We mention two other observations about the above code. When declaring a variable in Python, write
the name of the variable followed by an equal sign =, then followed by the quantity you are assigning. Like
we saw in this example, a user can override the previous value of a variable by making a new declaration. m

In anp.array, all entries must be cast as the same type.¥ Use the command np.astype(<variable_type>)
to cast an entire array.

Example A.1.5. The code:

import numpy as np

a = np.array([1, 2, 3]) # default cast as int
a_float = a.astype(float) # recast as float

print (a_float)

print(np.array([1.1,2.7,3.14]) .astype(int)) # cast as int initially

produces the output:
[1. 2. 3.]
[1 2 3]

liiHere, the f is short for format, which is a built-in function for this exact situation, although f-string abbreviates format
quite well and is thus more preferred.

v Actually, any nonzero number casts as True when converted to bool.

VLists on the other hand can have different casting for different entries in the same lists. This is both a asset and a bug, so
watch out.


https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/fstring
https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/variables
https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/castastype
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Note that a .astype is a function of a np.array. Hence, the vector @ was automatically cast as an
int-vector, but a.astype(float) creates a new vector, based upon a, as a float-vector. Conversely,
np.array([1.1,2.7,3.14]) .astype(int) creates an int-vector based upon the temporary reference
np.array([1.1,2.7,3.14]), which would have been cast as a float-vector without the .astype call.

When printed, lists will have entries separated by commas, but the commas are omitted in np.array’s. =

Assigning arrays or lists creates references, not copies, in Python. As such, one needs to be cautious
about how changing one variable could affect another.

Example A.1.6. The code:

import numpy as np

a = np.array([1, 2, 3])

b = a # b points to same array
b[0] = 0
; print (a) # changed
print (b)
a = np.array([1, 2, 3])
b = a.copy() # To copy explicitly
b[0] = 0
print (a) # unchanged
3 print (b)

produces the output:
[0 2 3]
[0 2 3]
[1 2 3]
[0 2 3]

Note that in the first try, b did not copy a. Instead, it referenced a. Hence, a change to a affected b.
In the second try, we copied a to create b, so that a change to a did not affect b. The second attempt
requires more memory, but secured the integrity of the variables. [

A.2 Loops and Conditionals

A for loop is a standard programming tool helpful when one needs to repeat a task, perhaps with some
variation. The basic structure of a for loop is as follows:

for <index> in <range>:
<commands >

It begins with the keyword for, indicating the start of the loop. After for comes the name of the iterator,
which is a variable keeping track where we are in the loop. It is common to use a single Roman letter for
this, e.g. i, j, or k. This is followed by the keyword in and then the list the iterator will range over. The
command line of a for loop then ends with a colon. The body of the for loop is then contained within a
single indent immediately following the colon. Removing this indent will end the loop at that spot.

Example A.2.1. The code:

grocery_list = ["apple", "orange", "carrot", "potato"]
for i in grocery_list:

print (i) # print each item individually
print (grocery_list) # print the entire 1list

produces the output:
apple
orange
carrot


https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/copy
https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/grocery
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potato
[‘apple’, ‘orange’, ‘carrot’, ‘potato’] n

As seen in the previous example, the range of a for loop can be any list or array. There are three
useful tools for creating index sets for a for loop. The simplest is range(n), which creates the list
[0,1,2,...,n-1].

Next, there is np.arange (<start>,<stop>,<step>), which works similar to range by generating a set
of evenly spaced numbers. Unlike range, np.arange can control the starting and stoping bounds (as usual,
<start> is included by <stop> is not included), as well as allow for a step-size different from one. If <step>
is omitted, it defaults to 1. If only a single parameter is entered, then <start> defaults to 0.

Finally, there is np.linspace(<start>,<stop>,<num>), which works very similar to np.arange, but
instead of specifying the size of each step, <num> determines how many evenly-spaced steps there will be.
Unlike np.arange, np.linspace does include <stop>, meaning that np.linspace will contain <num> + 1
many entries. Both <start> and <stop> are required for np.linspace, although if <num> is omitted it
defaults to 50. When using a non-integer step, such as 0.1, it is often better to use np.linspace.

Example A.2.2. The code:
import numpy as np

print (list (range (5))) # creates list [0,1,2,3,4]
print (np.arange (0, 1, 0.2)) creates array [0. 0.2 0.4 0.6 0.8]

H*

5 print(np.linspace(0, 1, 5), "\n") # creates array [0. 0.25 0.5 0.75 1.]

for i in range(5): # use range to iterate for loop
print (i)

produces the output:

[0, 1, 2, 3, 4]

[0. 0.2 0.4 0.6 0.8]
[0. 0.25 0.5 0.75 1. 1]

> W N E~- O

It is often usual to a loop inside another loop, which is called nesting. For example, if running a for
loop performs a line of commands, then a nested for loop, that is, a for loop inside a for loop, performs a
rectangle of commands.

Example A.2.3. The code:

for i in range(4):
for j in range (3):
print (£"{i} x {j} =", ixj) # inside the j-loop
print ("\n") # outside the j-loop

produces the output:

0x0=0
0x1=0
0x2=0
1x0-=
1x1=1
1x2-=


https://numpy.org/doc/stable/reference/generated/numpy.arange.html
https://numpy.org/doc/stable/reference/generated/numpy.linspace.html
https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/range
https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/nest
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2x0=0
2x1=2
2x2=4
3x0=0
3x1=3
3x2=26

Note that, because of the indentation, the command print("\n") only executes after the entire j-loop
is finished. This results in creating a linebreak after each grouping. [

Often a certain block of code should only execute if a prerequisite condition is satisfied. This is the
purpose of an if statement:

if <condition>:
<commands >

The keyword if triggers the if statement. The compiler will then check the <condition>, which is a bool.!
If <condition> is True, then <commands> will execute. Otherwise, the compiler skips this block entirely.

A modification of the if statement is an if-else statement:

if <condition>:
<true-commands >

else:
<false-commands >

If <condition> is True, then true-commands> will execute. If <condition> is False, then false-commands>
will execute instead.

Like for loops, a nested if statement might be helpful, perhaps because sequential conditions ought to be
checked. To simplify the nested conditionals, Python provides the keyword elif, which nest if statements:
if <1st-condition>:

<l1st-commands >
elif <2nd-condition>:

<2nd-commands >
else:

<false-commands >

To process this nested if, the compiler first checks <ist-condition>. If it is true, then it executes
<1st-commands> and skips the remaining blocks. If <1st-condition> is False, then the compiler checks
<2nd-condition>. If it is true, then it executes <2nd-commands> and skips the remaining block(s). If
<2nd-condition> is False, then it executes <false-commands>. The number of elif-additional condi-
tionals is unlimited, and the final else is optional. Note that a colon is required after each conditional
check.

Example A.2.4. The code:

x = 10
if x > 0: # checks if x is positive
print ("Positive") # if non-positive, checks if =zero
elif x == 0:
print ("Zero")
else: #if not positive or zero, must be negative

print ("Negative")

produces the output:
Positive ]

A while loop repeatedly executes a block of code as long as a condition remains True. The syntax is:

while <condition>:
<commands >

IIf the condition is not a bool, then it will be automatically cast as one.


https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/ifthen
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The loop will check the condition before each iteration. If the condition ever becomes False, the loop body
will not execute. If <condition> is False to begin with, then the loop will be skipped entirely.

Example A.2.5. The code:

x =0
while x < b:
print (x)
x = x + 1 # a command line exists that changes the condition

produces the output:
Positive |

Be careful to update variables inside a while loop; otherwise, the condition may never become False,
creating an infinite loop.

Example A.2.6. The code:

while True:
print ("This will run forever...")

will produce an infinite loop. The compiler will continue to rewrite ¢ ‘This will run forever...’’ over
and over again, until either the user force-stops it or the compiler crashes when it consumes all its memory. m

In practice, for loops are often preferred when the number of iterations is known in advance, while while
loops are useful when you repeat until a condition is met.

A.3 Functions

In programming, it is useful to reuse blocks of code. This is what a loop does, but it repeats the blocks
back-to-back. A loop is not helpful when the blocks need to be repeated at far away branches of code.
Instead, a function is a reusable block of code that takes inputs, performs some computation, and returns
an output. Functions help you organize code, avoid repetition, and clarify the meaning of computations —
much like functions in mathematics. To define a function in Python, we use the keyword def:

def <name>(<list of variables>):

<commands >
return <result>

Functions can take more than one input, but they must be separated by commas. Likewise, the return
statement can have multiple output. The variables can be given a default values by following the variable
name with an equal sign and assignment. If the parameter is skipped in the call of the function, then this
variable gains the default value, which allows many parameters to be optionals. Because some parameters
can be skipped in the call, it might be necessary to declare which parameter is which when calling the
functions. If one omits return, the function executes but does not give back a value. These are often used
for printing or modifying objects without a need to report what happened.

Example A.3.1. The code:

def square(x):
return x**2

print (square (5))

produces the output:
25 [

A lambda function is a compact, one-line function, which is triggered by the keyword lambda:
<name_of_function> = lambda <variables separated by commas> : <return_statement>
Lambda functions are extremely helpful for simplifying Python code by encapsulating repeated calculations

into a single command. They are commonly used to create a macro for mathematical formulas, among other
reason.


https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/while
https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/function
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Example A.3.2. The code:

square = lambda x : x**2
print (square (5))

def power (base, exponent=2):
return base ** exponent

print (power (5)) # 25 (uses default exponent = 2)
print (power (5, 3)) # 125

def greet (name):
print ("Hello,", name)

greet ("Alice") # prints "Hello, Alice"

produces the output:
25 [

Python has many built-in functions, for example, len(x) returns the length of the list or array, sum(x)
returns the sum of elements of the list or array, min(x) or max(x) returns the minimum or maximum of
elements of the list or array, respectively, abs(x) returns the absolute values of the quantity, round (x,n)
returns x rounded to n decimal places, and type(x) returns the type of object. Many packages, like NumPy,
have built-ins. One, generally speaking, should resort to using built-ins before building a new function, as
this will likely save both the programmer and the compiler time. For example, np.sum or np.min execute
much faster than the standard sum or min, which are faster than coding it oneself.


https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/code/lambda

Appendix B

Notation Index and Frequent
Terminology

iff — “if and only if”

YV — “for all”

3 — “there exists”

{z | = satisfies some property} - set builder notation

€ — element of a set

C — subset

< — subspace

Yo @i =g+ ag41 + ...+ ap, the sum of terms within a sequence.

Example B.0.1. = {t(-2,1, ) | € R} is the set of all vectors which are real scalar multiples of
(—2,1,3). We have that (0,0,0),( ,2,6) € X, but (1,0,1) ¢ X. Hence, {(0,0,0),(—4,2,6)} C X. As X is
a subspace, X < R3. n

N — the set of natural numbers, that is, counting whole numbers, e.g. 0,1,2,3,4,...

Z — the set of integers, that is, whole numbers which are positive, zero, or negative, e.g., ..., —3,—-2,—-1,0,1,2,3, ...

Zn, ={0,1,2,...,n—1} — the set of integers modulo n, where we write a = b (mod n) if and only if a = b+kn
for some integer k.

Q — the set of rational numbers, that is, those numbers which can be expressed as a ratio of integers a/b
(where b # 0), e.g. 1/2,0,—3/5,7/2,7/3,5, ... Note that a rational number can be written in more than
one way.

R - the set of real numbers, that is, those numbers which are rational or irrational, e.g. 7, v/2, 3.5, 4, —285,
37.4568, logg(3), €7, . ..

C - the set of complex numbers, that is, those numbers of the form a + bi where i = /—1 and a, b are real
numbers, e.g., 5,2+ 44, —i,1/2 + 51/7,. ..

) ) ) a+bi (ac+bd)+ (be — ad)i

(a+bi)(c+ di) = (ac — bd) + (ad + be)i rd 21

Example B.0.2. (1 +2i)(3+4i) = (3—8) + (4 +6)i =| 5 + 10i
1+2  (3+8) +(6—-4)i L1+3 .
3+4i 9+16 125 25

F™ - the vector space of all column vectors with n entries chosen from the field of scalars F'
0 - zero vector

w-v =u'v — inner product of the vectors w and v

[|lv|| = norm of the vector v

dist(u, v) — distance between the vectors u and v

Z(u,v) — angle between the vectors w and v

u®v=uv' — outer product of the vectors u and v

1 - ones vector
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1
p=avg(x) = =Y, x; - average/mean of the vector
n

& = x — avg(x)1 — the de-meaned vector between the vectors u and v

p= % = cos(4(x,y) — correlation coefficient of the vectors « and y
Ty
2 2
rms(x) = Izl Y i ek root-mean-square of the vector x

vn n
\/(xl—u)2+---+(wn—u)2

— standard deviation of the vector

o = std(z) = rms(x) =

z = —(x — pl) — z-score of the vector x
o

kerT = {x € X | T(x) = 0} — kernel of transformation 7 : X —» Y

imT ={T(x) €Y | x € X} — image (or range) of transformation T: X — Y

one-to-one — T'(u) = T'(v) implies u = v for the transformation T': X — Y. If T is a linear transformation,
it is one-to-one iff ker T = {0}.

onto — Vb € Y, 3z € X such that T'(x) = b for the transformation T': X — Y, that is, imT =Y.

m X n matrix — a matrix with m rows (horizontal) by n columns (vertical)

overdetermined system — m > n, more rows than columns (tall matrix)

underdetermined system — m < n, more columns than rows (fat matrix)

echelon form — pivots form a downward staircase, with zeros below, rows of zeros at bottom

row reduced echelon form (RREF) — pivots are all 1’s and form a downward staircase, with zeros below and
above, rows of zeros at bottom

replacement — replace a row in a matrix with that row plus a multiple of another row, i.e. R; — R; + cR;

Interchange — interchanging or swapping two rows in a matrix, i.e. R; <— R;

scaling — multiple a row of a matrix by a scalar, i.e. R; — cR;



Appendix C

The Substitution and Elimination
Methods

Solving linear systems by graphing is very error-prone and problematic, even with the use of technology!
Although the geometric approach might be necessary to comprehend solutions to linear systems, algebraic
methods prove far superior to solving linear systems. In this appendix, we will discuss two such methods
typically presented in a pre-linear algebra setting, beginning with substitution.

C.1 The Substitution Method

The Substitution Method
1. Solve one equation for one of the variables.
2. Substitute the expression for this variable into the other equation.

3. Once you have determined one assignment, back substitute it into the equation from 1.

Example C.1.1. Solve the system by substitution.
20+ y = 1
3r + 4y = 14,
We will solve the first equation with respect to y. This gives us y = 1 — 2z. We next will substitute this
value of y into the second equation, giving:
3r+4dy=14 = 3zx+41-22)=14 = 3x+4-8& =14 = —bHr=10 = z=-2
We next back substitute x = —2 into the above equation. This gives y = 1 — 2(—2) = 1 4+ 4 = 5. Therefore,

the solution is | (—2,5) | "

Example C.1.2. Solve
r+ y— 2z =-1
dr — 3y + 2z = 16
20 — 2y — 3z = 5.

We will solve the first equation with respect to z : z = x + y + 1. We now substitute this expression into
both of the remaining equations.

dr — 3y +2(x+y+1) =16 6r — y+2 =16 6r — y =14
20 — 2y —3(x+y+1) = 5 -z —5y—3 =25 —x — by = 8.

269



270 APPENDIX C. THE SUBSTITUTION AND ELIMINATION METHODS

We now have to solve a system of 2 equations with 2 unknowns. Again using substitution, notice that
y = 6x — 14. Plugging this into the last equation gives

—x—506xr—14)=8 = z-30x+70=8 = -3lr=-62 = z=2.

We now substitute this value into the above equation for y and get y = 6(2) — 14 = 12 — 14 = —2. Lastly,
we substitute both of these values back into above equation for x and get z = (2) + (—2) + 1 = 1. Therefore,

the solution of the system is | (2,—2,1)|. ]

Algebraically, one discovers that a particular system is inconsistent if during the process of solving one
runs into a contradiction or a individual solution which has no solution.

Example C.1.3. Find all solutions for
8r — 2y =5
—12z + 3y =7.

1 5
We will solve the variable x in the first equation, giving x = Zy + 3 Substituting this into the second

equation gives

1 5 15 15
<4y+8>+3y TT sy tET m g

which is a contradiction. Therefore, the system is and has no solutions. [

7,

C.2 The Elimination Method

The Elimination Method
1. Choose a variable to eliminate and adjust the coefficients of said variable so they are alternating.
2. Add the equations and solve for the remaining variable.

3. Back substitute the variable value into one of the original equations.

Now, we try the elimination method to solve a linear system.

Example C.2.1. Find all solutions by elimination for
2z — 3y =4
4z + 5y = 3.
We will eliminate the variable y. Notice that the coefficients of y are already alternating but we need a

common multiple. Between 3 and 5, the least common multiple is 3(5) = 15. Thus, we will multiply the
first equation by 5 and the second by 3. This gives

10z — 15y = 20
122 4+ 15y = 9.

29
If we add the equations, we get 22z = 29 = ¢ = 2" Plugging this x value into either equation will give the

y-value. Alternatively, we could start the elimination process over again by canceling out the z this time.
To do so, we will multiply the first equation by -2 and the second by nothing. This gives

—4z 4+ 6y = —8
dr + by = 3.
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5 29 5
If we add the equations, we get 1ly = —5 = y = TR Therefore, (22, —11> is the solution of the

system. [

Example C.2.2. Solve
r—2y— z = 8
20 =3y + z = 23
4z — S5y + 5z = 53.

First, we will eliminate z from the system, which means eliminating x from the first pair of equations and
from the second pair of equations. With the first pair, multiply the first equation by —2 : —2z+4y+2z = —16.
When we add the first 2 equation together, we get y + 3z = 7. Next, we eliminate x from the second pair
of equations. We will multiply the second equation by —2, which gives —4x + 6y — 22 = —46. After we add
this equation with the third, we get 3y + 9z = 21. We now have to solve the 2 x 2 system

y+3z2 =7
3y + 9z = 21.
But upon further inspection, we notice that the first equation is 3 times the second equation. Therefore, the
equations are dependent and the system has infinitely many solutions.

In order to get the general form of the solution, notice that we have y =7 —3zand 2 =2y +2+8 =
2(7—3z) + z+ 8 = =5z + 22. Therefore, the general solution has the form ‘ (—=bz 4+ 22,7 —3z,2) ‘ [
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Appendix D

A Primer on Set Theory

The mathematics of sets is a topic relevant to a firmer understanding of linear algebra. On the other hand,
many readers have not taken a formal study of sets or logic. In this appendix, we include a cursory overview
of the main ideas of elementary set theory and its notation, which should be sufficient to understand set
theoretic terms discussed throughout this book.

D.1 Sets

Definition D.1.1. A set is a well-defined collection of distinct objects. The objects of a set are called its
elements. By well-defined, we mean that there is a rule that enables one to determine whether a given
object is an element of the set or not. If a set has no elements, it is called the empty set and is denoted 0

or {}.

A set to us means a collection of elements. Those elements could be numbers, colors, people, pokémon, or
other sets! Although in linear algebra, the sets we consider are nearly always collections of vectors. Typically,
sets will be denoted by capital alphabet letters such as A, B, C, etc. and elements with lower case letters
such as a, b, c, etc.

Example D.1.2. Some sets are defined by describing their contents, e.g.:

(i) The set of all even numbers.
(ii) The set of all books written about travel to Chile.
(iii) The set of all purple unicorns named Hank whose image is contained in these lecture notes.

Note that the last set is actually the empty set, 0. n

A set is usually specified either by listing all of its elements inside a pair of braces or by stating the
property that determines whether or not an object x belongs to the set. We might write

X = {mlaan"wxn}
for a set containing elements x1, s, ..., x, or
X = {z | x satisfies P}

if each x in X satisfies a certain property P. This second method of defining a set is typically called set-
builder notation.
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Because elements in a set are distinct, we do not let repeats occur in a set. In other words, the sets
{1,3,2,2} and {1, 3,2} are the same, that is,

{1,3,2,2} ={1,3,2}.
Also, the order or arrangement of the elements in a set is irrelevant. So,
{1,2,3} ={1,3,2} = {3,2,1}.

Definition D.1.3. When considering if an object is an element of a set or not, the symbol € means “is an
element of” and ¢ means “is not an element of.”

Example D.1.4. Let A = {1,2,3,4}. To denote that 2 is an element of the set A, we write 2 € A. To
denote that 5 is not an element of A, we write 5 ¢ A. L]

Some famous sets include:

N = {n]n isanatural number} = {0,1,2,3,4,...};

Z = {n|nisaninteger} ={...,-2,-1,0,1,2,3,4,...}

Q@ = {r|risarational number} = {p/q | p,q € Z where q # 0};
R = {z|=x is areal number};

C = {z]zisa complex number}.

Definition D.1.5. For a set X, the symbol | X]|, called the set’s cardinality, is the number of elements
inside the set not counting repetitions.

D.2 Subsets

One can compare real numbers by determining whether one is bigger than the other or if they are the same.
A similar comparison exists for sets.

Definition D.2.1. Let A and B be two sets. If A and B have exactly the same elements as each other,
then A = B.

If every element of A is an element of B, then A is a subset of B and we denote this as A C B. For

example,
{1,2) C {1,2,3}.

Example D.2.2. Consider the three sets A = the set of all even numbers, B = {2,4,6}, and C =
{2,3,4,6}.

Here, B C A since every element of B is also an even number, so is an element of A. Of course, B # A
since 8 € A but 8 ¢ B. So, B C A.

It is also true that B C C. On the other hand, C € A since 3 € C but 3 ¢ A. n

Note that for any set A, we always have ) C A and A C A.
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D.3 Set Operations
Definition D.3.1. If A and B are sets, then the intersection of A and B, denoted
ANB:={z|z € Aand z € B},

is the set consisting of elements that belong to both A and B.

The union of A and B, denoted
AUB:={z |z € Aorzec B},

is the set consisting of elements that belong to A or B (or both).

Two sets are called disjoint if their intersection is empty.

Example D.3.2. Let A={1,3,5,8}, B={3,5,7}, and C = {2,4,6,8}.

(i) ANB=|{3,5}

(i) AUB=|{1,3,5,7,8}

(iii) To calculate BN (AU C), we first calculate AU C.

AUC ={1,2,3,4,5,6,8}.

Bm(AUC):. .

Then

Example D.3.3. Consider the sets A = {red, green, blue} and B = {red, yellow, orange}.
(i) Find AU B.

The union contains all the elements in either set, that is, AUB = ‘ {red, green, blue, yellow, orange} ‘

Notice that even though red is included in both sets, we only list red once.

(i) Find AN B.

The intersection contains all the elements in both sets, that is, AN B =| {red} |. n

Definition D.3.4. Given sets A and B, we can define a new set A x B, called the Cartesian product of
A and B, as a set of ordered pairs. That is,

Ax B={(a,b)|a€ Aandbe B}.

Example D.3.5. If A= {z,y}, B={1,2,3}, and C' =), then A x B is the set

AxB= {($7 1)7 (.%’,2)7 (1‘,3), (y7 1)7 (y72)7 (:‘/73)} and AxC =0. n
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D.4 Functions

Definition D.4.1. We say that a relation f C A x B is a function (or mapping) from set A to set B,

denoted f: A— Bor A ER B, if each element a € A occurs in exactly one ordered pair of the form (a,b) in
f, that is, each a € A is related to exactly one b € B. This unique element b is called the image of a with
respect to f, and this unique relationship is expressed as f(a) =bor f:a > b.

The set A is called the domain of f, the set B is called the codomain of f, the set
f(A) ={f(a) [ a € A}
is called the image (or range) of f, and, any subset X C B, the set
f7HX) ={a€ A] f(a) € X}
is called the pre-image of X with respect to f.

Finally, an operation is a function of the form f: A x B — C. One should think of an operation as a
process of bringing two objects together and creating a third object.

Example D.4.2. Let A= {1,2,3,4} and B = {1,2,3,4,5}. Define the relation f by

f= {(17 2)7 (27 2)7 (374)7 (47 1>}

We see that this is a function because every element of the domain A appears exactly once as the first
coordinate of some ordered pair in f. Note that this condition only applies to the first coordinate. There is
no requirement that every element of the codomain B appear. For example, we have

f(1)=2,f(2)=2, f(3) =4, and f(4) = L.
Thus, there is no element of A which maps onto 3 or 5. This shows us that the range is given as
f(A) ={1,2,4} € {1,2,3,4,5}.

In general, the range need not equal the codomain of the function.

It is common to illustrate a function using cir-
cles for the domain and codomain and arrows to
indicate the relation. The illustration to the right
provides such a diagram for this function.

=W N
y
Uk W N~

Next, we compute the pre-images of each element.

=4 @={12y, 6)=0 f@={3, f'6G)=0

We see that some of pre-images are empty. This is because those elements were outside of the range of the

function. .
Example D.4.3. Let A = {1,2,3,4} and B = Then g is not a function since there are two or-
{1,2,3,4,5}. Define the relation g by dered pairs of the form (1,x), specifically (1,1)

and (1,2). As such, the assignment of z = 1 from

9= {(13 1)> (27 1); (373)7 (4a 3)7 (13 2)}
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the domain has no clear association with an ele-
ment in the codomain since two distinct elements

appear. Note that g(1) _

!

|

is ambiguous. When looking at the diagram, we can see this by noticing two arrows coming out of the same
point. On the other hand, having two arrows pointing to the same element in the codomain is not a problem.

Likewise,

h = {(1’ 1)7 (27 1)’ (373)}
fails to be a function. While there are no multi-
ple assignments given to a single element of the
domain, not all elements of the domain have an
assignment. More specifically, h(4) is undefined.
When looking at the diagram, we can see this by
noticing no arrow

=W N =
\
U W N =

coming out of one of the elements in the domain. On the other hand, having no arrow point to an element
in the codomain is not a problem. [
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Appendix E

Further Topics on Orthogonality

E.1 Angles Between Vectors

E.1.1 Inner Product Spaces
Theorem E.1.1 (Cauchy-Schwarz Inequality). For all u,v € R",

[u-v| < [luffv]]-

Theorem E.1.2 (The Triangle Inequality). For
all u,v € R,

[+ ol < [lufl + ]|,

Theorem E.1.3 (Chebyshev’s Inequality). Let @ € R™ and a > 0. Suppose there are at least k entries of
which satisfy the inequality |x;| > a. Then

2
el
a
In the case that k& = n, Chebyshev’s inequality @ > n tells us nothing. After all, if |z;| > a for all i,
a
then
e = /a3 + ...+ 22 > Va +...a2 = Vna® = ayn
" [z[* _ (vna)?
T na
0,2 2 a2 =N 2 n,

which is certainly a trivial observation. A nontrivial observation is the case when a > ||z||. Note that

As k is a positive integer less than 1, we have a contradiction. Therefore, no single entry of a vector can be
larger than the norm of the vector. Intuitively this is clear, but Chebyshev’s Inequality provides the proof
of this observation.
Theorem E.1.4 (The Law of Cosines). Let u,y € R™. Then

u -y = |ullllyl cos b,

where 0 is the angle between the two line segments from the origin to the points identified with u and y.
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If Z(u,v) denotes the angle between vectors u and v, then

Z(u,v) = cos™! (“”) . (E.1.1)

[aflflv]

From the previous theorem, if Z(u,v) = 90°, then the inner product w - v = 0. In this case, this is why
we say the vectors are perpdicular (or orthogonal), denoted w 1 v. We say two vectors u, v are parallel
it Z(u,v) = 0°, denoted u || v.

Example E.1.5. Compute Z(u,v) where u = (6, —1),v = (1,4) € R%

= cos 6(1) —1(4) T A e B ST G S O q .
. <\/62+(—1>2V12+42> (mm) (mm)

Theorem E.1.6. For all vector u,v € R™ and scalars s,t € R,

L(su,tv) = L(u,v).

Example E.1.7. Consider two points on the surface of a sphere. One can measure the distance between
these two points (like cities on Earth) by the shortest arc across the surface between these two points. Of
course, if this same sphere were to increase its radius, then the distance between these two points would
increase proportional to the increase of radius. Conversely, if the radius shrunk, the distance between the
two points would also shrink. On the other hand, if we consider the vectors that connect the center of the
sphere to these two points, respectively, note that the angle between the two vectors is fixed no matter how
large or small the radius becomes. As such, the angle between two vectors, or the points’ spherical distance,
can be a potential way of resolving the scaling bias associated to distance between vectors. [

E.1.2 Idempotent Matrices
Definition E.1.8. Let P : R™ — R" be a linear transformation. We say that P is a projection if PoP = P.

Let A be the standard matrix of P. Then the property that PoP = P translate to mean that A% = A. Any
matrix (necessarily a square) which satisfies this identity is called an idempotent matrix and is necessarily
the standard matrix of a projection.

Let @ € R". Then y = P(x) is an arbitrary element of the range of P. By definition, we have that
P(y) = P(P(z)) = Po P(z) = P(z) =y,

that is, a projection is exactly a linear transformation that fixes its image. Essentially this means that while
some of the coordinates of  are unaltered the other coordinates are forgotten.

Geometrically, a projection is a map from the
ambient space which projects onto some subspace
(the range of the projection). In the process of
projecting into the subspace, some information
about the vectors is removed so that they can fit
inside the smaller space. The image of a vector v
is the shadow cast by v onto the subspace associ-
ated with the projection P.

A

Example E.1.9. For example, the matrices
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are easily seen to be idempotent matrices and hence correspond to projections. The first matrix is the
projection in R? onto the z-axis where the y-coordinate is forgotten and replaced with 0. Any point already
on the z-axis has the form (z,0) and is unaffected by the projection.

The second matrix is a projection in R? onto the y-axis, where the z- and z-coordinates are discarded.

Likewise, the third matrix is a projection in R3 onto the xy-plane, where the z-coordinate is the only
information forgotten. In either case, elements already in the subspace are not altered by the projection. m

Example E.1.10. The matrices

-8 4 1

2 2
| =18 9 2

-1 -1
0 0 1

are also idempotent matrices. (Convince yourself of this). The first matrix corresponds to projection of R?
1

onto the line spanned by (2, —1), that is, the line y = 5 The second matrix corresponds to projection of

R? onto the plane spanned by (4,9,0) and (1,2,1), that is, the plane 92 — 4y — z = 0. n

If A is idempotent, then multiplication by A is projection onto Col(A).

Definition E.1.11. Let u = ,U = € R™. Then the outer product (or matrix product)
Unp, Up,

of u and v, denoted u ® v, is the n x n matrix of the form [ uv;

T
"

More compactly, we have that u® v = uv' (or u®v = uv* for complex vectors). This highly resembles
the definition of the inner product w-v = u' v (or w*v for complex vectors). Despite this similarity, the
outer product is a matrix and the inner product is a scalar. Neither of them is a vector. Of course, these
two products are interconnected, justifying the complementary names, by the following formula:

(u@v)w = (v-w)u.

Proof.

(u@v)w = (uwv)w =u(v'w) = u(v - w) = (v-w)u. =

Essentially, the adjectives inner versus outer can be a mnemonic to describe the location of the T (or *).

2
1 2 =2 3 —6
-2
Example E.1.12. Letu=| —2 [ and v = .Thenu®v=| 4 4 —6 12 |- [
3
0 0 0 0 0
—6

Theorem E.1.13. Let u be a unit vector. Then A = u ® w is an idempotent matriz, and the matriz
transformation © — Ax is a projection onto the subspace Span{u}.
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1 V2/2
v2/2

Example E.1.14. Consider the vector v = . Its normalization is u =

—_
Sl=
[\
[y

1/2 1/2
Then the matrix A=u®@u = is an idempotent matrix since
1/2 1/2
1/2 1/2 1/2 1/2 1/44+1/4 1/4+1/4
|2z ] aeys et |
1/2 1/2 1/2 1/2 1/44+1/4 1/441/4
The mapping = — Az is the projection of a vector in R? onto the line y = z. n

E.2 Orthogonal Decomposition

E.2.1 Orthogonal Complements

Theorem E.2.1. Let W be a subspace of R". Let Wt = {z € R* | w-x = 0, Vw € W}, called the
orthogonal complement of W. Then W+ is also a subspace of R™.

Example E.2.2. Let W be the z-axis in R3. Then W+ is the zy-plane. [

Theorem E.2.3. Let A be an m X n matriz. Then

(Row A)* = Nul A.!

Example E.2.4. Let W be the subspace of R® spanned by the vectors
w1 = (17 37 725 07 27 O)? W2 = (27 6a 757 72a 45 73)7 w3 = (07 07 5a 10, 07 15)5 Wy = (25 67 07 87 4a 18)

Construct a base for W+,

We can arrange these vectors into a matrix A:

13 -2 02 0 1 3 04 20

2 6 -5 -2 4 -3 001 2 00
A == ~

00 5 10 0 15 00 0 001

2 6 0 9 4 18 0000 O0O0

such that W = Row(A). By the previous result, W+ = Row(A4)1 = Nul(A). As we know how to find a
basis for a null space given the echelon form of the matrix,

Wt = Span{(-3,1,0,0,0,0), (—4,0,-2,1,0,0), (=2,0,0,0,1,0)}. .

Despite our reluctance to use any fields other than R and C, the entirety of this section! is transferable
to any field using the dot product or Hermitian product.

iFor real vector spaces, recall that Row(A) = Col(AT). With the perspective, Theorem E.2.3 tells us that Nul(A)+ =
Col(AT). Hence, the orthogonal complement L and transpose T are, in same way, dual notions of each other.

iThere is one important partial exception to this claim, namely the Pythagorean Theorem. We say this as a partial exception
because while the algebraic statement and proof still remain valid (note that ||u||> = w-u and is valid for any vector space which
we desire to introduce the dot product), the geometric interpretations about the norm (if it is defined via the dot product) do
not necessarily transfer to general vector spaces.
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E.2.2 Orthogonal Decompositions

Theorem E.2.5 (The Orthogonal Decomposition Theorem). Let v € R™ and W < R™. Then there exists
unique vectors v € W and v € W+ such that

’U:’U||+’UL.

1 -5 -9
Example E.2.6. Let u; = | 2 |, us = 4 |,and y = 20 |. Let W = Span{wu;,us}. Since
3 —1 —1

uy - us = 0, {11, us} is an orthogonal basis for W. Using the orthogonal decomposition of y onto W, we
can express y as a sum of a vector from W and a vector from W.

Now,
1 -5 —13
P . _uy Ug - Y 28 126 _
wi =Y = projy y = s = o 4= 16
3 -1 3
Thus,
-9 —13 4
we=y—-y=| 20 |—| 16 |=]| 4
-1 3 —4

—13 4 -9
Y=w +wy = 16 + 4 | = 20 u
3 —4 -1

E.2.3 Best Approximation

Theorem E.2.7 (The Best Approximation Theorem). Let W < R", let y € R™, and let y = projy, y. Then
y is the closest point in W to y, that is,

ly =yl < lly — wl|
for allw e W.

The vector y is called the best approximation to y in W.

Example E.2.8. The distance from a point y € R” to a subspace W is defined as the distance from y to
-13

the nearest point in W, the best approximation. Continuing with Example E.2.6, the vector y = 16
3

is the closest vector in W to the vector y. Hence, dist(W,y) = |ly — y|| =412+ 12+ (-1)2 = . "
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Let H be a flat in R™ passing through the vector h. Can we compute the distance between H and some
vector y? Modifying the Best Approximation Theorem, we can because we can translate H by the vector
—h so that it becomes a subspace, say W. If we also translate y by —h, then we get

dist(H,y) = dist(W,y —h) = [[(y —h) — (y = h)|[| = [[(y —y) — (R — k)|,
since vector translation is an isometry and orthogonal projections are linear transformations.

It can be shown that projy;, : R® — R"™ for some subspace W < R" is a linear transformation. Therefore,
there must be some matrix that represent projy,. Let {uq,...,u,} denote an orthonormal basis for W. Let

Q= | wu, wy ... u, | bethen xr matrix whose columns vectors are this orthonormal basis. Then

projy (y) = QQ T (y), that is, QQ" is the standard matrix representation for projy,. Note that QQT can
be thought of as a generalization of the outer product of vectors.



Appendix F

Error-Detecting and Correcting Codes

Digital communications are often transmitted as a sequence of binary numbers (1’s and 0’s), called a bit.
Unfortunately, during transmission sometimes “noise” can interfere with the original message and alter the
bits in the message. As the significance of each bit is important, a signal error in a bit can make the trans-
mitted message useless or dangerous. As such, it will be important to be able to detect and, if possible,
correct erroneous transmission.

In this chapter all our arithmetic will be modulo 2, which means that if n is an integer, then n = 0
(mod 2) if and only if n = 2k is even and n = 1 (mod 2) if and only if n = 2k+1 is odd. When working with
modular arithmetic, we need only consider the two boolean quantities 0 and 1. Let Zy = {0,1}. We note that

With regard to regular arithmetic we have the important difference that 14+ 1 =0 (mod 2).

F.1 Binary Symmetric Channels

A binary symmetric channel T is a model
that consists of a transmitter capable of sending
a binary signal together with a receiver. Let p be
the probability that a bit is transmitted correctly. 0 p 0
Let ¢ = 1 — p then be the probability that a bit q
is transmitted incorrectly. This model is an ex- q
ample of a Bernoulli trial (or binomial' trial)
from Probability Theory, which which is a ran-
dom, independent experiment with two possible 1
outcomes: “success” and “failure.”

Ny

W
—_

p

Let X be the random variable which counts the number of failures. Then by standard probability
reasoning, the probability that k errors will occur if n bits are transmitted through 7T is

IRecall that the binomial coefficient is given as <:> = m
(n —k)!

285
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Example F.1.1. Suppose that p = 0.995 and a 500-bit message is sent. The probability that the message
is error-free (k = 0) is

500

P(X =0)= < 0

Thus, the probability that at least one error will be in the transmission is then P(X > 0) =1-P(X =0) =
0.91842814. Continuing, the probability that exactly one error will occur is

>(0.995)500(0.005)0 ~ 0.08157186

500

PX=1)= ( . )(0.995)499(0.005)1 ~ 0.20495443

The probability that exactly two errors will occur is

500

P(X =2) = ( 0 )(0.995)498(0.005)2 ~ 0.25696547

In particular, the probability of the message having one or two errors is P(1 < X <2)=P(X =1)+P(X =
2) &~ 0.46191990. Furthermore, the probability of having more than two errors in the transmission is
PX>2)=1-P(X =0)—P(X =1) —P(X =2) =~ 0.45650824. This hopefully illustrates the fact that

even with a low probability of failure, we must expect frequent errors when transmitting binary messages. m

While you do not need to be able to calculate the probability yourself for this section, it is important
to understand that errors can be surprisingly common based on the probability results here, even when the
chance of error is very low. With enough transmissions, some errors will eventually arise and we need a
strategy to address them.

A sequence of m-bits (read left to right) b1bs . . . by, can be identified naturally with the k-tuple (b1, ba, ..., by) €
VA

Definition F.1.2. An (n, m)-block code C is a subset of Z} paired with two functions E : ZJ* — Z% and
D :Z3y — Z3', called the encoding function and decoding function respectively, such that Do E = Idzy
and FE(Zy') = C. Necessarily, F must be injective. We call the elements of C' codewords.

Below illustrates the typical model of communication systems.

Message w € Z3"

RECN ‘ Associated code E(w) = c € Z% ‘ AN ’ Transmitted code T'(c) € Z3

REEN ‘ Decoded message D(y) € Z5* ‘

Ideally, we want D oT o E = Idzy , but it will not be possible since T" is not a function as T'(c) is determined
by chance. A k-error detecting code is a code which reports an error message when D oT o E # Idzy for
k or fewer errors. An (-error correcting code is a code for which D o T o E' = Idzy even in the presence
of £ or fewer errors.

Example F.1.3. A simple method to detect an error in a codeword transmitted through the binary sym-
metric channel is to attach a check bit as the last bit in the message, that is, if w = b1by ... b, € Z3" is the
original codeword, then @ = E(w) = b1by ... byc € Z;"‘H is the encoded message where ¢ = by +bs+...+ b,
(mod 2). This is called the parity-check code.

The advantage of the check bit is that if there is an error in transmission, say b; is replaced with —b; (its
negation), then the receiver has the word T(x) = b1bs...b;—1(=b;)bi41 - . . bpc. Note that by +ba+...b;—1 +
—b; + bit1+ ...+ by = ¢ Z ¢ (mod 2). Therefore, the check bit will not match which means that an error
occurred in transmission, that is, the code detected a single error. If no error is found, then the check bit can
be discarded and the original message is recovered. Therefore, this code can detect if a single error occurs
from the channel.

For example, if we want to transmit the codeword w = 1101 € Z3, then E(w) = 1101 — 1 = «, since
14140+4+1=3=1 (mod 2). If one of the message bits alters, say T(1101 — 1) = 1111 — 1, then the check
bit 1 will not match the check 1+1+1+1=0% 1 (mod 2). Hence, an error is detected. Similarly, if the
check bit itself alters during transmission, say 7'(1101 — 1) = 1101 — 0, we will also detect an transmission
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error. Therefore, the code can detect the change in a single bit.

Unfortunately, this parity checking code cannot detect the presence of two errors. For example, if
T'(0000 — 0000) = 0000 — 0011, then the code would accept the transmitted codeword as correct. This parity
checking code and its variation are probably the most used type of code. [

Example F.1.4. Consider Z3' for encoding. Then we can construct the triple repetition code C' with
E : 75 — Z3™ given by E(by,...,by) = (b1, ., bm, b1, by, b1,. .. by) and D @ Z3™ — Z5* given by
D(cy,y. .. ¢3m) = (¢1,-..,Cm). For example,

E(0110) = 0110 — 0110 — 0110.

is the encoding of the original message 0110. If T'(x) = 0110 — 0110 — 0110 was received on the other side
of the channel correctly, then D(0110 — 0110 — 0110) = 0110, the original four bits.

This (3m, m)- block code is, in fact, error correcting, because every bit is essentially sent three times
and if there is an error with a bit transmission the code can correct this by outputting the most common
value of the three transmission. For example, if T'(x) = 0110 — 0010 — 0110 is received, an inspection of the
first bit of each block shows that all three are 0, which indicates this bit was likely transmitted correctly.
Conversely, an inspection of the second bit of each block gives 1 — 0 — 1. Since two of the bits are 1 and the
other is 0, the most likely outcome is that this bit in the second block was transmitted incorrectly. It should
instead be a 1. A similar inspection of the remaining two bits in each block indicates that all other bits were
transmitted correctly. Therefore, the original codeword from the sender was & = 0110 — 0110 — 0110, the
same codeword as above. Hence, D(z) = 0110 was the intended message to be sent.

This error-correcting code still has limits. First, it requires sending three times as much data than the
original message. Also, the code cannot detect nor correct if two or more errors occur for the “same” bit.
For example, if T'(x) = 0110 — 0010 — 0010 is received, an inspection of the second bit of each block gives
1—0—0. We would “correct” this bit as 0, that is, we would incorrectly believe 0010 — 0010 — 0010 is the
intended codeword instead of @ = 0110 — 0110 — 0110. [

A binary sequence can naturally be viewed as a column vector. One example of this is the parity-check
from the ASCII code. Let € ZI. Then the check bit at the beginning of the ASCII codeword is equal to
the inner product (or dot product) of x and the all 1’s vector 1:

1~a::1Ta;:1~x1+1~x2+...+1~x7:m1+x2+...+x7.

F.2 The Hamming Norm

Definition F.2.1. Let @,y € Z%. The Hamming distance between & and y in Z%, denoted d(x,y), is
the number of bits in which x and y differ. The Hamming norm of x, denoted ||z||, is the total number
of I’s in «.

The minimum distance of a code C, denoted dp,;, is the minimum of all Hamming distances d(z, y),
where  and y are distinct codewords in C.

Example F.2.2. Let = 10101, y = 11010, and z = 00011 be the set of codewords for a code C. Then
dz,y) =4, d(x,z)=3, d(y,z)=3.
Thus, the minimum distance of C' is 3. Also,

el =3, [yl =3, [lz] =2 =
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Proposition F.2.3. Let x,y € Z45. Then ||z + y|| = d(x,y). In particular, ||| = d(x,0).

Proof. Note that ||« + y| counts the number of 1’s in & + y, which is exactly the number of terms where x
and y differ since0+0=1+1=0and 1+ 0= 0+ 1= 1. In particular, ||z| = || + 0] = d(z, 0). .

Suppose that £ = 1101 and y = 1100 are codewords in some code. If we transmit 1101 and an error
occurs in the rightmost bit, then 1100 will be received. Since 1100 is a codeword, the decoder will decode
1100 as the transmitted message. This code is clearly not very appropriate for error detection. The problem
is that d(x,y) = 1.

If £ = 1100 and y = 1010 are codewords, then d(x,y) = 2. If @ is transmitted and a single error occurs,
then y can never be received. In particular, if d(x,y) = k + 1 and T transmits & with k errors, then the
decoder D cannot confuse T'(x) with y. This proves the following result.

Theorem F.2.4. Let C be a code with minimum distance k + 1. Then C can error detect up to k errors.

Given that the Hamming metric actually gives us a distance function, it makes sense to ask what the
closest codeword to a binary message is. In fact, the decoder D can accomplish error correction by always
mapping a binary message to its closest codeword. Of course, this would be undefined if the binary message
was the midpoint between two codewords. For example, if d(x,y) = 20+1 (or 2¢) and T'(x) has less than £+1
errors, then the decoder can correct T'(x) by mapping it back to . On the other hand, if d(x,y) = 20+ 1
(or 2¢) and T'(x) has greater than £ + 1 errors, then the closest codeword is y instead of . We summarize
this in the next theorem.

Theorem F.2.5. Let C be a code with minimum distance 20 + 1. Then C can error correct up to ¢ errors.

Example F.2.6. The following table shows the 00000 | 00111 | 11100 | 11011

four codewords of a code and their respective

Hamming distances between each other. We can 00000 0 3 3 4

clearly see that dn, = 3. Therefore, code has

2-error detection and 1-error correction. 00111 3 0 4 3
11100 3 4 0 3
11011 4 3 3 0

F.3 Linear Codes

Let H be an m x n binary matrix. Recall that the null space of H is the set of all vectors in Z% whose
product with H on the left is the zero vector, that is,

Nul(H) = {y | Hy = 0}.

The null space of H forms a code, called the linear code associated to H.

One of the great advantages of linear codes is the simplicity of computing the minimum distance.

Theorem F.3.1. Let C be a linear code. Then duyin is the minimum of all the norms of nonzero codewords
in C, that is,
min = HllIl{”ZCH ‘ relCx 7& 0}

Proof. By definition, dpy;, = min{d(x,y) | z,y € C,x # y}. By Proposition F.2.3, d(x,y) = ||z + y||. Note
also that @ # y if and only if @ + y # 0. Since C is a linear code, if &,y € C then  + y € C. Therefore,
the two sets are equal as they span the same elements. [
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01 010
Example F.3.2. Let H= |1 1 1 1 0 |- Let ® = (21,29,73,24,25)" € Nul(H). Then z is a
0 01 11
solution to the homogeneous linear system below:
) + x4 =0 T +z4+25 =0
1 + X9 + 3 + T4 =0 ~ To + x4 =0
3+ x4+ 25 =0 T3+ x4+ 25 =0

Gaussian Elimination can be used to row reduce the matrix/linear system, performing row operations in Zs,
as displayed above. Solving the system gives the general solution

X1 T4+ T 1 1
T2 Ty 1 0
T=| g3 | = | zy+axs | =22 | 1 |+ | 1
Ty T4 1 0
| Z5 | | Ts | i 0 | i 1 |

Therefore, the null space of H is given as
C = Span {11110,10101} = {00000,11110,10101,01011},

which is a (5, 2)-block group code. With dp,i, = 3, the code can 2-error detect and 1-error correct. n

0 00111 1 01 0 01

Example F.3.3. Let C be the linear code givenbythematrix H= o 1 1 0 1 1|~]l0 1 1 0 1 1

1 01 0 01 0 00 1 11
It is very easy for the decoder to check if a transmitted message is a codeword without computing the

null space of H since H is the set of vectors @ such that Hx = 0. Suppose that & = 010 011 is received.
Then

_O_
1
0001 11 0+0+0+0+1+1 0 0
Hzx=|10 11 0 1 1 0=0+1+0+0+1+1=17€0
101001 (1) 0+0+0+0+0+1 1 0
1

Therefore, the code has detected an error. Now the decoder must decide to request the message be sent
again or correct it itself. [

F.4 Parity-Check and Generator Matrices

Definition F.4.1. Let A be an (n — m) x m binary matrix. Then the matrix H = (A | I,_,,) is an
(n — m) X n matrix called a canonical parity-check matrix. Associated to this matrix H is the n x m
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matrix G = |—— , called the standard generator matrix.

A

These two matrices have a special relationship, specifically

I,
A

In particular, let y = Gz for some x € Z3*. Then
Hy=H(Gz) = (HG)x =0z = 0.
Thus, Col(G) = Nul(H) = C.

Example F.4.2. Suppose that we have the following eight words to encode (all of Z3):

000, 001,010,011, 100, 101, 110, 111.

0 1 1
Using A= 1 1 0 |, we construct the canonical parity-check matrix H and its generator G:
1 01 - -
100
010
01 1100
0 0 1
H=]1110010]|, G=
01 1
101 0 0 1
1 10
1 01

We can then encode each x € Z3 by multiplying it by G, that is, Gz is its associated codeword:

G(000) = 000 000, G(100) = 100 011, G(010) = 010 110, G(110) = 110 101,
G(001) = 001 101, G(101) = 101 110, G(011) = 011 011, G(111) = 111 000

Notice that the first three bits of each codeword is just the decoded message. [

The efficacy of linear codes comes from balance between linear independence and dependence in the col-
umn vectors of H. For example, to form an (n, m)-block code, H must be a pxn matrix with nullity(H) = m.
The nullity determines the size of code C, and as a consequence the message set Z3'. For parity-check ma-
trices, the rank of H, which is rank(H) = n —m, will be the size of the augmented identity matrix I,,_,,. In
particular, we have that p = n — m. But still, how does one choose the matrix A? More importantly, how
large does one set n? The larger n is, the more room there is possible between codewords, thus increasing
the minimum distance. This allows for larger levels of error detection and correction. Thus, a large n allows
better codes, but a large n does not guarantee better detection/correction. This depends on the choice of A.

As i ranges from 1 to n, the set of the e;’s form the standard basis on Z. Also, the product He; is equal
to the ith column of the matrix H. Let = € Z3. Then there exists some index set I such that & = Z e;.
icl
Thus, Hx = Z He;, that is, Hx is a sum of columns of H. If Hx = 0, then the corresponding sum of
iel
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columns is zero. Let @ € Nul(H) such that & has minimum nonzero weight. Of course, w(x) = |I|. Then
Z He; is the smallest nontrivial linear combination of column vectors of H which combine to zero. We
iel

call this a minimum dependency relation on the columns of H. Then dy;, = w(x) = ||, the size of a
minimum dependency relation. We have then shown the following.

Theorem F.4.3. Let H be a matriz with Zs-entries. Let d be the size of a minimum dependency relation

on the columns of H. Then the linear code Nul(H) can detect d — 1 errors and correct {2J errors.

Corollary F.4.4. Let H be an m x n binary matriz. Then the null space of H is a single error-detecting
code if and only if no column of H consists entirely of zeros. Furthermore, the null space of H is a single
error-correcting code if and only if H does not contain any zero columns and no two columns of H are
identical.

Proof. Let d denote the size of a minimum dependency relation. For the first equivalence, note that both
statements imply that d > 1. For the second equivalence, note that both statements imply that d > 2. [

Example F.4.5. The linear code associated with matrix H;, below, can detect 1 error since it has no
column of zeros but cannot correct the error since the first two columns are identical. The linear code
associated with matrix Hs, also below, cannot detect an error since it has a column of zeros. Finally, the
linear code associated with matrix H3 can both correct and detect a single error.

11100 11100 11100
H=100010]|, H=|10000|, H=]10010]- =
110 0 1 110 0 1 110 0 1

F.5 Decoding

Although a code CAN correct an error, how can this be done efficiently? Consider the linear code C' associ-
ated with the binary matrix H. If € Z% was received and has no errors, then no correction is necessary.
As mentioned before, we can detect errors by computing Hx, called the syndrome of x. If the syndrome is
zero, then « has no errors. If H is a parity-check matrix, then decoding just means finding the information
bits and discarding the parity bits.

In the presence of errors, let pu,e € Z% such that g was the original codeword, that is, T'(u) = @, and e
is the error added to p from noise, that is, € = p + €. Then

Hx=H(p+e)=Hp+ He = He,

where the last equality follows since p is a codeword, that is, u € Nul(H). Therefore,  has the same
syndrome as its error. If € = e;, then Hx = He = He;, which the the ¢th column of H. Therefore, the er-
ror of & can be found in the 7th bit. Therefore, using syndromes, we can both detect and correct a single error.

For multiple errors, the detection process remains the same, use the syndrome. For error correction, we
will solve the linear system associated with the augmented matrix (H | Ha). This will express Hx as a
linear combination of the columns of H. Since the columns are linearly dependent, there will be multiple
solutions. We assume, of course, that the numbers of errors is few and choose the vector in this solution set
of minimum weight. If there is a tie, then we cannot correct the error and request the original message be
re-transmitted.
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101 100

Example F.5.1. Counsider the linear code associated with H=| o 1 1 0 1 0 |. Suppose that the

111 0 01

codes = 001-111, y = 111-110, z = 010-111, and w = 111-111 are received. We compute their syndromes
elow:

0 1 1 1
Hx=|909|, Hy=|1|, Hz=|¢0 |, Hw=| 1
0 1 0 0

Considering the syndromes, the first message was sent without errors and is |001-111| For the second
message, the syndrome is the third column of H and thus y has an error in the third bit. Thus, the original
message was | 110-110 | For the third message, the syndrome is the fourth column of H. Thus, the error is

in the fourth bit and the sent message was | 010-011 |.

The last one is more difficult. The syndrome does not correspond to a column of H and hence represents
more than one error in transmission. It could be the sum of the first two columns, the sum of the third
and sixth columns, or the sum of the fourth and fifth columns, which all have the same length of 2! This is
because dnin = 3 and C' can only correct a single error not two. But C' can detect two errors, so the receiver
should request the message be sent again. [
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Python Projects

1. Write Python functions to implement a parity-check error detection code, such as explained in Example
F.1.3. Python code is started for you at https://github.com/emisseldine/OpenLinear/blob/main/
BackMatter/correct/project/parity_check.

(a) Write a Python function encode partitycheck(message) which takes one input parameter:
message w € Z45'. It will append the check-bit at the end of the array and output the encoded
message T € Z;”H. Verify this function using Example F.1.3.

(b) Write a Python function detect partitycheck(codeword) which takes one input parameter:
codeword x € Zg”“, a codeword encoded by the previous function and sent through the channel.
The function will check the last bit and return True if an error is detected. Otherwise, return
False.

(c) Write a lambda function decode_partitycheck(codeword) which takes one input parameter:
codeword € Z?H, a codeword encoded by the previous function and sent through the channel.
It will remove the check-bit at the end of the array and outputs the decoded message w € Z3".


https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/correct/project/parity_check
https://github.com/emisseldine/OpenLinear/blob/main/BackMatter/correct/project/parity_check
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Appendix G

Solutions to Select Exercises

Chapter 1 : The Algebra and Geometry of Vectors

1.1  Vectors as Data
1. 75 2. 420 3. 16

4. A patient with few positive metrics, like 0 age, 0 weight, 0 height. Bizarre! Maybe an embryo?
& 5. A bill that requires only a few distinct materials.
& 6. Data where nearly all the observations occur in a small number of categories.
& 7. A business with very few customers and vendors.
& 8. A profile where nearly all the features are absent.
& 9. A location which is nearly always 0 F°. Freezing!
# 10. An audio signal that is nearly all silence.

11. A photo that is nearly all black/blank.

1.2  Vector Operations

3 1 9 -9 8 4
1. 2.
20 4. _ 10 14
g 8 ) 8
L 27 5 16 6
B 14 i Smilb 23
7 1o 8. | 32 9. | —7r+4 10. | 19
| 1 28 9m340 19
1.3 Inner Products
1.5 N 2. 48 3. . —4 5. —40 NG 7 N7 36
N8 22 9. 342
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10.

13.

16.

1.4

10.

13.

17.

1.5

[ JF

[ 2
a3

[ X8
L I

[ X}

1.6

APPENDIX G. SOLUTIONS TO SELECT EXERCISES

748 ft-1bs 11. 802 ft-1bs 12. 0 ft-1bs

1311 ft-1b 14. 480 ft-1b 15. 2918.311 ft-1bs

3467.466 ft-1bs 17. 5196.152 ft-1bs 18. 9243.910 ft-1bs
Norms

. V35 A2 5/3 3. V14 AL 32 5. v/298 6. V17

3 1 2
5 3 V14
4 2 3
4 8. | 2 9. —
2 1
L 3 L V12
4 [ [ s ]
5 V21 24/65
0 11. 4 s
V21 24/65
12.
3 2 12
5 L V21 2/65
8
L 2v65 |
V83 A 14. 32 & 15. 35 16. V14
4 1l 18,2 Lms Lo
3’ 373 4’ 2 "4
Clustering

The mean of a collection of nonnegative numbers is itself nonnegative (as sums and positive products
of nonnegative numbers are nonnegative). As each z; is a mean of vectors, each of its entries is the
mean of the corresponding entries in the vectors ;. Therefore, each z; has only nonnegative entries.

Each entry of z; will be an average number of occurences of that category for its group.

Relative frequency vectors are nonnegative, and by Exercise 7?7 we see that each z; is likewise nonneg-
ative. The sum of z; will be the sum of averages of each entry from each vector x; in its group. Using
properties of summation, this is equivalent to the average of the vector sums. As each vector sums to
1, their average is likewise 1. Thus, the sum of z; is 1. Therefore, z; is a relative frequency vector.

Each entry of z; is will be average presence of the feature measured by the Boolean entry.

Suppose we have a collection of patient profile where it is known that some patients have a certain
disorder, it is known that some patients do not have the disorder, and it is not known whether the
remaining patients have the disorder or not. Suppose we cluster them into two groups. We require all
the patients known to not have the disorder into group 0 and all patients known to have the disorder
into group 1. All the remaining patients are clustered according to the prescribed clustering method.
If the collection of known patients is large enough, then the clustering of the unknown patients could
be a test to determine the presence of the disorder or not.

f(@) = [[z—2z2|*—||z—21|* = (T—22)- (T—22)—(x—21)- (T—21) = (T-T—T 22— 22-T+22-22)— (T-T—
rz1—2z1+21-21) = (x-x—2-2)—(222) T+ (221) T+ (22-20—21-21) = 2(21—22)- &+ (22-22—21-21).
Therefore, let a = 2(z1 — z2) and b= 29 - 29 — 21 - 21 = ||22]|* — ||21]°.

The k-means Algorithm
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1. ¢=11,3,3,2,1,2,3,1,1,2] ®2 c=11,3,3,31,2311,2]
AN 1/3 7N 14
Z = -3/2 | 3 | 2/3 Z = -3/2 || 5/2 |- 3/2
2] [ 28 7/3 2] | -5/2 5/2
®3 c=11,33,31331,1,2] 4. ¢=11,3,3,3,1,3,3,1,1,2]
o] s —2/5 o] [ s Y
Z = —3/2 || 4 || 7/5 Z = —3/2 || 4 || 7/5
1/2 -5 2 1/2 -5 2

All solutions determined by the k-means Algorithm depend on the initial randomization. Answers may vary
on the remaining exercises.

Chapter 2 : Linear Systems

2.1 Linear Systems

1. yes 2. yes 3. no 4. no
5. no 6. no 7. yes 8. no
& 9. no & 10. no & 11. yes ® 12. no

13. no 14. no 15. no 16. yes 17. no

18. no solution, 19. infinitely many so- 20. no solution, 21. unique solution,
inconsistent lutions, consistent inconsistent consistent

22. consistent, 23. consistent, 24. inconsistent 25. consistent,
unique solution multiple solutions unique solution

. consistent, Y
multiple solutions

26. inconsistent




298 APPENDIX G. SOLUTIONS TO SELECT EXERCISES

28. consistent,
unique solution

29. consistent,
multiple solutions

30. inconsistent 31. consistent,
unique solution

32. homogeneous, (0,0) 33. nonhomogeneous & 34. homogeneous, (0,0) & 35. nonhomogeneous
36. nonhomogeneous 37. nonhomogeneous 38. nonhomogeneous 39. nonhomogeneous
& 40. homogeneous, (0,0,0,0) 41. nonhomogeneous 42. homogeneous, (0,0,0,0,0)

T+ y— 2z =5
43. { 3z — y+ =z =11
—r+2y—4z = 0

44. Tt is consistent since it is homogeneous. For 2 (2,9, 2)
example, (0,0,0) is a solution. This is, in fact, 5 (7.5.2)
the only solution. A sketch of the three planes
shows they intersect at a single point. & 45. s (5,83)

-1 (4,—4,-1)
2|  (3,-7,-2)

7 | (m+5,3mr—1,7)

2.2 Augmented Matrices

1] oo 1] 2 1 4|-1 0 2] 1 370

1. 2. 310 o [1] 2o
o [1]]o 0o [1] 3 5] 0 0 o o [@lo

free variables: none free variables: x3, x4 free variables: i
i



13.

16.

19.

A 22

& 25.

26.

[=]

fe=l

0

0

4
0

0

2

2

0

0

6 |1

1|2

3

010

0

0

0

free variables:

0 0
0 0
0 0

RREF, rank 3

o
o
o

0 0 0
0 0 0
0 0 0
RREF, rank 0

_oo

0 0 O

|0 0 0
RREF, rank 1

‘[l 6 =5 o
0 0 o0 [2]

0 0 0 O
echelon form, rank 2

NOT echelon form

& 20.

NOT echelon form
» 23.

NOT echelon form
27.

NOT echelon form

10.

11.

14.

0

free variables: 3

2 0 -3

0 0 5
RREF, rank 2

-2 4 5]

echelon form, rank 1

echelon form, rank 2

5] 6| 3
0 [4]|12

echelon form, rank 2

_ 2 3 4|5
0 [6] 7 8|9
| 0 0 0 4
echelon form, rank 3
0 3 0|5
0 7019
0 0 0 2

RREF, rank 3

0 0

echelon form, rank 2

(SN
\

—

0

Wl (S]]

—_

w

(3] «

(=1

0
0

23456]
RREF, rank 1

1] 2 4 -3

0 0 [1] 5

'
—
N

=}
=}

0 0 0

12.

15.

18.

N 21

A 24

28.

000
000
000
RREF, rank 0
_ 10
0 0
00
echelon form, rank 3
_ 00 0|
0 0 0
0 0 0 [1]]
echelon form, rank 3
(2] 4 3|6
0 6 |2
0 0 4|
echelon form, rank 3
_ 2 3 4|5
0 7 89
0 0 002
echelon form, rank 2
_ 0 3 45
0 7 809
0 0 0 02
RREF, rank 2
(1] 0 4o
0 1o
0 0 01

P;REF, rank 2

299
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29. NOT echelon form 0 0 315 echelon form, rank 3
30. 0 0 0|4
0 0 0 6
0 0 0 0]0
0 2 1[5
3. | o 3 216
0 0 0 2
9 4 2| 6 3 -1 0 1 1 1 1
» 34
32. |3 5 2| 7 #3330 2|5 -2 -6 112
3 17 81|24 1 7113
[ 10 -7 2 —-4]10 [ 12 —2 3 % 13 Ty — 2wy — 3wz = —4
3 4 -3 1|20 36 37. xo + 223 = 1
35. . 1 3 =2 0] 9 —27¢ — 213 = 8
1 0 4 0|73
o 6 -5 ol 01 17 —2012
3r —2y — z = 4 dr —y — 2z 4+ bw =12 z— 9w = 3
_ B B 9y+217+25w:79
A 38. T + 3z = -3  39. 3z + w =5 0. o — Ty 36w - 67
0 2 x =0 S 4+4dy — Tz 4+ 19w = 2
—18z + 224+ Tw = 1
2 + 2y 5 r— y+3z =6 = 0
41. ¢ 3z +3y — 3z = 3 h 42, 2y + 5z =10 & 43. :_g
-5y +4z = -1 20+ Ty — 2z =0 T + 7y:13
4+ y+ z =1
a4 Y
—4y+ 3z =14
_1323— _00000 —123712
45. o 1 7|1 46. |1 2 3 4| 5 47. 1o 1 3 5|5
i 00 11]0 | i 4 4 6 8|17 L 0 0 0 111
[ 1 1 23 ] [ 0 2 7|6 [ 1 2 3 6
48. 11 2 23 49. 11 2 0! 50. o -1 —2|-1
L 9 4 712 ] i 3 6 4|4 L 0 0 0 16
51. Interchange Rows 1 and 2. 52. Interchange Rows 1 and 3, 53. Replace Row 2 with Row 2 — 3Row 1,

replace Row 1 with Row 1 — Row 2, scale Row 2 by %

scale Row 1 by %

54. Replace Row 2 with Row 2 — 3Row 1,
replace Row 3 with Row 3 — 2Row 1,
replace Row 4 with Row 4 + 2Row 1

55. Replace Row 1 with Row 1 — 6Row 3,
replace Row 2 with Row 2 — 2Row 3,
replace Row 4 with Row 4 — 3Row 3
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(2,4,1)
Proof. Consider two linear equations

Rz’ 1 ai1T1 + QT2 + ...+ Ay, = bi

Rj 10171 + QX2 .o+ AjnTy = bj

Note that Interchange switches the order that equations R; and R; are listed in a system, but the
actual equations involved are still the same. A solution to a linear system is an assignment which
satisfies all equations. The order of the equations makes no effect on whether a specific assignement
satisfies the equation or not. Thus, Interchange does not change the solution set of a linear system.
In other words, two linear systems row equivalent by a single Interchange operation (R; <> R;) are
equivalent.

Suppose that (s1,s2,...,8,) is a solution to R;. Thus, a;1(s1) + ... + ain(sn) = b;. Let ¢ € R be a
nonzero scalar. Then

(cai1)(s1) + ...+ (cain)(sn) = c(ai1(s1)) + ... + clain(sn)) = c(ain(s1) + - .. + ain(sn)) = ¢(b;) = cb;.

Therefore, (s1,...,8,) is a solution to the linear equation (ca;1)x; + ... + (cain)x, = cb;, that is, a
solution to cR;. Thus, the solution set of R; is contained within the solution set of cR;. But, by similar

reasoning, R; = —(cR;), which implies that the solution set of cR; is within the solution set of R;.
c

Thus, these two equations have the same solution set. As the solution sets of the old equation (R;)
and the new equation (cR;) are the same, the solution set of the linear system does not change by this
operation. In other words, two linear systems row equivalent by a single Scaling operation (R; — cR;)
are equivalent.

Suppose now that (s1,s2,. .., S,) is a solution to R; and R; and ¢ € R is any scalar. Then

(ai1 +caji)(s1) + ... + (@in + cajn)(sn) = (air(s1) + caji(s1)) + ... + (ain(sn) + cajn(sn))
= (a;1(s1) + ...+ ain(sn)) + ((caji)(s1) + ... + (cajn)(sn))
= (a;1(s1) + ...+ @in(sn)) + c(aji(s1) + ...+ ajn(sn)) = b + c(bj) = b; + cb;.

Therefore, (s1,...,5,) is a solution to the equation (a;1 + caji)z1 + ... + (@in + cajn)zn = b; + cbj,
that is, the equation R; +cR;. Thus, the intersection of solution sets of R; and R; is contained within
the solution set of R; + c¢R;. But, by similar reasoning, R; = (R; + c¢R;) — crj, which implies that
the intersection of solution sets of R; + cR; and R; is contained within the solution set of R;. As the
intersections of the solution sets of the old equation (R;) with R; and the new equation (R; + cR;)
with R; are the same, the solution set of the linear system does not change by this operation. In
other words, two linear systems row equivalent by a single Replacement operation (R; — R; + cR;)
are equivalent.

Suppose that two linear systems are row equivalent. Then there exists a sequence of elementary
row operations transitioning the first system into the second. At each elementary row operation, the
solution set of the original system is the same as the solution set of the transformed system. Thus, the
solution set of first linear system is the same as the solution set of the last linear system. Therefore,
row equivalent linear systems are equivalent. [

Proof. Consider the linear system

aj1ry + ajare + ...+ appT, = by

Am1T1 + Qa2 + .o @y = by,

Suppose this linear system is consistent and has a free variable. Say this free variable is z;. Then there
exists a solution for which x; = 0 and another solution for which x; = 1. Therefore, the linear system
has multiple solutions.

Suppose this linear system has multiple solutions, say (s1, $2,. .., $n) and (¢1,t2,...,t,). Then clearly
the system is consistent. As they are two distinct solutions, they must disagree on at least one entry,
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2.3

h 3

[ X3

[ I8

say s; # t;. In particular, t; — s; # 0. Let ¢ € R be any scalar. Let a =
t; —

t.
that a +b = —

APPENDIX G. SOLUTIONS TO SELECT EXERCISES

—c Cc— S ti—ct+c—s;

t; —c c— S;

and b =

i S i — S

S

ti — S; ti — S;
to the linear system. Note

ti—si

ajl(a51+bt1)+. . .+ajn(a5n+btn) = a(aj151+. . .+ajnsn)+b(aj1t1+. . .+ajntn) = a(b])er(b]) = (a+b)b] = bj,

t; —

8

which proves the claim. Finally, we note that the ith entry of as + bt is

t; —c
as; + bt; = t_z_ 8(51) t
K2 K2 7 7

CcC— S;

(ti) =

Siti — 8;C+ tiC - Siti tiC — §;C

ti—si

= C = C
ti — S

ti—si

As c is arbitrary, x; is a free variable, as it can take on freely any value of the field R.

Note

© — 1. Then we claim that as + bt is a solution

Proof. By Theorem 2.2.1, we may assume without the loss of generality that the linear system is in
row reduced echelon form. If a linear system has a row of the form 0 = b for some nonzero scalar b,
then there is no vector which solves this row, that is, the solution set of the equation 0 = b is empty.
The solution set of the linear system is a subset of this. Therefore, the linear system has an empty
solution set, which means it is inconsistent. Conversely, suppose the linear system has no such row.
Then the linear system can be solved by Back-Substitution. Therefore, the linear system is consistent.
The rest of the result follows from Theorem 2.2.8.

Reduction of Linear Systems

1] 2
0 [13]
3] 1
0[]

1] o
0 !|7

1] o
0 !I’

1] o |,

1] 3 3 0

0 0 [25] 61 0 0
o 0o o |52 0 0

replace Row 2 with Row 2 — 3Row 1,
replace Row 4 with Row 4 + 3Row 1,

OHO

Wik wlut

o

replace Row 2 with Row 2 + 4Row 1

1
scale Row 2 by 13’
replace Row 1 with Row 1 — 2Row 2

interchange Row 1 and Row 2
replace Row 2 with Row 2 — 2Row 1

1
scale Row 2 by T
replace Row 1 with Row 1 — Row 2

scale Row 1 by %
replace Row 2 with Row 2 — 2Row 1,
replace Row 3 with Row 3 — 2Row 1,
scale Row 2 by —1, scale Row 3 by —1
replace Row 2 with Row 2 — 3Row 3,
replace Row 1 with Row 1 — 3Row 3,
replace Row 1 with Row 1 — 2Row 2

replace Row 2 with Row 2 — 2Row 1,
replace Row 3 with Row 3 — Row 1,

replace Row 3 with Row 3 — Row 2,

scale Row 2 by —%,

replace Row 1 with Row 1 — 2Row 2

interchange Rows 2 and 3,
replace Row 3 with Row 3 + 15Row 2,
replace Row 4 with Row 4 — 20Row 2,

42
replace Row 4 with Row 4 + %Row 3
25

scale Row 4 by 12’
replace Row 1 with Row 1 + 5Row 4,

replace Row 2 with Row 2 — 3Row 4,
replace Row 3 with Row 3 — 61Row 4,
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13.

14.

1
scale Row 3 by 55
replace Row 1 with Row 1 — 6Row 3,

11
-1 1,
2
9
-3 |
2
9
-3
2
10.
12.
& 15

—2 0 9] —0 0
0o [2] 4/6|~| o0 [1] o
o o [5]jw| | o o [
'8 16 ol2a] [[] o o
0 [9] 18] 9|~ o0 [1] o
0 0 8] | o o [1]
(3] 0 6 9|18 (1] o 2
0 [2]4 o s8|~] o0 [1] 2
L0 0 o0 [3]] 6 0 0 0 [1]
1 2 31 1 -1 31
2 -2 5(6[~[0 5 —10[0 |,
2 3 —4]2 0 0 -1|4
x = (5,8, —4)

(32 1)1 3 2 1)1

38 3|5|~]03 1|2/
|0 3 1|6 00 0|4
inconsistent

2 1 23 2 -1 1| 3
1 2 -1|1|~]0 2 -3]-1
13 1 2|9 o o 2| &
x=(1,1,2)

122 1 0| 6

0 —4|8|~]0 1]-21;

2 2|6 0 0[ 1

inconsistent

replace Row 2 with Row 2 — 3Row 3,
replace Row 1 with Row 1 — 5Row 2

1
scale Row 2 by 2

1
scale Row 3 by R

replace Row 2 with Row 2 — 2Row 3
replace Row 1 with Row 1 — 2Row 2

interchange Rows 2 and 3,

1
scale Row 1 by 3’
1
scale Row 2 by 7
1
scale Row 3 by T

replace Row 2 with Row 2 — 2Row 3
replace Row 1 with Row 1 — 2Row 2

1
scale Row 1 by 3’

1
scale Row 2 by ok

1
scale Row 3 by 3
replace Row 1 with Row 1 — 3Row 3

(0 2 6|4 (13 2|5
13 2(5[~|02 6[4],
3 3 33 |0 0 15]0
x=(-1,2,0)
(2 3 17| 2 3 -1
4 =2 3|5 |~|0 -8 5
|1 -1 2|1 0 0 {2
v = (3:44)
1 18 1 0[6
1 -1|4 0 1|2
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A 16.

18.

& 20.

22.

24.

26.

2.4

[ P8

A2

2.5

[N}
o

(en)
o
—_
o~

3 2 010
inconsistent

2 1 —-1|-10

1 -3 -2 —4

3 1 1 15
x = (3,-5,11)

5 2 611 1

01 2| 5 0

3 2 1| 7 0

2 1 41 6 0
inconsistent

2 3 112 |~

1 0 08
01 0|2

0 0 110

1 0 01
01 02

0 0 1(3

1 0 —2/5

3/5

1 0

0|-1/8
0/ 13/4
1| 7/8
0|-3/2

)

11

APPENDIX G. SOLUTIONS TO SELECT EXERCISES

o Wi o

Applications of Linear Systems

21.

23.

25.

3 6 93

1 2 3|10

@ = (10 +¢,10 — 2¢,1)

2 1 4199
2 10 15|984 | ~
-1 0 10| 58

x = (42,75,10)

-1 1 1 1|1 1 0
03 1 01 0 1
1 1 2 01/0 0 0
2 01 410 0 0

x=(3,1,-2,-1)

2 4 —-2110

16 —23 533 |~

4 2 —6| 2
x=(4,2,3)

0 0|42

1 0]75

The cost for one loaf of bread is $2.39, for one dozen eggs is $2.79, and one apple is $0.79.

1 19

flx)=—-a3+ —x -2

6 6

flx)= =325+ 72" — 23 +222 —2+5

2 —3x+2

flw) = 202 —x +1

Vector Equations
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A 12

14.
& 15

16.

2.6

[ X3

1 7 16
. I + 2 =
8 -3 6
-2 6
z1 1| +x -2 | +x3
3 -19
1 3 0
Ty | 7 | Fx2| 6 | T3 | —1
3 1 2

9£C1+7£C2+$3 =7
31‘1+3$2*Ig =5

yes, b=a; + as

yes, b = 3a; + 4a,

no

3 7 -5 -5
N2 + 29 + 3 =
-1 -2 6 4
—11 6 1 2 2 1
31 —17 5 2 1 3
7 2 4 -1 8
=18 6. 1 1| +x2| —6 | +3 =112
3 i -3 5 9
Tx1 — 3xg + 623 + 924 = 17
8 —3x1 — X9+ 33+ 324 = 4
’ 4y — w9 — 8xz + x4 = —12
211 + 5x3 + 3xr4 = 8

& 10. yes, b = 3a; + 2a-

13. yes, a1 + 2a2 + 3a3 + 4ay

305

& 11. no, the corresponding linear
system is inconsistent

yes, b = —a; + as + ag, for example. There are, in fact, infinitely many possible linear combinations.
A dependency relation occurs whenever z; = 2 — 3x3 and 29 = 3 — 2z3.

no
Matrix Equations
30 11 128
3.
5 »2 6 111
9 -2
r+2y = 2 21 + 27y + 172 — 32w = 12
3z +4y = O 5 4xr + 42y + 6z + 19w = —6
—r -2y = 2 " 1103z — 72y + 172 — 8w = 15
dr + by = -9 2¢ + 11y — 10z + 13w = 1
1 -2 -3 T —4 r T
3 01 2 1
0 1 2 y | = 1 T2
71 -1 4 5 -2 = |17
-2 0 -2 z 8 T3
) 6 01 0 15
L -
3 _7 & 10. inconsistent 2
—1
2 A9 9 11.
3
1 2 4
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& 12. 7(1,0,0,1) = (5,1), & 13z =(2/3,1/3,0,0)
T(1,2,3,4) = (12,10) (Answers may vary)

14. T(1,0,-1,3,0) = (7, -5), 15. = = (1,0,-2,2,3)
7T(1,2,3,4,5) = (38,2) (Answers may vary)

# 16. Each entry z; would be the total value if we converted all notes into currency i.

2.7 Linear Independence

1. linearly independent & 2. linearly dependent; 3. linearly independent
2’01 —’U2+0’Ug =0

& 4. linearly independent 5. linearly dependent;
2’[]1—31]2—’03:0

2.8 Solution Sets of Linear Systems

1. rank A = 3, nullity A = 0, 2. rank A = 3, nullity A = 0,
1 15 8 1 1 2
Col(A) =Spanq [ 0 [, | 9 |,| 6 | ¢ Col(A) =Spanq | 2 |, | 3 [,|5 | ¢
0 0 2 4 2 4
Nul(A) = Span {} Nul(A) = Span{}
3. rank A =3, nullity A =1, 4. rank A = 3, nullity A =1,
1 1 1 5 4 2
Col(A) = Span 21,131, 4 , Col(A) = Span 41,1 4a],] 2 ,
| 3 1 3 i 2 | 5 6
3 7
2 —13
Nul(A) = Span Nul(A) = Span
-5 3
4 1
& 5. rank A = 2, nullity A = 3, # 6. rank A = 2, nullity A = 2,
8 -3 -1 0
Col(A) = Span , ,
-2 1 COI(A) = Span 7 ) -8 )
2 -3 —4 -3 | 2
1 -3 -5 2 1
Nul(A) =Span{ | 1 || 0 [.] 0 1 0
Nul(A) = Span ,
0 1 0 0 1
0 0 1 0 0




11.

12.

& 14

rank A = 2, nullity A = 2,

1
Col(A) = Span ,
3
3
—4
Nul(A) = Span
1
0

rank A = 3, nullity A = 3,
5
Col(A) = Span 0|,

9
0 -1
0 -1
1 0
Nul(A) = Span ,
0 1
0 0
0 0

rank A = 2, nullity A = 3,

1
2
Col(A) = Span ,
3
2 -2
7 -8
1 —2
Nul(A) = Span 31 0
0 3
0 | 0
1 -1
= 3
T -7 | T 0
0 1
1 0
2 0
T = +t
3 0

4

0

)

10

8. rank A = 3, nullity A =1,

10.

Col(A) = Span
1
-1
-1
Nul(A4) = Span
1
0
0
1
N13. =] 2 | +t
0

Col(A) = Span

Nul(A) = Span

6 5 4
5 4 3
2 1] |6
0 1 0
23
—50
18
0
19
2
2
3
1

307
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5 3 —4
0 1 0
15. =z = + s +t
0 0 1
-8 0 0

2.9 Orthogonality

1. orthogonal 2. no, but 3. orthogonal 4. no, but
5. no, but 6. no, but

(1,2,-1) L (3,-1,1) (-2,-1,2) L (3,2,4)
7. no 8. no

‘9 33?1 —2332 =-1

. 10. 1 — 21’2 + 2%3 — T4 = 0 ‘ 11. 3x1 + 6$2 — 31‘3 — 21‘4 + bz = 23 12. $1+3£L’2+5(E3+7$4+9$5 =6
1 1 1 5 2
A13 y=-2
3 Mld. y=5|2|-6| o0 M1 y=| 4 |+6| -2
1 -1 -2 1
3 3 -1 1 7
4 -1 1 6 -2
N6 y= -2 +3
1 -5 -1 M7 y=2| 6 |—3| 0
0 1 -1 0 )
1 )

Chapter 3 : The Algebra and Geometry of Matrices

3.1 Matrix Operations

00 1
L1000
10 00
2 18 4 -7 —6 14 23 21 -16
®2. |13 —11 0 A3 | 31 3 —6 L O 9 —21 —28 17
| 8 -2 5 -2 -8 5 -2 —17 —-19 12



[ I8

L X:F
.

12.

16.

18.

3.2

' JF

A2

a3

3.3

-7

—2

13.

(mod 7),6

Matrix Applications

0 In72

0

€1

0

062

083

® 6

& 10.

26 27

=)

Nonsingular Matrices

1| —3

2

N[3

42

14

28

—-29
39

18

1 1 1 1 1
el +35ex j;extestzes jestes+ 56

3 2 -5 0 1
3 a7 30 -2 2
2
-2 7 4 3
_4 -
10 9 —6 6
—31 AL 0 6 12
—12
-6 6 -3
,7 -
-7 =2 19 —14
15.
14. 2 —4 29 —54
6 —8
1/8 9/8 1 1/4
—7/8 —1/2 —12/15 8/15
17. 2, / / / / .2
2/5 1/4 2 —3/8
—~12/13  1/4 1/5 3/8
14+3i 2+4i —1-2i
19.3+9, | —54+5 -8  3+6i
2-2%  6—i 2—4i
1 1 1
5€2n—4 +€2n-3 + 5€2n_2 €22+ €2p_1
18
a3 7

,3-9i
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7.

11.

3.4

A2

h 3

o 12

-1
1
singular
singular
25 3
E
-2 2 0
3 1
-5 0 —3

Linear Transformations

1+ T2+ Y1 +y2 — 221 — 229

—Y1 — Y2+ 21+ 22

and T'(¢(x,y, 2)) = T(cx,xy,cz) =

cT(z,y, z). Therefore, T is linear.
7(1,2,3) = (=3,1),
yes, T(2,1,0) = (3,-1)

7(1,3,2) = (7,6, —6)

(Answers may vary). Note that T7'(2,0,0) = (0,8,0) # (0,12,0) = 2(0,6,0) = 27(1,0,0).

APPENDIX G. SOLUTIONS TO SELECT EXERCISES

)
-3
-2 7 -1
-2 6 -1
-3 10 -1

- T((w1,y1,21) + (T2, Y2, 22)) = T(w1 + 2, y1 + Y2, 21 + 22) =

1+ — 2%
-n+=
(cz) + (cy) — 2(c2)

—(ex) + (c2)

T(].,O, 72) - (57 72)

(1 +22) + (Y1 + y2) — 2(21 + 22)

—(y1 +y2) + (21 + 22)

T +y2 — 229
=T (x1,y1,21)+T (22, y2, 22)
—Y2 + 22
clz+y—22) x+y—2z
= =C =
c(—y+2) ~y+z

5. yes, T(1,—1,1) = (1,6,2)

multiplication is NOT preserved. Thus, T is not linear.

2 2 1 2
8.
1 3 0 1
12 1 [ 1
3 -5 14 4
5 3 18 N 13 '
7 19 —40 -1
—1
2 2 1
[SoT]=[S][T] =

2 -1
A 9.

0 —4
Q14-{1111}
2 06
1 5

Thus, scalar

110 1 2 3
10 2 0 3 11 4 5 6
12 2| |7 8 9|
[0 0 1] (13 0]
#1510 10 16. | 5 5 6
|10 0| |3 2 3]
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Linear Transformations on R?
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7
14. 10
—6
11 1
15. 492 16. 2
44 3
—4 -7
a17. 20 A 18 14
14 —6
23 —4
19. 10 20. 4
33 2

3.6 The Gram-Schmidt Algorithm

ol _0 -1 1 3 oo _1/\/§ —1//2 V2 22
1 0 0 1 . V2 1/V2 0 2V2
[ 2/3  2/3 . —1/\/ﬁ 6//209 ]
- 16
3| —2/3 1/3 11—
j ; . . 0 11/v200 | | V1L \g»l
1/3 —2/3
. 3/V11  —4/+/209 0 7509
1/vV/11 6/+/209
A NI R
45 | 2 2 1 01 2
2 1 2 00 1

3.7 Linear Dynamical Systems

) 13 79 487 a2 8 40 200 26 276 2134
22 136 838 16 80 400 A3 5 , | 161 |, 495
27 118 1165
[ s ] -15 —367 4 ] [ ] [ a6 |
62 —303 191 6 18 54
' : , 0
27 70 16 5. | —12 || 48 || —192
1 ~116 —1334 20 100 500
| 30 | [ 180 | [ 1080 |
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46 264 862
1 -1 595

6. | —15 |, | —157 |, | 771
-7 169 493

26 | | 22 | [ 380 |

3.8 Applications of Linear Dynamical Systems

0.9 0.0 330 2. 332.3 million, 4.298 million

Nl A= , Lo =
0.1 0.95 10~°

Chapter 4 : Least-Squares

4.1 The Least-Squares Problem

) 1 5 9 -1 A 1] 2 . 1 53
106 2 7 3 49
—-399
a6 -2 1 -2 9 3.5
3 a7 L 8 0 1.4
—2 1

4.2 Data Fitting

' PF f(x):§x—|—§

2 6
2 3
_ .2,
A2 flx)== +5x+10

3. f(x) = —7.706 + 39.07x 4 51.0322 — 34.0523 — 5.08z* + 2.71z°

4 fla) = 0.4001 — 0.6961z + 0.152922
‘ T 1-—0.06324x — 0.0744522

4.3 Regression

2 3
&1 f(r)=22+ FRRT 0.992831448793946

2. y = —15.1369184423 —2.6847409213—1.85095432a311 22+224.02918964a,71 —4.2959796a5x9 —27.75275964,
p = 0.7542234751727548

3. y=235x—17,y=216.25

4.4  Validation

1. ~ 29%
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4.5

4.6

4.7

4.8

[ P%

[ 2

4.9

[ P8

APPENDIX G. SOLUTIONS TO SELECT EXERCISES

Feature Engineering

. &~ 29.6%, the new model performs worse, the new model examines the interaction of the home being a

condo in the different ZIP codes.

p = 0.751; (Answers may vary) c. Interpret the coefficient on area. Does it make sense? A 1000 square
foot increase in area leads to a predicted increase of $149,350. This makes sense because a 1000 square
foot increase is a big leap, and larger houses tend to be considered more valuable. Increasing bedrooms
is predicted to decrease sale price with all else held equal, that condos tend to sell for less money, and
that the correlation between selling price and predicted selling price is moderately strong, meaning the
model is somewhat accurate but not necessarily trustworthy.

Classification

. setosa 2. versicolor

Multi-Objective Least Squares

W=

T =1 0.66918127,—-0.01092971
Regularization

f(z) = 2.5012° — 4.385z* — 32.742° + 47.3822 + 36.47x — 5.539

fa) = 0.15342% — 0.6837x + 0.3858
T —0.07681z2 — 0.05834x + 1

Constrained Least Squares

_3 1

1 185
2.

_9 17

1 185

Chapter 5 : Eigenvalues

5.1

1.

[

Eigenvalues and Eigenvectors

yes, 2. no 3. no 4. no 5. no 6. yes,
yes, & 8. no M 9. yes, & 10. yes, & 11. yes, & 12. no
1 1 3 1 1

. c d 14 c N 15 ¢ M 16. ¢
0 0 1 1 17. ¢ | —2



& 19. A=5 mult =1,

18. A= -1, mult =1,
—2
1
A =4, mult =1
1 py
2
5.2 Diagonalization
-1 —4 1 -5 —4
1.
1 5 0 11
1 2 3.0 5 -2
3.
2 5 0 -1 -2 1
1 1 0|[400|1 1/20
510 -2 0[020]|0 -1/2 0
0 0 1]l0oo03]|]|o0 0 1
-1 -1 =2 || =4 00]|-5% 2
T 2 -6 -3 00 5 0
1 13 2 03]|-2 -4
42 -1 18 0 3 3
1
9. - - — _
L=3 0] 017 0f|g| 1 -6
2 1 1]|0 2 -7 0
2322005 31
L3 43([03 0 3 -2 0
1120038 1 -11
20 -1[|20 -1 0 -1
Bl =11 0|06 -1 1 -1
L0 1[[00 10 2

2
—4 ;
1
—3, mult =
1
2
0
A2
4.
Y
3
28
1
2 a8
_2
21
3
1 10.
14
12.

9

20 \=-3 mult=1,

(eI Wi

pO |

—_
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0
0
0

14. similar; note that A and B are both similar to [

Orthogonal Diagonalization
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